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Abstract

Two bosonic pairing mechanisms with different sources are studied within the quantum
rotor method of the path integral formulation. Firstly, interaction-based pairing is de-
rived from density-induced tunnelling, the first-order correction to the Bose-Hubbard
model, which stems from many body correlations and contributes significantly to hop-
ping in bosonic systems especially. The pair condensate term is additionally transformed
into dissipative in two approaches: assumed, where the pair fraction is treated as the
environment and coupled harmonically to the single particle system, and derived, where
the dissipation is internal. The second pairing mechanism is correlation-based, gener-
ated by the second order expansion of the standard Bose-Hubbard correlator. Both
pair effective phase models take the form of an extended Quantum Phase model. The
difference lies in the single and pair condensation coefficients, which depend nontrivially
on the Bose-Hubbard parameters, as well as imaginary time. Imaginary time depen-
dence emerges in different coefficients in the interaction-based and the correlation-based
models. The properties of the pair condensate and its effect on single particle conden-
sation in both effective phase models are compared. In both cases, the pair fraction

strengthens the single particle condensate phase, increasing its critical temperature.
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Chapter 1
Introduction

It is common knowledge today that fermions form Cooper pairs in superconductors. The
question naturally follows: do bosons form pairs of their own? Is there a condensate of
bosonic pairs, lurking within or nearby the well-known single particle Bose-Einstein con-
densate (BEC)? If there is, how do the two phases interact? What effect would pairing
have on the behaviour of strongly correlated bosonic systems in low temperatures?
The question of whether or not bosons forms pairs has been answered in the af-
firmative in experiments. Optical lattice experiments have allowed to observe single
particle Bose-Einstein condensates using various methods, such as time-of-flight im-
ages [17], trap squeezing [51, 55|, or multiband spectroscopy [9]. The condensed phase
is identifiable as interference peaks, or a global compressibility of the atomic cloud.
Bosonic pairs with anti-correlated momenta have been detected within optical lattices
by Tenart et al. [60], in the depletion of an equilibrium interacting helium IV gas in
the high density and strongly-interacting regime. The fraction of correlated particle
pairs coexists with the macroscopically occupied condensate ground state. The probe
was sensitive enough to detect quantum many body correlations (MBC). However, only
large momenta where investigated, precluding detailed analysis of the effect of temper-
ature on the pair condensate. It would also have been impossible in those experiments
to increase a specific interaction, such as density-induced tunnelling. Observation of
pair condensates is a new and challenging subject, as precise control is required over

multiple parameters. There is much yet to be discovered about boson pairs.
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Now that we know bosonic pairing can be measured, we wish to find out what
physical phenomena it might stem from. Optical lattice-related studies tend to assume
a Hamiltonian with chosen parameters and study its properties. The source and nature
of the assumed interactions and coefficients are not a concern. This is possible due
to the high customisability of optical lattices, which can act as quantum simulators.
Our venture into the sources of bosonic pairing mechanisms goes beyond assumptions
and strives to explicitly derive the relevant terms and their coefficients. The quantum
rotor method [46] within the path integral formulation makes such derivations possible,
albeit not simple.

In Chapter 2, we expand the standard Bose-Hubbard model (BHM) by adding the
density-induced tunnelling term, the interaction with the biggest energy contribution,
and the one most likely to significantly affect the total tunnelling [39]. An interaction-
based bosonic pairing term appears in the effective phase model. The properties of this
pair condensed phase are examined in relation to the single particle condensate.

Once a bosonic pairing mechanism has been derived, the next question is: how
does the pair fraction affect the single particle condensate? In other words, what are
we missing if we simplify a model past the point where many body correlations are
allowed to contribute? Pair condensates seem to be in two minds, either strengthening
or depleting the single particle superfluid depending on parameter range. Interestingly,
in effective phase models, the terms responsible for pairing, when approximated to
second order, are mathematically very similar to dissipative terms, as in Caldeira and
Leggett, 1981 [6]. The similarity is especially clear if the pairing term coefficient contains
imaginary time in the form (7‘ — 7")_2.

Dissipative behaviour is usually generated by coupling the original system with ex-
ternal degrees of freedom. Driven-dissipative many body systems have been realised
experimentally by coupling trapped ultra-cold atoms to the optical modes of a laser-
driven dispersive cavity [49, 48, 29, 68, 15, 37]. An increase of interest in theoretical
descriptions of such systems has followed. Counterintuitively, within the right parame-
ter range, dissipation can enhance coherence and entanglement [44, 43, 2, 10, 24, 1, 59].
This stabilisation leads to a wealth of interesting phenomena, including emergent phase

transitions, many body pair coherent states, and novel mode competition and symme-
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try breaking. In two-photon driven bosonic lattice models, the dissipative steady states
can be found exactly [50]. A two particle loss term can increase correlations to the point
of effectively inhibiting dissipation altogether [28]. In high Tc superconductors, non-
local dissipative bosonic mediators can act coherently and increase the superconducting
critical temperature 7, [56]. The stabilising effect of dissipation can also facilitate ex-
perimental observation of non-equilibrium and exotic states, such as superfluid time
crystals [27, 26, 8, 54]. Bosonic pairs, or doublons, have been studied in systems with
loss, including three-body losses, which can be used to realise effective three-body inter-
actions [40, 5]. The complex nature of driven-dissipative many body models means that
it is not possible to fully describe them using methods that do not account for quantum
fluctuations and information on the spatial distributions of individuals [57]|. Therefore,
up to now, the body of work has consisted mainly of relatively limited approaches,
such as few body systems and one-dimensional studies [53, 20, 63|. Furthermore, for all
the new and interesting phenomena that have already been observed, dissipation has

consistently been treated as an external factor.

Chapter 3 is dedicated to exploring what the contructive effect of dissipation on
correlations means for the relation between single and pair condensates. The S = 1
pseudospin mapping is exchanged for the more robust spherical model. The interaction-
based pairing phase term is expanded to second order and treated as dissipative, in
order to better understand the effect of the pair condensate on the standard BEC.
This leads to a system where dissipation is not imposed by additional, external terms,
but emerges from the intrinsic interactions themselves. We reveal a different facet of
dissipative behaviour: one that is an implicit property of a strongly correlated model
with extended interactions. It is known that dissipation can generate effective many
body interactions. We show that the opposite is also possible: many body interactions
can themselves be a source of dissipative behaviour. To verify the behaviour of this
internal dissipation, results are compared to an assumed model, based on the same
derivation but obtained in the standard way, in which the pair condensate is separated
from the original system and treated as an external bath, coupled harmonically to the

single particle condensate.

Even when systems of strongly interacting bosonic gases are forced into simple



12 CHAPTER 1. INTRODUCTION

interactions, many body correlations do still occur and affect their behaviour [12, 11, 58|.
Any phenomena that might stem from MBCs warrant a closer look. In Chapter 4,
therefore, we look for bosonic pairing within the correlations of the Bose-Hubbard model
itself. We take a deeper look into the standard model and find a pair condensation term,
which depends on imaginary time, in the second order series expansion of the correlator.
The self-consistent harmonic approximation (SCHA) is used to study the effect of this
correlation-based pair fraction on the single particle BEC.

Finally, the two derived pairing mechanisms are compared under the SCHA in Chap-
ter 5. We show how orbital magnetic effects can be applied to facilitate differentiating
between the two pairing mechanisms.

Chapters 2-5 focus on the physics and results rather than mathematical details.
Detailed derivations of effective phase models and further approximations leading to

the presented results are gathered in Appendices A-C.

1.1 The Bose-Hubbard model

The Hubbard model is a fundamental quantum many body model which represents an
interacting gas trapped in an external potential. The interactions are short range, be-
tween nearest neighbouring lattice sites only. The model was originally intended for de-
scribing the behaviour of strongly correlated electrons in solids. However, conveniently,
its bosonic counterpart turned out to be extremely well suited for the description of
ultracold atoms in optical lattices [16]. A sinusoidal external potential represents an
optical lattice framework, which means there is a direct relation between the amplitude,
frequency and relative phases of the counterpropagating laser beams that constitute the
lattice and the parameters of the model [13], as well as lattice geometry [65].

Optical lattices generate precisely controllable experimental conditions in simple ge-
ometries. The particles of a cooled gas are forced to only exhibit simple interactions,
allowing their study in an essentially defect free environment using a plethora of meth-
ods and approximations (22, 31, 62, 7, 36, 14, 61, 41, 18, 3|. Among those, however,
there has not been many studies focused on density dependent interactions [25, 42].

Density-induced tunnelling has been shown to contribute significantly to single particle
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tunnelling and thus affect the condensate phase, especially in bosonic systems [14].
The Hamiltonian of the Bose-Hubbard model is

ﬁ:%Zm(m—l)—tZ&}aj—uZm, (1.1)
i (i.4) i

where (7, j) identifies a summation over nearest neighbouring sites and:

° &j, a; are the bosonic coherent creation and annihilation operators, respectively;
~ ATAA . h b b . .

e n; = a,;a; 1s the boson number operator on site 7,

e U > 0 is the on-site repulsive interaction between two particles;

e ¢ is the exchange integral for single particle tunnelling between neighbouring lat-

tice sites;
e i is the chemical potential.

The BHM is an approximation of the general second quantisation model of a strongly
interacting bosonic gas in a sinusoidal external potential, where only the two terms
with the largest energy contributions are preserved. Extended BHMs are obtained by

adding one or more of the omitted terms back into the Hamiltonian. [32]

1.1.1 General second quantisation Hamiltonian

The second quantisation many-body Hamiltonian describing a gas of N interacting

bosons in an external potential V_,; is

A A R2 A
H(t) :/dr WT(ra t) |:_2_ v2 + ‘/e:rt:| \Ij(r7t)+
m
1 . . . .
+3 /drdr' Ut (r, t) U (¢, 6) V(e — ') W (r, ) W (2 1), (1.2)
with bosonic creation and annihilation field operators ol (r,t) and ] (r,t), respectively.

We consider only on-site and nearest neighbour interactions. Three body interaction

terms and higher can be added as additional potential terms as needed.
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In the absence of long range interactions, the field operators can be expanded in a

tight-binding approximation into a basis of orthonormal Wannier functions:
U(r,t) =) a;wi(r), (1.3)

where a; is the bosonic annihilation operator for the ¢-th lattice site. The Wannier
functions w; are orthonormal and localised around lattice sites, indicated by the minima

of the external potential V,,;; they decay exponentially outside of the i-th site [21].

Since interactions between particles in cold bosonic gases are dominated by s-wave
scattering, the two-particle interaction potential can be treated as an isotropic contact

pseudopotential with s-wave scattering length a [4]:

_ 4nh?a,

m

V(r—r') d(r—r)=gd(r—1'), (1.4)

where m is the atomic mass. In lattice coordinates r — r/a, the interaction integral in

Eq. (1.2) can be rewritten in the form

Vit = ia; / dr w (r)w} (r)wy(r)w(r) (1.5)

and then divided into specific interactions.

Thus, the on-site two-particle repulsive interaction for a contact potential is

U:gER/dr|wi(r)|4, (16)
the nearest neighbour interaction is
V' = Er (Vijij + Vijji) , (L.7)

density-induced tunnelling, or the bond-charge interaction is

(Viiis + Viigi)

JBC = —ER 5 s (1.8)
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and the nearest neighbour pair tunnelling is
Jpair = ER‘/;ijj' (19>

These amplitudes depend on nothing but the properties of Wannier functions and Fr =
h?/8ma?.
In the case of a sinusoidal potential V,,;, the full Hamiltonian in the Wannier func-

tion basis is

H=-7) ala;+ %Zn(n —1)+ %Zﬁmﬂ—
(i.4) i (i.3)

J, air A12 A
_JBCZ (n; + 1 aj+pTZa?a§, (1.10)
(i.3)
where additionally
2772
J = —/drw;‘(r) [ hmvn +‘/e:ct:| ;(r) (1.11)

is the isotropic exchange integral for single particle tunnelling between adjacent sites,
designated t in Eq. (1.1) and in further chapters. The significance of each of the terms
in Eq. (1.10) has been illustrated in Fig. 1.1.

1.1.2 Density-induced tunnelling

It is clear in Fig. 1.1 that density-induced tunnelling, Jp¢, is responsible for the largest
energy contribution outside of the two standard Bose-Hubbard terms, U and J. The
effects of DIT have been discussed in fermionic systems [19]; however, since bosons are
not constrained by the Pauli principle, it follows that this interaction-assisted mobility
will have more bearing on bosonic systems.

Exemplary zero-temperature phase diagrams between the two BHM ground states,
superfluid and Mott insulator, are shown in Fig. 1.2 with and without DIT. The
presence of density-induced tunnelling strengthens the superfluid, with the insulator-

suppressing effects increasing with particle density. The variational method, however,
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5 10 15 20 25 30
Lattice Depth VO (ER)

Figure 1.1: Dependence on optical lattice depth of the lowest-band parameters of var-
ious terms of the extended Bose-Hubbard model: on-site interaction U, tunnelling J,

bond-charge or density-induced tunnelling Jpc, correlated pair-tunnelling Jy,qir, density-
density interaction V. Source: [39]
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Figure 1.2: Mean field zero-temperature Mott insulator—superfluid phase diagram with-
out and with density-induced tunnelling (Jpc/U = 0.004), calculated in the coherent
state basis using the variational method. Source: [32]

is too oversimplified for analysing density-dependent processes. Only the three low-
est energy states within the coherent state basis are taken into account; many body
correlations (MBC) are not preserved whatsoever. While sufficient as a first glimpse
at the density-induced tunnelling interaction, more accurate methods able to take into

account MBCs are necessary to truly understand its effect on the standard system.

1.2 Methodology

In the path integral formulation, quantum operators are substituted by complex fields
in the coherent state basis. This allows to introduce continuous effective statistical
functions, starting with the partition function, which is defined by the effective action.
Extremely precise analytical calculations can be carried out on microscopic models
within this framework. In the particular case of quadratic models, the partition function
takes the elegant form of a multi-dimensional Gaussian integral. The goal is thus usually
to transform and, if necessary, approximate a given model to a quadratic form.

The coherent state basis in path integrals introduces overcompleteness. There is

more information within the partition function than is needed to fully describe a system.
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Therefore, there are two important steps to any path integral study: firstly, to recognise
what in a chosen model is important information and what is clutter; secondly, to make
sure any transformations carried out on the model preserve the former and decrease the
latter. The choice of methods and approximations has great bearing on what results are
possible to be obtained. Sometimes an approximation seems obviously helpful, but later
on turns out to have barred access to correlations responsible for the very phenomena
we were looking to analyse.

Below are listed the methods used in further chapters, along with short descriptions
of the applications they were chosen for. Details on where and how exactly these meth-

ods were used are shown in Appendices A-C, which contain step by step calculations.

1.2.1 Quantum rotor method

The U (1) quantum rotor method is the basis of all path integral calculations in this
work, in Chapters 2-4. Since bosonic fields are complex, they are comprised of two
factors: amplitude b and phase ¢. The quantum rotor method relies on the assumption
that the bosonic phase ¢ (7) provides all pertinent information about dynamics, while
the amplitude is set as constant. In the case of the standard Bose-Hubbard model, the
Quantum Phase Model can be derived [46].

We start with the partition function in the complex coherent state basis,
Z = / {DaDa} el (1.12)

where S is the effective action,

p 0
S [(_l, CL] = A dr [; a; (T) Eai (7') +H (7') s (113)
which contains the complex field form of the Hamiltonian, H. The strategy in any
path integral study is to decouple any terms above quadratic in the effective action S,
Eq. (1.13). In the case of strongly correlated bosons, the first step is the Hubbard-
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Stratonovich transformation, which decouples the on-site two particle interaction term,

Vi2(7') Y )
67% Ziden?(T) — d_Ve_ > fdr s —iVi(T)ni(7) '
27

(1.14)

This introduces an effective electrochemical potential field, V', which looks similar to
a mean field. The potential V' is dynamic and site-dependent, however, meaning the
Hubbard-Stratonovich transformation is exact.

A gauge transformation,
a; (1) = b (1) e, (1.15)

is also performed, to separate phase from amplitude. The quadratic bosonic amplitude
terms constitute a Gaussian integral, which carried out is equal to the trace of the

logarithm of the model’s correlator G

/ {Db;Db;} e Jo 4 i — / " dr det G = ol arTG) (1.16)
0
At this point, ¢ is the only imaginary time—dependent variable in the partition func-
tion. The original model is thus replaced by an effective phase-only model, with the
contribution from the bosonic amplitudes kept within the correlator G. The quantum
rotor method preserves the same information on many body correlations and spatial
distributions of individual particles as the original Hamiltonian, either in the phase
fields or in the bosonic correlator.

The path integral formulation provides overcomplete systems. A model must be
narrowed down to the areas of interest of a given study, within specific parameter
ranges and limits. What information can be obtained depends on the methods and

approximations chosen in further calculations, to analyse the effective phase model.

1.2.2 S =1 pseudospin mapping

The S = 1 pseudospin model is relevant to phase ordering in granular superconduc-
tors [64] and systems of spin-charge separated stacks of condensates interacting via

interplane Josephson coupling [30], which mathematically can be further related to
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Josephson junction arrays. The quantum phase fields are transformed into classical
spin operators. This allows to preserve some correlations under a mean field approxi-

mation of the pseudospin exchange term.

We start out with a phase-only Hamiltonian, such as the Quantum Phase Model

(QPM):
H = UZNQ—Z&COS(@—@). (1.17)

(1,3

The eigenstates of the bosonic number operator,

Tde g (1O
(kN (¢)|m) = /0 % ko (;a—(b) e = MO, (1.18)

can be used to define trigonometric functions of phase:

2m d ) 1
(kleosolm) = [ 52086 = 5 (Buoro t Bimino) (119
0
, ?
(k [sin ¢[ m) = B) (Ok—m-1,0 = Ok—m+1,0) - (1.20)

The number operator basis is limited in this method to its lowest-energy states, in
which k,m € {—1,0,1}. The phase terms can then be rewritten as S = 1 pseudospin
operators, assuming kg7 /U < 1:

N(¢) = 5., (1.21)
cos¢p = %Sm (1.22)
sing = LSy. (1.23)

This transforms the quantum phase Hamiltonian into a classical spin Hamiltonian. In
the case of the QPM, Eq. (1.17), the transformation is as follows:



1.2. METHODOLOGY 21

H = UZNQ—Zgl (cos ¢; cos ¢; + sin ¢; sin @) (1.24)
¢ (6,5)

= UZ (57)* — %51 Z (S7S7+575Y). (1.25)
i (i.d)

The pseudo exchange term is then treated with a mean field approximation:

S7Sy =~ (S7)S§ + 57 (S7) — (ST (SF)- (1.26)

This introduces the order parameter ¥ = (S¥).The pseudospin mean field Hamilto-
nian is

Hur = U (57 = g5z (50 = 7 (5 (597 - 500, (1.27)

where J = %zal.

The next step is calculating the partition function, which is based on the eigenvalues

of the spin model,
3
Z="Tr{e""} :Ze*ﬁEn. (1.28)
n=1

From here, the free energy per lattice site, f, can be calculated and minimised in terms of
the order parameter ¥ to obtain a self-consistent equation for ¥. Other thermodynamic
functions can be derived from f as temperature derivatives. Among those, specific
heat is particularly interesting, since phase transitions are easily identifiable therein
by a lambda-shaped peak. It is worth remembering, however, that the final step is a
mean field approximation, which erases any correlations in the system which are not

transferred from phase fields to pseudospin operators.
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1.2.3 Self-consistent harmonic approximation

The self-consistent harmonic approximation (SCHA) [64] is based on the variational

principle, which states that, for any system characterised by effective action S and free

energy JF,
1 .
.7:§-7:0+%<8_80>0:]:7 (1.29)
where &y is the action of any chosen trial system and Fy the corresponding trial free
energy,
1 1
Fo=—ghnZ=—75h / {Do} =0 (1.30)

The average (S — Sy), is calculated over the trial model. For a phase model in the path

integral framework, it takes the form

S-Sy =5 [ Pehew (~isid) S-Sk, 03

with the trial partition function

2, = / (Do} exp (—%So [¢]> . (1.32)

The strategy of variational approximations is to choose a well known trial effective
action and minimise the combined free energy, F, by demanding that its variation
6F = 0. The trial coefficients are calculated based on this condition and depend on the
parameters of the actual system. Thus, the properties of any model can be analysed

by considering the trial system in its stead.

The trial action used in the SCHA is harmonic, with stiffness K:

So[cb]:/oﬂdf %Z(%ﬁi)2+§2¢?j . (1.33)

v (i,4)
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The free energy variation,

1

555':5(]-"0+5

(S — So>0> =0, (1.34)

consists of two partial derivatives:

OF OF oD\
(8_[()[) + (aDi]’>K (—aK ) =0, (1.35)

ij

where D;; the trial nearest neighbour phase-phase average, which can be derived with
use of the Fourier transform, replacing the inverse lattice dependence with the density
of states p (§),

D;; = <(¢z — ¢j)2>0 = %/dfp(ﬁ) ﬂcoth (ﬁ w) ) (1.36)

The order parameters are defined as

Uy = (cos ¢;) = 67%<¢?>, (1.37)
Uy = (cos 2¢;) = e~2(¢%). (1.38)

The averages in Eqs. (1.37-1.38)

(¢7) = %/dﬁp(f)«/%co’ch (g (z—¢) KU) . (1.39)

The result of variation minimisation, Eq. (1.34), is a self-consistent equation for the
trial stiffness K. Since K is a function of the coefficients of the original system, the
trial system can be analysed in its stead. The density of states function p (£) can be
inserted in analytical form for any chosen geometry.

Much like the S = 1 pseudospin mapping method in Section 1.2.2, the self-consistent

harmonic approximation operates on analytical formulas for free energy. As such, any
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thermodynamic function can be derived from the trial free energy Fy and studied.
However, the SCHA preserves specific correlations within the condensate phase. It
cannot be reliably applied beyond the critical region, as it struggles to reproduce the
mutable characteristics of the critical point. The ordering of the system is different
in the normal phase, so the SCHA cannot be recreated using the same parameters
therein. Nonetheless, the critical temperature itself is easily identifiable as the point
where thermodynamic functions rapidly cut off. Instead of specific heat, we can focus
on entropy, to understand how the order within the condensate changes in the presence

of pairing.

1.2.4 Quantum spherical mapping

The spherical model is a spin model, characterised by the variability of the direction
and absolute value of the spins. The only condition is that the latter average to 1 over
the entire lattice. To ensure that, the spherical condition requires that the sum of all

spins o squared be equal the total number of spins N:
» ol=N. (1.40)

1.2.4.1 Quantum spherical model
The unconstrained quantum spherical model partition function is

+o0 i 1 i
Z:/ HDai %HDM e~ Slowmil/h (1.41)

[e.o]

e 1 ] 7lfhﬂd‘r£[a- )
= [[ e ﬁHDm e o (1.42)

[e.9]

with Lagrangian

%

| d )
E [O'i (7') , T (7')] =1 Zﬂ'iEO’i + UZTFZ — ; Jijo—io—j — hz g;. (143)
) i,j i
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The spherical condition, Eq. (1.40), is introduced into Z by means of a Dirac delta

function, which can be expanded into an integral as

c+100
Sz (1) = L / ) eh” drxa(n), (1.44)

21 Joino

This introduces a new parameter into the system: the spherical constraint .

The independent 7 term can be integrated over and the partition function takes the

7TN HBAN +o0o
27”\/ /Cm d\e , 1:[1)0@-

do
h 0 dT[4U ( Z) Z<” ij0i05—h >, crz—i—ﬁ)\z (i3 01035”:|

form

X € (1.45)

After Fourier and Matsubara transforms, the spin-dependent part of the partition
function is Gaussian; the spin dependence can be integrated out. The final product is

a partition function in which the single variable is the spherical constraint A:

1 c+100
Z=_—2¢" / d\ eNoW, (1.46)

2mi —ico

where

1 h?

. 1.47
w2—Jk+h/\ A2 hA — Jy (1.47)

(A )—h,@A+—Zln_

The partition function can be approximated at saddlepoint in terms of the spherical

constraint \.
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1.2.4.2 Saddlepoint approximation

The saddlepoint approximation method is a complex plane extension of Laplace’s

method of approximating integrals of the form

b
/ M@ gy, (1.48)

where f (x) is a twice-differentiable function and M is large. In the complex case, the
integral is defined over a contour C'. The approximation assumes that the neighbour-
hood of the maximum of the function f makes the most significant contributions to the

integral.

For sufficiently large M — oo, the integral is approximated by

/ " Mr@ g 2T M (o) (1.49)
(& T = ——€ . .
a Mf// (-1'0)

The stationary point xy can be found by minimising f:

In the quantum spherical model, the integral approximation Eq. (1.49) is

1 N 2T

Z=—("N)? , | ——— No (A 1.51
27 (7T ) N¢// ()\0) eXp [ gb( 0)] ) ( 5 )

where Ay can be calculated from i
— =0. 1.52
7 =0 (1.52)

Since free energy per site is defined as
f——llZ——lgb()\) (1.53)

- /BN n - /8 0/> .

finding the stationary point \q is equivalent to minimising the free energy. For \q to
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be the critical point, 7' (A) must be equal zero at A = A\g. This condition leads to the

critical line equation, which after summation over Matsubara frequencies is

1= o1 > |- coth (8V/T Ty = ) (1.54)

Any thermodynamic function can also be calculated along the critical line from

temperature derivatives of the free energy F in Eq. (1.53).

1.2.4.3 Mapping phase models

This model can be mapped onto, much like in the case of S = 1 pseudospin, Sec.
1.2.2. The phase terms are transformed into spin operators by the same rules, Eqs.
(1.21-1.23). The quantum spherical model is more robust than the S = 1 case, which
only considers the three lowest-energy states. To make use of the additional available
information, the mean field utilised in S = 1 pseudospin in Eq. (1.26) is in this case
replaced by a saddlepoint approximation of the spherical constraint A, introduced in
Eq. (1.44).

1.3 Orbital magnetic effects

The Peierls phase factor shifts the single particle hopping by

2mi [T
0 Jr;

J

with flux quantum ®q = hc/e and elementary charge e. This corresponds to synthetic
magnetic fields B = V x A (r), the vector potential of which, A (), determines the
phase shift |38, 23|. Moving the phase factor from the constant hopping coefficient ¢
into the lattice factor & allows us to introduce magnetic fields within the density of
states (DOS) functions themselves. [47, 45]

These effective fields correspond mathematically to angular velocity, meaning a

rapidly rotating frame can be effectively treated as an external magnetic field. Those
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fields can be distinguished by their rotation period, f, known within this context as the
rotation frustration parameter. Neither the sign of f nor its integer part have bearing
on the properties of the system. The relevant range for f thus consists of rational
values within 0 < f < 1/2, that is f = 1/2,1/3,1/4,.... Within that range, analytical
expressions for the magnetic density of states functions can be obtained using Harper’s

equation [47].

1.3.1 Phase models with bosonic pairing

In effective phase models, bosonic condensates are represented by exponents of ¢; — ¢;
for neighbouring sites ¢, 7. If such terms contain a factor of 2, they correspond to pair
condensation. Since orbital magnetic effects correspond to phase shifts and affect the
density of states, a specific vector potential A (r) affects single and pair condensates
differently. Two separate DOS functions must be introduced, with two frustration
parameters: the single f and the pair f5. The relation between the two is fo = 2f, due
to the factor of 2 in pairing terms.

Orbital magnetic effects are nontrivial and difficult to describe analytically. The
density of states functions change; the bandwidth increases and van Hove singularities
appear within. Analytical formulas for DOS functions in various magnetic fields are
complex and can be found in Appendix D. Diagrams of magnetic DOS functions are

shown in Fig. 1.3.
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Figure 1.3: Density of states diagrams on square lattice with various orbital magnetic
effects.
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Chapter 2
Interaction-based pairing

Following the reasoning in [39], our attention turns towards density-induced tunnelling
(DIT), as the interaction most likely to contribute significant alterations to hopping and
bosonic condensation of all the terms not considered in the standard Bose-Hubbard
model (BHM). We carry out a quantum rotor derivation to see how the DIT term
changes the effective phase model compared to the standard BHM case [46]. We know
that DIT strengthens the single particle superfluid in zero temperature, as shown in
Section 1.1.2. We are now interested in the effect it has on Bose-Einstein condensation
at non-zero temperatures, as well as whether it generates additional phase terms.

To avoid clutter, detailed calculations for this chapter can be found in Chapter A.

2.1 Model

We start with the extended Bose-Hubbard model Hamiltonian with density-induced

tunnelling:

— Jorr [l (s + 1) a5+ al (i + 7)) (2.1)
(i)
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where
e U > 0 is the on-site repulsion,
e ¢ is the isotropic hopping integral,
e 1 is the chemical potential,
e Jpr is the density-induced tunnelling amplitude, designated .Jpc in Section 1.1.

The Hamiltonian is rewritten to resemble the standard BHM, Eq. (1.1), as follows:

T — %Z Zdej Zﬂijﬁu (2.2)
i (6,3)

(4,9)

with the coeflicients

J=t—-2Jprr, (23)

fii; = i+ 4Jprrala;, (2.4)
U

ﬂ:§+ﬂ_2JDlT (25)

At this point, the path integral formalism is introduced. After Hubbard-Stratonovich

and gauge transformations, the path integral partition function is

- / {DbDL} / D e~ S[Pt]e=Se[9], (2.6)

where the bosonic amplitude and phase effective action terms are, respectively,

s=[ dTZ{b 7Y gty (r) + g [ () by (0]} (27)

8o Z/ i { o [o] - Lo}, 28)
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where the bosonic coefficients in Eq. (2.7) are

8 —1¢;i (T 45/1 —i¢; i (T
gz'lj = 51’;‘5 —(t—2Jprr)e $is(r) _ TJDJTe ¢ )7 (2.9)
85 —i2¢;; (T
7 = 5 2 pe20u(m) (2.10)

and ¢;; (1) = ¢ (1) — ¢; (7).
The similarity to an extended Quantum Phase Model (QPM),

H=] Z cos (¢ij) + Jo Z cos (2¢:5) (2.11)
(4,9) (4,9

is identifiable in terms dependent on both e~*®4(7) in the linear coefficient in Eq. (2.9)
and e~2%i5(7) in the quadratic coefficient in Eq. (2.10). The exponents can be rewritten
respectively as cosine and double cosine terms. The single cosine term appears in the
standard QPM, Eq. (1.17), and describes the superfluid phase. The double cosine
term corresponds to pair condensation. In contrast to the single hopping, ¢, which
contributes linearly to the single particle condensation term, the double phase exponent
in Eq. (2.10) is proportional to the second power of the density-induced amplitude Jpr:
9@2]- ~ J%)IT'

The impact of density-induced tunnelling on the single particle condensate is al-
ready visible in the bosonic linear coefficient, g}j, Eq. (2.9), which contains two parts
dependent on the DIT amplitude Jp;r. These two terms generate two contrasting ef-
fects on the Bose-Einstein condensate. On the one hand, density-induced tunnelling
reduces single particle condensation with an amplitude 2.Jprr, which shifts the single
hopping ¢. On the other hand, however, is the last term in gz-lj, which strengthens the
BEC at low temperatures and high densities. In the whole range of temperatures, DIT
tends to have a dissipative effect on the original system, an effect similar to the pres-
ence of three-body correlations in optical lattice systems [25]. At high densities and

low temperatures, however, DIT works in favour of the superfluid phase.

The pair-extended Quantum Phase model is assumed to consist of two independent

parts with constant single and pair amplitudes J; and J,. However, as it turns out,
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J1 and Jy are neither constant nor independent. They can even depend on imaginary
time, or temperature. With the proper derivation of coefficients in QPM-related studies,
the convenience of assumed models can be grounded in the actuality of a microscopic

model.}

Up to this point, the transformations are exact. The next steps require applying

approximations that will lead to a phase-only effective model.

2.1.1 Effective phase model

To obtain a quadratic form in the bosonic action Sy, Eq. (2.7), we make use of Wick’s
theorem, splitting the quadruple term into quadratic terms which contain bosonic av-

erages:

S viblot; = > (B bl] + (le ) bty + (4 (Bls) + 0 ) ol (212)
) o

At this point, the bosonic field terms in &, can be brought together as a quadratic

Gaussian integral:

B
O i

_ / [DBDbY exp {~S.1}, (2.14)

1Cf. A. Krzywicka, T. P. Polak, Coexistence of two kinds of superfluidity at finite temperatures in
optical lattices, Annals of Physics 443:168973, 2022 [34].
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where
Si; = Go + S, (2.15)
Gyl = 6y <a% + /1) , (2.16)
S} = —Jem#u) %meiwﬂ - %JleTeizd’”(T) C(A(Bb) 4 6,),  (217)
Ai = =5 B0 i), (2.18)
A= %ngewwﬂ (55) (2.19)

In order to carry out the integration, we rewrite S.s in Eq. (2.14) in matrix form,

introducing a Nambu-like space. The effective action then takes the form
Seps = BI'B, (2.20)

where the bosonic Nambu-like vectors are defined as

b;
bi
B= , (2.21)
b
j
B=(b b b b ), (2.22)
and the correlation matrix is
0 %(Sszi %Szj
15, A, 0 0 0
r=1| 2" ) (2.23)
0 0 0 Lo;A
0 LS, 15;A 0
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After bosonic integration, the partition function is

Z = /{D¢} e i g dr [%(éi(T))Q"F%@(T)] . eJo drTrnT (2.24)

Next, we approximate Gy, Eq. (2.16) by b2, which is obtained by minimising the
Hamiltonian [46, 47|:

9]
T Hl,_p, = 0. (2.25)

In the case of the DIT BHM Hamiltonian,

2 2 (t —4Jprr) + (% +u)

= . 2.2
0 U — SZJD]T ( 6)

This approximation has been deemed sufficient to study low-temperature effects. It can
be extended to account for correlations in k space, e.g. with the Bogoliubov approach
[67], providing a single framework to study both atom-atom correlations and time of

flight images in optical lattice systems.
The trace in Eq. (2.24) is calculated as the sum of the eigenvalues of the correlation

matrix I', Eq. (2.23), after its diagonalisation:

= /2 ’
Trinl~! = G2 {AIAZ» - (Sij) } +25,Go. (2.27)

At this point, we assume the on-site two-particle interaction U is strong. This
simplification cannot accurately describe chemical potential variation; instead, u is
treated as a constant parameter. Once all averages in Eq. (2.27) are supplemented, the

effective phase partition function is

z / (Do} =il dr 3 (641 + 51 S dr {gn coslgry ()92 cosf264; (]} (2.28)
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where

2

U — SZJD[T

X {2 {coth%u —l—cothw} + 1} +

= [ ptom e G

6471 16
[ e o — T (t —2Jprr) JZDIT]

z(t—4Jprr) + (% + ,U) 81
—J —2(t—2J 2.29
+ U — 827mr7 oI ( pIT)| 5 ( )
|2t —4Jprr) + (% + M)
92 = U — 8ZJD]T
Af ’ 811
X [(t - 2JDIT)2 + (FJDIT) -2 (t — 2JDIT) FJD[T] . (230)

We can also rewrite exponential phase terms as trigonometric functions. Our effective

phase action is then

B N 2 B
S [gb] :/0 dr % Z (%Qj_z) +/0 dT -1 Z COS ¢ij — g2 ZCOS 2¢zg . (231)

(4,9 (4,3)

We have thus obtained a form equivalent to the extended Quantum Phase Model,
with coefficients derived from the microscopic DIT BHM, Eq. (2.1). Our effective
phase model is now ready for analysis. First, the phase terms in Eq. (2.31) are trans-
formed into spin and their values limited to S = 1. The mapping transfers some of
the correlations into the pseudospin operators themselves. Afterwards, a mean field
approximation is applied. To observe the two condensate phases of single particles and
pairs, which stem from the single and double cosine terms, we look at their respective

order parameters, which minimise the free energy.
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2.2 S =1 pseudospin mapping

To map the partition function, Eq. (2.28), onto the S = 1 pseudospin model, at

kT /U < 1, the phase terms are transformed as shown in Section 1.2.2:

N(¢) = 5,

1
cost, = ST,
sing; = %Szy

(2.34)

Quadrupolar pseudo-superexchange operators are also introduced for the double cosine

pair term:

Qi = (SH)*— (),
QrY = 28rsY.

The mean field approximated pseudospin hamiltonian [30] is

-

z xX J
Hyr =J (j (S7)* = Siv, — 72Qi‘112¢>> ;

with new condensate coeflicients

1

J ==
22’91,
1

Jo = 1292.

The single V4 and pair W94 condensate order parameters are defined as

Uy = (57),
Woy = (Qi) -

(2.37)

(2.38)

(2.39)
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The free energy per site of the pseudospin system is defined as

1
(JVZ + Jo¥3,) — 3 InZ, (2.42)

where the partition function can be calculated from the S = 1 energy eigenvalues. The

f=

N | —

two order parameters, single condensate ¥, and pair condensate W94, minimise the free

energy:

o _,  of _
ov, OWsy

0. (2.43)

These conditions lead to the following self-consistent equations:

B 4J tanh [g\/(U - J2‘I’2¢)2 + 4J2‘1135J

1= : (2.44)
V(U = sy + 47202 [X + 2]
U 4] 1-X
Wy = : 2.4
%= T4 T4 21 X (2.45)

where

X = . (2.46)
cosh [g \/(U — Ty Us)? + 4202

Based on the free energy f, any thermodynamic functions can be studied.

2.3 Thermodynamics

“Below are some exemplary diagrams obtained with use of Eqs. (2.44)
and (2.45). Fig. (2.45) shows the dependence of the single and pair order
parameters on a normalized temperature, T /T¢,. Parameter values have
been selected to ensure that phase separation can be seen clearly. The tem-

perature is normalized to highlight the amplitude of the energy calculations.
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T¢, is the critical temperature of the single Bose-Einstein condensate phase
transition, which separates the single ¥, and pair Wy, superfluid phases.

“Even though a mean-field approximation was used in the later stages
of this analysis, the system clearly retained enough information to expose
phenomena that elude approaches based exclusively on mean-fields. Not
only are there two separate, coexisting superfluid phases in this model; pair
condensation occurs independently of single-particle condensation. What’s
more, pair condensation always survives at higher temperatures than sin-
gle BEC, even as particle density and energy scales are changed. In the
range of parameters where t/Jprr < 1 (pair energy is higher), single par-
ticle condensation is almost suppressed and energy fluctuations are enor-
mous, but pretty narrow in the temperature range. This is contrary to
the opposite case, t/Jprr > 1, where a strong single superfluid phase and
a well-established and separated pair condensed fraction can be observed.
No region has been observed with only single BEC present (¥, # 0 and
Uy, = 0). The phase transitions are lambda-like, in accordance with those
already observed experimentally.

“The actual temperature dependence of the specific heat is shown in Fig.
(2.2), where opposite energy scales of the single hopping ¢ and the density-
induced tunnelling amplitude Jp;r are compared. Increasing Jp;r increases
the BEC critical temperature Tt,. However, the superfluid phase is simul-
taneously suppressed and a strong response in the pair sector is generated.
In the opposite regime, the pair condensate phase disappears entirely. DIT
instead provides support for the single BEC, while also increasing the BEC
critical temperature Tg, /U. For a DIT amplitude of Jpr/U = 0.009, the
critical temperature Ty, of single-particle condensation becomes approxi-
mately seven times larger than when Jprr = 0. Even at the smaller value

of Jprr/U = 0.003, T¢, is still almost twice as large.”?

2Source: A. Krzywicka, T. P. Polak, Coexistence of two kinds of superfluidity at finite temperatures
in optical lattices, Annals of Physics 443:168973, 2022 [34].
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Figure 2.1: Temperature dependence of various functions for chosen parameter values:

t/U = 0.01 and Jp;r/U = 0.004 on the left; t/U = 0.001 and Jp;r/U = 0.0075 on the
right. (u/U = 1.42)
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Figure 2.2: (a): Specific heat temperature dependence at opposite single and pair energy
scales. (Left peak t/Jprr > 1, right peak Jprr/t < 1.) (b): Effect of density-induced
tunnelling on the single boson condensation critical temperature, Tc,, for opposite en-
ergy scales. (u/U = 1.42). Source: adapted from [34].
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2.4 Conclusions

The first question posited in the Introduction thus receives an answer: bosons do form
pairs. In fact, due to spin dependence being much less important than in the case of
fermions, the phenomenon of bosonic pairing seems a much more frequent possibility. In
terms of the effective action in the path integral formulation, any multi-index quadruple
term could potentially be a source thereof. One might assume, then, that bosons both
enter and leave the pair condensate phase without much consequence to the system.
If that were the case, there would be little point in studying the mechanisms and
properties of bosonic pairing. However, the single particle Bose-Einstein condensate,
which is of primary interest in bosonic systems, clearly reacts to and interacts with the
pair condensate phase.

To find out more about the effect a pairing mechanism might have on the standard
BEC, we take another look at the effective phase model in Eq. (2.28). We are interested
in a recontextualisation of the pair action term, strictly in terms of its effect on the

single particle condensate.
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Chapter 3
Dissipative interaction-based pairing

We now know that bosons do form pairs and that the pairing mechanism is respon-
sible for the emergence of a new phase of bosonic pair condensation. Depending on
the range of parameters, this phenomenon might compete with the single condensate
phase, but might also strengthen it instead, as seen in Eq. (2.9). There is another
mechanism which at certain ranges of parameters increases correlations rather than
depleting them: dissipation in open systems. Pair condensates have indeed been shown
to exhibit dissipative behaviour in experiments [60, 52, 66|, causing single condensate
depletion.

Keeping in mind the Taylor series expansion for a cosine, we speculate that the
double cosine term responsible for bosonic pairing in the effective phase model, Eq.
(2.28), might be reinterpreted as dissipative after Caldeira and Leggett, 1981 [6]. The
simplest approach to this idea is one often adopted for studying open system dissipation:
to separate the pair fraction from the single particle condensate and treat the former
as an external reservoir, coupled harmonically to the original system of the latter. We
entertain another idea, however. Since the trace in Eq. (2.27) contains the second
power of the correlator Gy, Eq. (2.16), which in turn depends on imaginary time 7, we
might expect terms proportional to (7’ — 7'/)_2 to emerge if we keep the original form
of the correlator instead of approximating it with the constant amplitude b2, as in Eq.
(2.26). In that case, the artificial process of separating and then coupling back together

in a different manner would become unnecessary. This would mean that the original

45
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system itself supplies correlations which are dissipative in nature, without interacting
with the environment; a very unintuitive, and therefore exciting, proposition. In order
to ascertain whether such behaviour would make any sense, we set out to both look
for implicit dissipation and compare it with the known harmonic coupling of the single
particle condensate with an external reservoir, which in our case consists of the pair
fraction. The pseudospin mapping is expanded from S = 1 to the sturdier quantum
spherical model, shown in Section 1.2.4. The mean field approximation is replaced with

a saddlepoint value of the spherical constraint, A.

As in the previous chapter, detailed calculations are available in Appendix B.

3.1 Phase model

We return to the effective phase model with interaction-based pairing, Eq. (2.28):

S[o] = Sule] + S [¢] + Sa 9], (3.1)

which is comprised of three parts: an interaction part,

suwz%;/fm(a Vi, 32)

o\> A
or U

a single condensation part,

B
Silo = Y. [ dreos(on(r) =6, (7). (3:3)

(i.4)
and a pair condensation part,
ﬁ / ’
So (6] = g2 Z/ drdr cos2 [gzﬁi (1) — ¢, (7’ )] : (3.4)
(irg) 7°

The condensate coefficients, single g; and pair g, depend on the treatment of the

phase-phase correlator, Gg, Eq. (2.16).
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3.1.1 Coefficients

We consider two possible approaches. The simpler option is to approximate the corre-
lator Gy by a constant value. Deriving the coefficients explicitly is more complicated,
but we find that doing so reveals implicit dissipative behaviour contained within the

model.

3.1.1.1 Effective amplitudes

The traditional approach is to approximate the correlator Gg, Eq. (2.16), by the bosonic
amplitude b2, , as in Eq. (2.26) in Chapter 2:

Z(t—4JD[T)—|- (%+u)

b2 =
0 U—8ZJD[T

(3.5)

The single and pair condensation coefficients, respectively, are as in Egs. (A.125)
and (A.126):

_ Z(t—4JD[T) + (%—{—,U)
U—SZJD[T

. 2(t —4Jprr) + (5 + 1) 64 1 16,
U —8zJprr TERE N A

X {2 [coth <—%> + coth <M>] + 1}, (3.6)

_ Z(t—4JD[T) + (% +,M)
92 = U—8ZJD]T

87
g1 = {2 (t —2Jprr) + UMJDIT] +

2

AT 2 8_
X [(t—QJD[T)2—|— (—/LJD]T) —I—Q(t—QJD]T)—'uJD[T (37)

U U

These amplitudes are known to provide adequate results at low temperatures, e.g., to
recover the well known A-shaped peaks in the specific heat, which indicate single and

pair condensation phase transitions [34].
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3.1.1.2 Derived amplitudes

We introduce an alternative, more robust approach: keeping the original, imaginary
time—dependent form of Gy, Eq. (2.16), which after Fourier transform takes the form

of _
—W + [

The condensate coefficients depend on imaginary time, providing new physical effects:

_Zwm + U 8_
91 (Wm) = — WFLQM [2 (t —2Jprr) + FMJDIT:| + (3.9)
1 647 16
+ Jorr + =7t > 3.10
(Ziwm + 1)’ (Ug prr T+ 77/ /DIr (3.10)
X {2 {coth (—62—“) + coth (M)} + 1} , (3.11)
1
/
’ ( ) (_Zwm + /v_L)2
2 (A ? 81
X (t—QJD[T) + FJDIT +2(t—2JD[T) FJDIT . (3.12)

In this version, imaginary time-dependent terms are present in both condensation parts
of the effective phase model, §; and S;. The single coefficient g; generates two con-
tributions. The first, Eq. (3.9), is negligible in low temperatures after Matsubara
summation. The second has an additional dissipation-like impact, Eq. (3.10). How-
ever, this latter term depends on higher orders of Jp;r/U than g5, Eq. (3.12), so at
Jprr/U < 1 the pair dissipation is much stronger. Therefore, in this work, we forgo
the marginally relevant contributions introduced by the single condensation coefficient
g7 and replace it with the approximated g; of Eq. (3.6), focusing on the properties of

the pair term, Eq. (3.4), in low temperatures.

The pair action term, S,, can be rewritten to separate the imaginary time depen-

dency from the pair coefficient gy:
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/ = q ﬁTT'—l coS Z‘T—jTI ) .
5410] g%%/odd 2o () o (7)) (313

where the derived pair condensate coefficient is now

Al 2 .
gh = (t = 2Jprr)* + (UMJDIT) +2(t—2Jprr) FMJDIT' (3.14)
Other than the imaginary time dependence in the pair action S,, Eq. (3.13), the

effective action remains the same, Eq. (3.1).

3.2 Dissipative models

Both versions of the pair condensation part of the effective action can be rewritten as
dissipative. Traditionally, dissipation is added to Hamiltonians as an arbitrary external
factor. However, since the action derived from Matsubara time contains full information
about quantum fluctuations, the dissipative nature of the pair condensate emerges
naturally in Eq. (3.13). After series expanding the double cosine, we rewrite the

derived pair effective action term S} as explicitly dissipative:

Sl =263 [ i % o= 0 ()] (3.15)
(i) "

T—7)

In the simpler case of the assumed model, with g; in Eq. (3.7), the imaginary time factor
does not emerge naturally. To study the dissipative effect of the pair term in Eq. (3.4),
we take the more travelled road and treat the two condensates as separate, harmonically
coupled systems: condensed bosons submerged in a bath of harmonic potential, formed
by the pair condensed system. The derivation of the effective action is typical for such

many body systems and has been carried out under various circumstances |6, 35]. The
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double cosine action term in Eq. (3.4) is transformed into a dissipative term:

_2922/ drdr [¢Z i_(ﬁ{ (T/)] . (3.16)

(1,5)

Ultimately, the two approaches differ only by their pair condensate coefficients:

— g1 single particle
by coupled condensates & ‘g P
r — go pair

Go \ (3.17)
— ¢4 — g1 single particle

Gy full treatment n 5 ‘g P

— gh pair

At a glance, the difference is trivial, but the two models exhibit substantially distinct
behaviour. Most importantly, in the derived model, the dissipation of the condensate
does not stem from interactions with any external reservoir, but from internal corre-
lations of the model itself. The proper treatment of quantum fluctuations requires an

understanding of the properties of the derived actions, as well as the application of

relevant approximations.

3.3 Spherical mapping and critical line equation

The Fourier transformed quantum rotor spherical partition function is

P {M} ¢~ NOD (3.18)

s 2mi

where the saddlepoint function is

¢[]=—6A——Zln{ A= 0&+ 6" (w )]}, (3.19)

with Lagrange multiplier A, lattice constant £, = 2, cos kq and phase-phase correlator
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G (7,7 exp{ﬁzl_COSWmT_T)]}. (3.20)

2u%Ym + 492 |wm|

The critical line equation is derived, as usual, by minimising free energy, this time

with respect to the spherical constraint A:

OF
S5 =0, (3.21)

After rewriting lattice dependence in terms of the density of states function, defined

as

p(B) = S 6(F ), (3.22)

the critical line equation is

1 p(E)
1= QB/dE Xm:/\—glE—l-g_l o (3.23)

However, this form is too complex to easily incorporate into the critical line equation.
In low temperatures and densities, we approximate the inverse of the correlator G in
Eq. (3.20) by

G (1,7~ 2+ 4gs |winl . (3.24)

1
2 m
At the critical point, the Lagrange multiplier A can be substituted by its saddlepoint
value, A\g = §1&§maz- The critical line equation, Eq. (3.23), after performing Matsubara

summation in the low temperature limit, 5 — oo, becomes

—5r [ a2 {00 [ L it 900 +

00 | Z - 90|} (3.29)
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where ¥ are digamma functions and

9(6) = /(452" 22 (G =) (3.20

The critical equation, Eq. (3.25), is the second pivotal point in this analysis. It contains
all information about the system, including explicitly the geometry of the bipartite
lattices, here chosen as two-dimensional square. In the low temperature limit, digamma
functions can be approximated as logarithms, leading to the final form of the critical

line equation:

1

1=
2

p(&), [4g2+g ()
d¢ . In { } : (3.27)

€3] 4gy — g (§)

Both models, derived and assumed, are analysed and compared in the next section

based on this critical line.

3.4 Results

First of all, we look at the full form of the correlator in Eq. (3.20), to determine the

range of parameters in which the approximation of Eq. (3.24) is valid.

3.4.1 Analytical limits for parameter range

After Mastubara summation and consequent Fourier transform, the phase-phase corre-

lator, Eq. (3.20), can be rewritten as

expc, o 1 (a+1 a+1 1 w2
G (wm) = \/g—ﬂb 2 éF( 5 )1F1( ‘—‘——), (3.28)
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where

2

= 3.29
o= (329
2
m
b= ——=— 3.30
2H 1905 + 21In  _ Lﬂ
c = p B (4Bg2+ )7 (331)

81gs

I' is the Euler gamma function, ;F} is the Kummer confluent hypergeometric function,

and H,, is the n*® harmonic number.

The correlator is convergent as long as go < (87)_1, which corresponds to an upper
limit on the chemical potential for both versions of g, Eq. (3.7) and Eq. (3.14). Within
the relevant range of tunnelling parameters ¢ and Jp;r, the upper limit is u/U =
(1 + \/3) /2 ~ 1.366. We focus on low-density systems in order to remain beneath
this value. Other properties can also be calculated from the convergence condition,
providing analytical results to compare with the numerical data obtained from the
critical line equation.

This work focuses on low temperatures, T — 0, and low density systems, u/U <

(1 + \/§) /2, as the essential phenomena take place within this parameter space.

3.4.2 Analytical properties of the full correlator

Within the right range of parameters, especially where the quantum fluctuations are
very strong, the analytical predictions obtained from the full correlator, Eq. (3.28),
shown in Fig. 3.1, fit very well with numerical experiments. The position and value of

the minimum of the normalised hopping can be derived analytically and yields

value
13 1 4 1
U)min 831/ =2p2 +2u+1 |20+ 1

J position 9 ) D) 2 1
Jorr _2VAR 2 L (3.33)
U 3 2u+1

min
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Figure 3.1: Analytical critical line relations. (a): Comparison of the analytical depen-
dence of normalised single hopping t/U on the normalised DIT coefficient Jprr /U at dif-
ferent chemical potentials /U, resulting from the critical properties of the phase-phase
correlation function Eq. 3.28. (b): Model versus expansion, Eq. 3.34, at u/U = 0.2.

The boundaries of the model parameters can be deduced from this minimum. The

chemical potential dependence of the minimum values is shown in Fig. 3.2.

3.4.3 Numerical comparison between the derived and assumed

models

Exemplary critical lines determined by Eq. (3.27), which separate the Mott insulator
(MI) and superfluid (SF) phases of the single particle condensate, are shown in Fig. 3.3.
The proper energy scale of the system must be determined. For comparison purposes,
both nearest-neighbour tunnelling ¢/U and density-induced tunnelling Jp;7/U have
been normalised by the critical value (¢/U)ci, which separates the MI and SF phases in
the absence of the extended interaction. The rapid decrease of the normalised hopping
(t/U)y is associated with two mechanisms. The first stems from the low temperature

properties of the phase-phase correlation function in Eq. (3.28). Expanding hopping
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Figure 3.2: Chemical potential dependence of the position (Jpir/U),., and value
(t/U),.;, of the minimum seen in Fig 8.1, 1/U = 0.2.

around the critical point, we obtain

(t/U)y =1 —4V2r(4p/U + 1) (Jprr/U) y +
+487 (20/U + 1) (Jprr/U) 3 +

— 5 (8T 21/U + 1)! (i /U) +

+ % (487)° 2u/U + 1) (Jprr /U5 + .. (3.34)

The density-induced interaction Jp;r both linearly suppresses the hopping amplitude
and supports particle mobility for (t/U), with larger powers of (Jp;r/U)y. As these
two effects interchange with increasing powers of the expansion, this behaviour is easy to
miss without looking at higher order terms before rejecting them. The second decreasing
mechanism stems from the U (1) approach providing complete suppression of particle
mobility; this effect cannot be analytically derived from the critical properties of the Eq.
(3.27). A sudden revival of the coherent phase is also observed. As the density-induced
tunnelling term increases, the quantum fluctuations reestablish long range order within
the system, up until rapid cutoff. At first glance, the results from both models in Fig.

3.3 seem almost identical; the differences clarify themselves in the details.
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(tUN

0.0 0.2 0.4 0.6 0.8 1.0

Figure 3.3: Comparison of the dependence of normalised single hopping t/U on the nor-
malised DIT coefficient Jp;r/U at different chemical potentials p/U. The critical lines
separate the superfluid (below) and the Mott insulator (above) phases. (a): assumed
model, using go, Eq. (5.5). (b): derived model, using g4, Eq. (3.14).

The details of the revival, presented and compared to analytical results in Fig.
3.5, showcase the most important difference between the assumed and derived models.
Although the assumption made in the simplified model about the harmonic coupling
between two condensates is reasonable and provides a qualitatively good description of
the behaviour of the system, it fails to reproduce the disappearance of coherence. It is
worth noting that the quadratic potential so often used to describe coupling between
condensates cannot explain the critical properties of the system, even though the cor-
relation function, Eq. 3.20, has the same form in both approaches. Particle density
is the dominant factor in systems with density-induced tunnelling. The cut-off mini-
mum occurs at the same value of 1/U as the tip of the superfluid-Mott insulator lobe
dominated by the density that locally conserves its integer value. The density-induced
interaction could be expected to depend strongly on the chemical potential. However,
surprisingly, the coherence restored by the density-induced tunnelling behaves non-
monotonically and in opposition to the critical values of the single particle superfluid
of the standard Bose-Hubbard model. The subtlety of the phenomenon should also
be noted: the strongest coherence is not generated by large densities, but rather small
fluctuations thereof. The harmonic coupling model does not provide a valid description

for small densities, being almost constant throughout the relevant range of the chemical
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Figure 3.4: Visualisation of the two parameters analysed in Fig. 3.5.

potential.

The decoherence of the system and the revival of superfluidity are separated by the
gap A, shown in Fig. 3.5b which in both models increases monotonically with particle
density. There are no qualitative changes in the gap between both approaches; we
conclude that it does not depend on the character of the coupling, but rather on the
quantum rotor properties of the critical lines themselves.

The importance of chemical potential when density-induced tunnelling is present
led us to analyse the properties of the tunnelling amplitudes relative to density. The
interesting diagram in Fig. 3.6 was derived analytically from the phase-phase correlation
function in Eq. 3.28. Increasing particle density has different effects on the nearest-
neighbour tunnelling ¢/U and density-induced tunnelling Jp;7/U. The single amplitude
t/U counterintuitively decreases monotonically, with a rather steep decent, and finally
goes to zero. In contrast, the DIT stays almost constant, before diverging rapidly
to infinity at high densities. The high-density critical behaviour of both amplitudes
occurs at the same point of u/U = (1 + \/§) /2. These results suggest that in systems
with extended interactions, the chemical potential governs almost all the properties

of the system, both diminishing the coherent state and at the same time supporting
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Figure 3.5: Details of the differences between the derived model (circles, labelled Gy) and
the assumed model (triangles, labelled by). (a): Cutoff values of (Jprr/U)n, compared
to analytics and the first lobe of the zero-temperature square lattice superfluid (above)
— Mott insulator (below) phase diagram (shaded area). (b): Width of gap A before the

revival of superfluidity as a function of chemuical potential.
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Figure 3.6: Critical limit of the nearest-neighbour tunnelling and density-induced am-
plitudes, calculated from the critical properties of the phase-phase correlator, Eq. 3.28.

correlated hopping between bosons. The magnitude of both tunnelling amplitudes is
equal at 11/U = (1++/7) /4 ~ 0.91, where (t/U) y = (Jprr/U)y = \/ VT — 5/2 =~ 0.38.
That provides the boundary of prepotency of the density-induced interaction.

3.5 Conclusions

The properties of the two kinds of pairing-based dissipation are similar enough to con-
clude that the strange concept of implicit dissipative behaviour might just be grounded
in reality. Not only that: numerical data obtained from the derived model is closer to
generalised analytical results than that of the safer, assumed coupling; this is especially
clear in Fig. 3.5a. There seems to be a wealth of interesting details still waiting to be
discovered and described about the bosonic pair condensate phase.

Our main interest, however, is where the mechanisms of pairing itself might emerge
from in bosonic systems. Therefore, for now, we abandon the deep waters of interaction-
based pairing and resurface to the microscopic level to wonder: since many body corre-
lations clearly play such an important role in the pair condensate, could they themselves

be its source?
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Chapter 4

Correlation-based pairing

The analysis of extended Bose-Hubbard interactions in Chapter 2 confirms that bosonic
pairs condense alongside the single particle Bose-Einstein condensate in the presence
of many body correlations. Knowing that pair condensation is represented in the ef-
fective phase model, Eq. (2.28), by a double cosine or exponential term containing
the double phase difference 2 (¢; — ¢;), we ask what other sources could generate such
terms. Chapter 3 shows that delving deeper into the explicit forms of correlators, while
requiring finesse in choosing the proper approximations, can uncover interactions that

occur in strongly-correlated systems as new, explicit terms in the effective action.

Therefore, in this chapter, we focus on the standard Bose-Hubbard model (BHM)
itself. We know that the Quantum Phase Model, Eq. (1.17), can be derived from
the BHM, Eq. (1.1), as an effective phase model [46, 33|. The trace of the bosonic
correlator is approximated to first order in a series expansion, resulting in linear phase-
phase exponentials. This time, we extend the series expansion of the correlator to
second order, expecting to find double exponentials or double cosines representing pair

condensation, like the interaction-based pairing term in Eq. (2.28) in Chapter 2.

Once again, detailed calculations for this chapter can be found in Appendix C.
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4.1 Model

We start with the standard Bose-Hubbard model, Eq. (1.1):
s U, . i )
H:EZni(ni—l)—t;aiaj—uZni, (4.1)
i i,j i

where U > 0 is the on-site repulsion, p is the chemical potential, and ¢ is the nearest
neighbour exchange integral.

We follow the standard quantum rotor analysis of the BHM [46, 33|, up to and
including the integration of bosonic fields. The path integral partition function of the

quantum rotor phase model is much the same as in the density-induced tunnelling
model, Eq. (2.24):

z= / (Do} o ZilI o [ (6:) +pdun)]rtrme (4.2)

but in this case, the shifted chemical potential is

_ U
p=pt (4.3)
and the Green’s function, G, is a scalar:
Gl =Gyl =Ty =Gy (1 - T;;Go) (4.4)
with phase-phase correlator
_ g

and the single-particle nearest neighbour exchange term
T = tije—i(%(T)—cbj(T))' (4.6)

In order to preserve the pair condensation term, the trace Trin G~! in Eq. (4.2) is
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approximated to second order:
1
TrinG™' = —TrinGy — Tr (T;;Go) — 5" (T1;Go)? . (4.7)

We assume Gq to be a sum of two components. The first component is the bosonic
amplitude b3. In the quantum rotor approach, by is constant on every site, as all dynam-
ics are contained within the phase. We obtain b3 by minimising the BHM Hamiltonian,

Eq. (4.1), in terms of the bosonic amplitude by,

0
—_H (b 4.
5 (bo) =0, (18)
which leads to
2(zt+p)
b2 4.9
0 U ( )

The second component of Gy is the imaginary time-dependent form in Eq. (4.5)

itself, which can be Matsubara transformed into

—lWwy, + u
=3 Z 2 (4.10)

By adding the two values in Eqs. (4.9,4.10) together, we obtain an effective phase model

approximated from above.

4.2 Effective phase model

The transformations lead to the same effective phase action with pairing obtained from
the density-induced tunnelling BHM in Chapter 2, Eq. (2.28):

/dT—Z(0¢Z> +/O dr —JZCOS@] J/;COSQQbij . (4.11)

(1,9)
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The coefficients are much different, however. The single particle condensation coefficient

is much the same as in the standard Bose-Hubbard model case [46],

J 2(zt+%+u)
i i , (4.12)

and the pair condensation coefficient, after summing G,, in Eq. (4.10) over Matsubara

frequencies, is

/

J t

t U

2(zt+%—|—,u)
U

i z
u 2 sinh? [_B <[2J2+/‘)]

(4.13)

Much like in the extended interaction case, Eq. (2.31), two different condensates,
single-particle and pair, are generated by the two cosine terms in Eq. (4.11). This
time, the pairing mechanism does not stem from many body interactions, but from

many body correlations implicit within the standard Bose-Hubbard model.

We change the methodology in further calculations, making use of the self-consistent
harmonic approximation rather than the S = 1 pseudospin mapping used for the
interaction-based pairing in Chapter 2. Since this mechanism stems from correlations,
the reasoning behind the change of strategy is to better preserve correlations within the
condensate phases. Both pair condensates are later compared under uniform approxi-

mations and conditions in Chapter 5.

4.2.1 Self-consistent harmonic approximation

We solve the phase model in the self-consistent harmonic approximation (SCHA), shown

in Section 1.2.3. The method is based on the harmonic trial action,

So[d)]:/oﬂdT %Z(%ﬁi)2+§2¢fj . (4.14)

v (i,4)
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The self-consistent equation for the trial stiffness, K, is obtained from the variational

principle for free energy, Eq. (1.34), and takes the form of
K = Je2(%h) 4 4.7 e 2%%), (4.15)

where the trial nearest neighbour phase average, Eq. (1.36),

(¢3) == /dgp (€) %coth(g w> (4.16)

is determined with use of the density of states function,

_ %25(5_@,). (4.17)

The order parameters in the self-consistent harmonic approximation are defined as
in Egs. (1.37-1.39),

Uy = (cos ¢;) = eiéw’?), (4.18)
Uy = (cos2¢;) = 6_2<¢?>, (4.19)

where the trial on-site phase average is as in Eq. (1.39),

2_1 u CO /B z —
(=3 [der© g eom (5VE-OKT). @)

The phase model, Eq. (4.11), is thus replaced with a harmonic oscillator with
the effective phase action in Eq. (4.14). The stiffness K is calculated from the self-
consistent equation and depends on the condensate coefficients, J in Eq. (4.12) and J /
in Eq. (4.13). Thermodynamic functions can be derived from the trial free energy, Fo,
in Eq. (1.30).
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4.3 Thermodynamics of the effective model

Order parameter diagrams are shown in Fig. 4.1 in various magnetic fields, with set
parameters of ¢t/U = 0.085 and u/U = 1.5. The two upper diagrams, Figs. 4.la
and 4.1b, show how the single particle order parameter W; behaves with and without
bosonic pairing. An increase in the critical temperature T can be observed in all cases.
Of particular interest is how the lines shift with respect to one another as the rotation
frustration parameter f is changed. In Fig. 4.1a, without the pairing mechanism, ¥,
behaves almost identically at f = 1/2 and f = 1/4, with the same T. When pairing
is added in Fig. 4.1b, however, the critical temperatures separate; the f = 1/4 line
moves closer to f = 1/6. This suggests competition between the density of states
(DOS) bandwidth and the van Hove singularities within the functions, which shifts as
the pairing term is added. The DOS caps at &,z = 2v/2 for both f = 1/2 and f = 1/4,
but the latter is far less continuous.

The pair order parameters ¥, in Fig. 4.1c are peculiar: they very gradually decrease
to zero, rather than the usual sudden, right angle drop. Furthermore, T is always lower
for W, than for W;. Due to those factors, T will from now on refer to the single particle
critical temperature specifically.

Fig. 4.2 shows entropy diagrams with and without pair condensation, ordered by
magnetic field. The pair condensate strengthens the single condensate phase, meaning
the superfluid survives in higher temperatures [34]. The strengthening effect on T
varies depending on f, with the increase being smallest at f = 1/2, as seen in Fig. 4.2b.
Once again, this has to do with the shift of the balance between the DOS bandwidths
and continuity. The red lines of the non-pairing effective model are very similar at
f =1/2 and f = 1/4. When pairing is included, however, there is more similarity
between the blue lines at f = 1/4 and f = 1/6.

The lack of peaks in the blue lines before cutoff mirrors the slow descent of ¥,. The
effect of bosonic pairing is much more pronounced within the condensate phase itself,
as seen in the blue shaded areas between the lines. Entropy provides information about
order. The decrease in entropy as pair condensation is added, which occurs in every

single case, emphasises the ordering effect the pairing mechanism has on the system.



4.3. THERMODYNAMICS OF THE EFFECTIVE MODEL 67

1.0
08 o S
0.6 — f=0
¥ — =12
0.4 — f=1/4
— f=1/6
0.2
0_0 i i i i
0.0 0.2 0.4 0.6 0.8 1.0
TIU
(a)
1.0
— =0
— f=12
— f=1/4
— f=1/6
TIU
(b)
1.0
0.8 SRR SRR G SR
0.6 L T L S e
e ' ' ' ' ' — f=12
— f=1/4
— f=1/6

TIu

()

Figure 4.1: Temperature dependence of single particle V1 and pair Uy order parameters
in magnetic fields (t/U = 0.085). (a): Wy without pair condensation; (b): Vi with pair
condensation; (c): Wy with pair condensation.
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Every line in Fig. 4.2 cuts off abruptly at the respective ¥, critical temperature.
These cutoffs signify where the condensate—normal phase transitions occur. The cutoff
is a consequence of the self-consistent harmonic approximation, which cannot reproduce
the structure of the critical region. The SCHA preserves specific correlations within
the condensate phase and therefore can be reliably used to study the thermodynamics
thereof, in the regions where ¥, Uy # 0. However, the ordering of the system is different
in the normal phase and cannot be recreated using the same parameters. While this
method cannot reproduce what happens near or beyond the critical point, the critical

temperature T is determined by the cutoff point.
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Figure 4.2: Comparison of entropy as a function of temperature with and without bosonic
pair condensation in various magnetic fields (t/U = 0.085). Red lines depict single
particle condensation only; blue lines represent the model with pair condensation. (a):

F=0:(b): f=1/2; (c): f=1/4; (d): f =1/6.
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4.4 Conclusions

We have confirmed in this chapter that strongly correlated bosons form pairs of their
own accord even without the presence of extended interactions, such as density-induced
tunnelling. Correlators in the path integral formulation contain a wealth of information,
which is usually approximated to first order to focus on the largest contributions. As it
turns out, bosonic pairing is one of the processes that occur just beyond this standard
boundary; all that was needed for a pair condensate to emerge was considering the
single largest term which is usually ignored. This emphasises the importance of many
body correlations, including in systems forced into simple interactions [12, 11].

As density-induced tunnelling is a first-order approximation to the Bose-Hubbard
model, the interaction-based pairing mechanism derived in Chapter 2 might be easier
to detect experimentally. It probably also affects the single particle condensate in a
more significant way, especially as the density-induced amplitude is increased. The
next logical step is to compare both the derived pair condensates, interaction-based
and correlation-based, using a uniform set of approximations, to see what is similar

and what different between the two.
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Chapter 5

Comparison of pairing mechanisms

In previous chapters, we have derived and analysed two bosonic pairing mechanisms,
for which the effective phase models are the same but their coefficients are not. We
conclude this work by mapping the similarities and differences in how the two pair

condensates with very different sources affect the single particle condensate.

In path integral studies, the model must narrowed down to fit chosen areas of
interest, within specific parameter ranges and limits. Different methods allow access to
various information, with differing reliability. Two separate approaches to a single model
might even lead to disagreeing results. In order to compare the two derived pairing
mechanisms, the methods and approximations used for thermodynamic analysis must
be synchronised. Our interest lies in what happens within the condensate phase itself,
rather than thermodynamics beyond the critical region. Therefore, in this chapter,
we make use of the self-consistent harmonic approximation, preserving the correlations

responsible for bosonic condensation.
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5.1 Effective phase models

The effective phase model remains the same as in previous chapters, Egs. (2.31,3.1,4.11):

/d —Z(a@) / dr —chosasu—JZcosngw . (5.1)

This time, we consider both of the pairing mechanisms derived in Chapters 2 and 4,
which differ only by their single and pair coefficients. To easily distinguish between the
two models, we rename them for this chapter as J¢, Jé; in the correlation-based model

and J;, J; in the interaction-based model.

5.1.1 Correlation-based coefficients

The first version of the model is based on the standard Bose-Hubbard model (BHM),
as derived in Chapter 4. The correlation-based single and pair condensation coefficients
are as in Eqs. (4.12,4.13):

2

Jo _2(et+ 5 +p) 5:2)
t U ’ ‘
Lot |2t + Y+ t
Jo_t|2lttgHm)| b - (5.3)
t v v UQSinh2 [—B(QJF“)]

where p is the chemical potential, ¢;; = t is the nearest neighbour exchange integral, U

is the on-site interaction between two particles and 3 is the inverse of the temperature.

5.1.2 Interation-based coefficients

In the interaction-based model, derived in Chapter 2, the pairing mechanism stems from

the density-induced interaction with amplitude Jprr. Here, the single condensation
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coefficient, Eq. (2.29), is the one dependent on temperature:

Jr 2 (t—4Jprr) + (X +n)

87
l2 (t —2Jprr) + _IUJD]T:| +

t N U — 8ZJD[T U
Z(Zf—4JD]T) + (Q—F/L) ’ 64/] 16
" [ U= 8:prr { g2 Jom + 77 (6= 2Jpi) JIQHT]

oo (~22) seom (2 0Y] 1), o

and the pair coeflicient, Eq. (2.30), is

2

J} B z(t —4Jprr) + (% +u)
t U—8zJprr

AL 2 87
X [(t_QJDIT)2+ (FMJDIT> —I—2(t—2JD]T) UHIJD]T] , (55)
where the shifted chemical potential, Eq. (2.5), also depends on the density-induced

amplitude JDIT)

U
on = §+M_2JDIT- (56)
The self-consistent harmonic approximation (SCHA) does not rely on the coefficients
J and J', therefore the calculations are carried out exactly the same as in Section 4.2.1.
The self-consistent equation for the critical line, as derived in Section 4.2.1, Eq. (4.15),
is

K = Je2(%h) 4 4.7 e 2%, (5.7)

where the trial phase average, Eq. (4.16), is

(@) =+ [ den©\/E5 2 o (§ w> (53)
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Both models, with correlation-based and interaction-based pairing mechanisms, are
compared in the next section within the same BHM parameters: chemical potential p/U
and hopping t/U, at differing values of the density-induced amplitude Jp;7. Orbital
magnetic effects are also introduced into the trial phase average, <g0?j>, via density of
states, keeping in mind that the phase shift, Eq. (1.55), is effectively different in the

pair condensate case by a factor of 2, as mentioned in Section 1.3.1.

5.2 Results

Firstly, chosen properties of the single and pair coefficients are shown in Fig. 5.1.
Fig. 5.1a shows the dependence of both interaction-based coefficients, the single J; in
Eq. (5.4) and the pair J; in Eq. (5.5), on the density-induced tunnelling amplitude
Jprr/U. Areas where a coefficient is positive determine the parameter ranges in which
their respective phase can be detected. As expected, both phases occur at low values of
the density-induced amplitude, as up to Jp;r/U = 0.0314, both J; and J} are positive.
As Jpr/U increases, we observe areas where one coefficient is positive and the other
negative, meaning either single particle or pair condensation can occur, but not both
simultaneously. We focus on the most interesting rage of Jp;r/U < 0.03, in which both
condensates are able to coexist.

In both models, only one of the two condensate coefficients depends on temperature.
In the correlation-based model, it is the pair amplitude: Jé = f (/). The interaction-
based model is the opposite: J; = f (). The temperature dependence of the relevant
coefficients is shown in Fig. 5.1c. It is clear that the interaction-based single condensate
almost doesn’t react to changes in temperature. The pair coefficient in the correlation-
based model is much more sensitive. That being said, the scale in which substantial
changes occur is much larger than the critical temperatures obtained in this section.

Exemplary diagrams of the dependence on temperature of the single particle and
pair order parameters, W; and W, respectively, are shown in Fig. 5.2 in the absence
of magnetic fields, where the rotation frustration parameter f = 0. Additionally, Fig.
5.3 shows the difference between single particle and pair critical temperatures, A..;; =

Te, — Te,, in different magnetic fields and at two different values of the single hopping
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Figure 5.1: Properties of single and pair coefficients. (a): Interaction-based condensate
coefficients as functions of the density-induced tunnelling amplitude Jprr/U. (b): As
above, magnified for low values of Jpyr /U, showing the asymptote in J which determines
the parameter range of this work. (c): Temperature dependence of the two temperature-
driven condensate coefficients: the correlation-based pair J and the interaction-based
single particle J at two different density-induced interaction Jprr/U values.
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Figure 5.2: Comparison of temperature dependence of single particle and pair order
parameters (u/U = 0.45). (a): single particle order parameter, ¥y; (b): pair order pa-
rameter, Wy. Superscript ()C denotes correlation-based pairing; superscript ()I denotes
interaction-based pairing, driven by density-induced tunnelling Jp;r. (t/U = 0.045,
/U =0.45)

T

t/U. Interpolations of A..; are also included, to further clarify how the difference
changes with the rotation frustration parameter f. As opposed to the pseudospin
mapping analysis for interaction-based pairing, here the pair condensate fades out slowly
and the pair critical temperature is consistently lower than for the single condensate,
Te, < Te,.

Specific heat diagrams for both models under varying synthetic magnetic fields are
shown in Fig. 5.4. In the interaction-based model, the critical lambda-shaped peaks
clearly degenerate as the density-induced coefficient Jp;r increases towards the critical
value. In both cases, specific heat flattens out in the presence of magnetic fields,
but at the same time the critical temperature increases. The self-consistent harmonic
approximation becomes unreliable in the vicinity of the critical point; this is especially
pronounced in the red lines of the correlation-based model, where the specific heat c¢
seems to increase ever faster, without reaching saturation. The diagrams are sorted
by rotation frustration parameter f, to compare the two models in specific external
conditions. As temperature increases, it becomes steadily easier to distinguish between
specific heat generated by correlation-based pairing (red lines) and interaction-based
pairing (blue lines). The two models also differ in the temperature at which the specific

heat starts to increase substantially. In the correlation-based model, there is very little
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Figure 5.3: A..it =T — T as a function of rotation frustration parameter f. Super-
script ()C denotes correlation-based pairing; superscript ()I denotes interaction-based
pairing, driven by density-induced tunnelling Jprr. Right side diagrams are interpola-
tions of the data on the left. (a): t/U = 0.045; (b): t/U = 0.075.
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Figure 5.4: Specific heat as a function of temperature in various magnetic fields (t/U =

0.045, /U = 0.45). (a): f=0; (b): f=1/2; (c): f=1/4; (d): f=1/6.

variety, but the interaction-based point of emergence shifts towards higher temperatures

as Jpyrr is increased. The difference between models is also pronounced in how they

react to orbital magnetic effects. This distinction is explored in more detail in Fig. 5.5,

in the difference A, = cc — ¢; between the correlation-based (¢¢) and interaction-based

(cr) specific heat at discrete values of temperature and in various magnetic fields.

A basic comparison of specific heat diagrams is shown in Fig. 5.6 at ¢/U = 0.045.

The two models are presented along with the Standard Phase Model without pairing,

the effective action of which is

3[¢]:/Oﬂd7

i

1 9¢i
U Z ( or

;

_JSPME cos ¢ij |

(5.9)
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Figure 5.5: Difference A. = cc — ¢; between the correlation-based (cc) and interaction-
based (cy) specific heat in chosen temperatures at low density-induced amplitude,
JD[T/U = 0.001.

where

JSPMZQ(zt+%+u):@ (5.10)
t U t '

Compared to the gray line of the Standard Phase Model, the correlation-based specific
heat is marginally steeper, but very similar in terms of area, with a slight increase in
critical temperature. Interestingly enough, the comparison is very different for the blue
lines, representing the interaction-based specific heat. The interaction-based critical
temperature increases substantially, but the line now also forms a hump, which is more

reminiscent of standard specific heat behaviour.

5.3 Conclusions

Since the behaviour of bosons does not depend as strongly on spin as in the case of
fermions, it is easier in the path integral formulation to find terms containing four
bosonic field operators and connect those terms to the phenomenon of pairing. This

work presents two different mechanisms that lead to the emergence of a new phase, sep-
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Figure 5.6: Specific heat as a function of temperature with correlation-based and

interaction-based pairing, compared with the standard phase model without a pairing
term at t/U = 0.045 and p/U = 0.45.

arate from but interacting with the well known single particle Bose-Einstein condensate
(BEC). The effective phase model in both cases corresponds to an extended Quantum
Phase Model (QPM) with two cosine condensation terms, Eq. (5.1), which is usually
assumed with arbitrary contant coefficients. In our case, however, both coefficients are
explicitly derived and depend on the parameters of the original, microscopic model. The
two condensate phases therefore must interact and influence each other. Regardless of

its source or the methods used, the presence of bosonic pairing consistently strengthens

the BEC in the considered range of parameters.

5.3.1 Self-consistent harmonic approximation vs. S = 1 pseu-

dospin

We have seen the similarities and differences between the two derived pairing mecha-
nisms, correlation-based and interaction-based, under the self-consistent harmonic ap-
proximation (SCHA). We have seen also the strengths and the limits of the SCHA,
and understand the impossibility of finding a single method within the path integral
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formulation that would accurately depict the entirety of a system under any chosen
conditions. This is especially clear in the interaction-based pair fraction, which under
the S = 1 pseudospin mean field (MF) survives at higher temperatures than the single
particle condensate T, and produces a clear A-shaped peak in the specific heat, but
under the SCHA decays slowly and always before T, is reached. It is therefore worth
checking what information can be retrieved using the S = 1 pseudospin mapping from
the correlation-based model.

To that end, additional order parameter diagrams of the model with correlation-
based pairing under the S = 1 pseudospin approximation are shown in Fig. 5.7.
The approximation was carried out exactly as in Section 2.2, with only the coeffi-
cients exchanged from the interaction-based Eqs. (5.4,5.5) to the correlation-based Egs.
(5.2,5.3). The normalisation parameter here is the single particle hopping ¢ rather than
the on-site interaction U, therefore the parameter values are much higher. Regardless,

no separation has been found between the single and pair condensate phases.

U/t=14.22, u[t=20.1 U/t=14.22, 1/1=0.91

i — ¥

Figure 5.7: Temperature dependence of single particle ¥ and pair Vo order parameters
at different values of u/t and constant on-site interation U.

The pseudospin mapping is based on a mean field approximation. All this sug-
gests that the SCHA, which does not rely on MF methods, might be better suited to
reproducing critical temperature T behaviour. On the other hand, the pseudospin
mapping preserves energy fluctiations sufficiently to both obtain the A-shaped peaks in

the specific heat ¢ that signify quantum phase transitions and reproduce the behaviour
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of ¢ beyond the superfluid phase, whereas the condensate-localised SCHA struggles es-
pecially with the latter. Another important factor is the dependence of the single or
pair condensate coefficients on temperature, or imaginary time, which is different in
the interaction-based and correlation-based pairing models and might also contribute
to the T differences.

It is always worth remembering that information obtainable from approximations is
only relevant in a narrow range of conditions and does not provide a full picture of the
properties of the model one starts with. As such, different methods and approximations
can reproduce different correlations. Results acquired from two separate approaches
might correspond or complement one another, but might also turn out contradicting.

Obviously, in such cases, experiments are a reliable means of verification.
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Appendix A

Interaction-based pairing: calculations

The Hamiltonian of the Bose-Hubbard model with density-induced tunnelling, Eq.
(2.1), is:

— Jorr Y [al (s ) a + al (g + ) ) (A1)

where (i, 7) identifies a summation over nearest neighbouring sites and:

]

e a,, a; are the bosonic coherent creation and annihilation operators, respectively;

they obey the canonical commutation relation, [di, d}] = 0;j;

® N, = d}&i is the boson number operator on site i;

U > 0 is the on-site repulsion;

4 is the chemical potential;

Jprr is the density-induced tunnelling amplitude ,

85
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e ¢;; is the hopping integral, the dispersion of which on a bipartite lattice in d

dimensions is

t(k)=2t» cosk. (A.2)

We assume that hopping is isotropic, ¢;; = ¢, throughout the entire lattice.

First of all, we rewrite the Hamiltonian to resemble the standard Bose-Hubbard model,
Eq. (1.1). This can be done by appending the density-induced term to either the

exchange integral, as in [39], or the chemical potential [34].

Commutation relations needed for the density term:

[m@}:FM@H:@@@—@@@:@@Mﬁ@Q—@j@:ﬁ%, (A.3)

al (i + 1) a; + c.c. =ahua; + alnga; + alna; + aliga; (A.5)
=l (a;7; — :0;5) + &} (a;0; — aj) +
+al (i — a;) + al (am; — a;0;) (A.6)
=alan; — alady + alajng — ala;+
+alagn, — ala; + alan; — alagoy (A7)
=alagn; + alagn; + alagn, + alain,+
—(@@+@@>—@Mﬁﬁﬁj@3 (A.8)
— (ala +ala) (g + 1y = 1) = (alasoy +alagoy) . (A9)

The Hamiltonian in Eq. (A.1) then takes the form



87

o U ~9 U ~ 1
H = ‘ {Enl—(a—l—u)ni]—?Z(aa]—l—aal)—l—
7 Zv])
—Jorr Y | (@la; + ala;) (s + 7y — 1) = (alaidy +ala,oy ) | (A.10)
(i.4)
U U

1 1
=S [ajaj (§t T (R + 7y — 1)) +ala, (§t+T(m + iy — 1))] . (A1)

Rewriting further and including , the DIT term can be appended either to the
hopping;:

ﬁJ:Z%ﬁ?—Z (%+M—2JDIT) i —

I Q; (t + 4JDITnz — QJD[T) (A12)
)

(i,
or to the chemical potential:

H Z—n—Zt—Z]D]T)&d—i—

(i,9)

U
- Z |:4JDITCAL;[&J' + (5 +p— 2JD1T) 5@']} ;. (A.13)
i,3)

We choose the chemical potential version, Eq. (A.13). By denoting

J =t — 2<]DIT7 (A14)
U
n= §+N_2JDIT7 (A15>
and U
fiij = — + 1 — 2Jprr + 4Jprrala; = i+ 4Jprralas;, (A.16)

2
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we can simplify the Hamiltonian to a standard Bose-Hubbard form, Eq. (2.2):

H= %Zrﬂ — T afa; =Y g (A.17)
(6.5) (6,3)

)

We are now ready to move on to path integrals.

A.1 Quantum rotor derivation

The effective action formulation is scale invariant, so constant multiplicators in the
partition function have no bearing on the effective model. As the bosonic operators d}, a;
transform into complex fields a;, a; in the coherent state basis, the partition function is
as in Eq. (1.12):

Z= / {DaDa} e~S@al, (A.18)

where the effective action S, Eq. (1.13), contains the complex field form H of the
Hamiltonian from Eq. (A.17):

B
Sla,a) = /0 dr (Zai (1) %ai (T)+H(T)>, (A.19)

i

u _ _
H(T)= b ;nf - J% a;a; — %szm- (A.20)

The first step is introducing the effective electrochemical potential V' as part of the
Hubbard-Stratonovich transformation, Eq. (1.14), which decouples the U-dependent

Interaction term:

dV -5, fdr (S2-witrma(n) |

-5 fdrni(r) _ [ &V
2 7 K] g
¢ 21

(A.21)
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The effective action terms containing V' can be separated within the partition function:

— / {DaDa} e~S[@al / AV -svin vl (A.22)

27r

with bosonic effective action

/ dr Z a; ( —aZ T) — JZ a; (1) a; (1) (A.23)
(1,9

and electrochemical effective action

svz/OBdT Z(ZUW( ) — iV (F) s (T)> =S g (1) (A.24)

(6,9)

Shifting the electrochemical potential V; (1) = V;T () — &

7

so= [ ar S | (0 - ) - } (A.25)

)

At this point, the first phase dependence is introduced: we split the shifted potential

VI into static and periodic parts in terms of Matsubara frequency:

Vi (1) = V2 () + Vi (1), (A.26)
Vo () = 5V " (Wim=o) (A.27)
VP (1) = % Z (ViT (W) €77 + c.c.) (A.28)

where the periodic part of the electrochemical potential is Josephson coupled to a U(1)
phase field ¢ (7):
P=g(r). (A.29)
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The periodicity of V7 carries on to the phase field, meaning ¢; (3) = ¢; (0).

The chemical potential term is expanded using Eq. (A.16):

B 72 B

Hij 1 = o

/0 dr <§ }) 2(} =50 i dr <§ A) [+ 4dprra; (1) a; (T)]2 (A.30)
1,) 4,7

1 B

=37 /. dr Y {@® + 16737 [a: (1) a; (1)} +
B

1
+ 557 0 dr ; 8iiJprra; (1) a; (7) (A.31)
1,7

5 _
+ /O dr Z%“JDIT@- () a (7). (A.32)

(i,

The partition function in Eq. (A.22) now also contains a phase action term, Sy:

Z= / {DaDa} e=S+laa) / V2 s / (Do} e=Selmd], (A.33)

21

where

Si= [ ar |Sm ) () = (14 o) S )y )| +

A 8
_ /0 ar 2 =T [ (1) o (1), (A.34)
(1,5)
S=% | r (-5 - Zve-wenin) | (4.35)
s=% / Cir [% (6:0) + 6.7 — b (r)m, <r>] . (A.36)

Constant terms do not contribute to the critical line equation due to scale invariance.
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Replacing V* with a constant average at saddlepoint and noting that

B
/0 drn; (1) = (n;), (A.37)

most terms in the static potential part of the action, Sy, are indeed constant. The

diagonal chemical potential dependence can be appended to the bosonic action Sp:

Sb:/OBdT S ai () (5%+M) ai(T)—(J+4§JDIT)Z%(T)%(T) +

i (4,9)

A 8
- [Car ¥ G e (. (A38)
(iv)

At this point, the effective action contains only terms dependent either on phase or

on bosonic fields.

A.1.1 Gauge transformation

In order to obtain a phase-only model, we perform a gauge transformation, Eq. (1.15),

on the bosonic fields, separating amplitude and phase:
a; (7') = €i¢i(T)bi (7') s (A40)
a; (7') = eiid)i(T)Bi (T) . (A41)

The partition function has two effective action terms, one bosonic and one phase-

dependent, as shown in Eq. (2.6):

Z = / {DbDb} / (Do} e=S[btle=Ss[nd] (A.42)



92 APPENDIX A. INTERACTION-BASED PAIRING: CALCULATIONS

where the bosonic terms are also phase-dependent now, with

B : A .
Sb = Z/ dr bl (T) [5” <% + ﬂ) - Je_“z’ij(f) - %B_z(bij(ﬂ bj (7') +
(i.d)

B B T§ %ITefiQ(j)ij(T) _i T ; . 2’ A
%/OdUJ B (7)1, ()] (A.43)
B 2 0 -
S=Y /0 dr [% (6:7)) + 26, (7)] (A.44)

The next step is integrating out the bosonic fields to obtain a phase-only model.
To that end, the quadruple term can be split into multiple bilinear terms with use of

Wick’s theorem. In the Fermi-Hubbard model, the interaction term is split as follows:

UD_ Fuflfufin =3 Afhfl+ 3 Aififu+ 3 Wi fh fat

+ Z Wi 1 fir — Z Vifhfu — Z Vi £l i, (A.45)
where
Ay =U(firfir) (A.46)
Wie = U (f},fia) (A.47)
Vi=U{flfun). (A.48)

The bosonic case is simpler; neglecting spin, we have Eq. (2.12),

S biblbt; = > (b bl] + (bl ) byby + (4.(Blb; )+ 3) ol ] (A.49)

(4,4) (1,3

At this point, the bosonic field terms in the partition function can be brought

together as the Gaussian integral in Eq. (2.14),
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B
)

_ / [DBDY} exp {—S.ps) . (A51)

where

0 i 4 ”»
Sij =0i (E + ﬂ) — Je M — L e a4

U

— gj%lTe—mm - (4{bibj) +6;5) (A.52)

Ay =— %J%ITe”%’(T) (bibs) (A.53)
Ar—- %J%ITe_iz%(T) (55,) . (A.54)

At this point, the bosonic terms are quadratic and therefore prepared for Gaussian

integration.

A.1.2 Nambu-like matrix form

In order to carry out the integration, we rewrite S.¢y in matrix form, creating a Nambu-

like space. The elements of this bosonic effective action matrix have to be determined:
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A Ay Az Ay bi
_ _ B, By, By B bi
S = ( b b b b, ) Lo s b (A.55)
C;, Cy C3 €y b
Dy Dy Ds Dy 7]-
A1b; 4+ Asb; + Asb; + Ayb;
_ _ Bib; + Bsb; + Bsb; + Byb;
= (b bbby )| T TR (A.56)
Clbi + Cgbl + Cgbj + C4bj
Dib; + Dsb; + Dsb; + Db,
+ Bsbib; + Byb;b; + C1bib; + Cobjb; + C3bjb; + Cyb;b;+
+ D1bib; + Dgl_)ibj + D3bjb; + D4I_)jbj. (A.57)
The coefficients are:
1 _
Al = O, Bl = é(smAw Cl = O, D1 = O, (A58)
1 1
A2 - EélAl, B2 - 0, CQ - 0, DQ — §Sij’ (A59)
1 1. -
Ag = ésij, Bg = 0, Cg = 0, D3 = ééz]Alv (A6O>
1 _
A4 = O; B4 = 0; 04 = §5Z]A“ D4 = 0. (A61)

The effective action can then be written as the matrix product in Eq. (2.20):

S.ts = BT'B, (A.62)



A.l. QUANTUM ROTOR DERIVATION

where the bosonic Nambu-like vectors are defined as

IS

BN

and the correlation matrix is

5050

The next step is diagonalising I', the eigenvalues of which are:

Ty = —%\/A,Ai — SV A,
Ty = %\/&Ai — SV A,
T = 5/ A + S, VEA,
Ty = %\/AiAi + SV AN,

95

(A.63)

(A.64)

(A.65)

(A.66)
(A.67)
(A.68)

(A.69)

The integral in Eq. (A.51) equals the trace of the inverse of the diagonalised bosonic

correlator I':

- _ i 8 )
I= / (DU DYDY, DY} e o 7B — / dr detT = elo drminr,

0

(A.70)
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The partition function itself now takes the much simpler form of Eq. (2.24):

Z — /{D¢} e -2 fo dr [%( T)) 1U¢1 ]efo dr TrInT ! (A?l)

Now that all the elements are in place, we can move out of matrix form by calculating

the trace of the correlator I'.

A.1.3 Trace calculations

Remembering that constants can be ignored in the path integral framework due to scale

invariance, we rewrite the trace of the correlator in Eq. (A.71) as

Trinl™ ! =— [In <—%\/Az’Ai — SijV AiAi) +1n (%\/AiAi — SijV AiAi) +

+ln<——\/AA —|—S,j\/AA)—|—ln( VAA, +SU\/AA) (A.72)
. [(_%@Ai “s,/an) (3/Aa - s,VER)

. <—%\/AZAZ~ + Sij\/AiAi> (%\/AZAZ- + Sij\/AiAi> (A.73)

in [ /AA - VAL A+ Sy VAL (A.74)

n % In (88 - 5, VAA) (i +5,VAA )| (A.75)
~1n161n [(AlAi - Sij\/AiAi) (AiAi + Sij\/AiAiﬂ . (A.76)

Further,
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TrinT~" =In {(AiAif - (S,-j\/Eﬂ (A.77)
—In [(8:4)° - S2AA] (A.78)
“InAA, (AA, - 52) (A.79)
=In A;A; +1In (AA; — SF) (A.80)
=In (88 = §F) |1+ — (Ei"A’ng) (A.81)
~In (AN —S7). (A.82)

At this point, we separate the phase-phase correlator from the hopping terms in S;;:

Sy = Go' + S, (A.83)
0
=06 =— + 1 A.84
Gt =3y (1), (A51)
" Je—idi(r) _ 4_/1 =i (1) _ é 2 —i12¢ii(T) | b:b. ,
Sy =—Je U Jprre UJDIT6 (4 <be]> + 511) : (A.85)
Rewriting the entire logarithm in Eq. (A.82),
_ _ ) 2

In (A4, — $2) =1n {A,-Ai — (s, +Go") } (A.86)

~ / 2 ’ ~1 -1 2
— AN, - (Sij) +28,G5" + (G5Y) (A.87)

— / 2 !

— / 2 !

—In(G;)’n {G%AZA@- e (Sij) +25.,Go + 1} (A.89)

< s\ 2 ’
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Approximating In (z + 1) &~ z (for small z), we get
- ! 2 / e ! 2 /
In {Gg {AiAi - (sij) } +25.,Go + 1} ~ G2 [AiAi - <SZ.].) ] +25,Go. (A1)
All in all, the trace is replaced by the form in Eq. (2.27):
e / 2 /
TrinT~! = G2 {AZAZ- - <5ij) } +25,,Gh. (A.92)

The next step is to determine all the terms within this approximation, keeping in mind

that both SZ], . (A.85), and A;, A, Egs. (A.53-A.54), contain bosonic averages.

A.1.3.1 Approximating the phase-phase correlator

The phase-phase correlator Gg, Eq. (A.84), is approximated by the bosonic amplitude

Gy = b2, which can be calculated by minimising the Hamiltonian at b = by:

_% SRR — 5> bobot
i (4,9)
-3 K% + u) 0ij = 2 (Jprr);; + 4 (Jprr); bg} bo (A.93)
(6,3)
U 212
:5 Z bObO — Jij Z bObO+
i (6,9)
—Z [ JDIT Q(JDIT)-} b2—z (g-f—,u) b2 (A.94)
ij | Do 5 0 :

i

=N <% — 4ZJD[T) bé + N {2ZJDIT - (t - 2JDIT) Z = (% + N)} bg (A'95>

=N { (g - 4ZJD1T) by — {z (t —4Jprr) + (% + u)} bg} : (A.96)
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The minimisation condition is

_OH(y) O U U )
0= 8b0 8bON{<2 4ZJD[T) b |:Z t 4=]DIT + ( +,U):| b } (A 97)

= N{(% —4ZJD]T) 4b3— [Z t—4JD[T —|— <g+/lj)} 2b0} A98)

- {4 (% - 4zJD1T) b2 —2 { (t —4Jpir) + (% + u)} } (A.99)

giving the amplitude in Eq. (2.26),

[\

]

2= 4o + (S 4 )

= Al
0 U — 8ZJD[T ( 00)

The current form of the trace of the correlation function, Eq. (A.92), is therefore

- ! 2 /
TrinD-t =b [AiAi - (sij) } + 250,02 (A.101)
2
z(t—4Jdpir) + (5 + 1) - 1\ 2
— AN — (S
[ U — 8ZJD]T e (S”> +
, Z(t—4JD]T) + (% —i—,u)
29, . , A.102
+ S” U—8ZJD[T ( 0 )

The last step in calculating the trace is inserting diagonal and anomalous bosonic

averages into S”, . (A.85), and A;, A, Eqs. (A.53-A.54).

A.1.3.2 Bosonic averages

The diagonal average in Eq. (A.85),

[{Dé;} == exp {foﬁ iy, {% (¢ (T))Q R, (Tﬂ}
fooyess{[ar |3 (6:0)) "+ i)

. (A.103)

(bibj) =
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is treated the same as in the standard Bose-Hubbard model [46]. Winding numbers n;
are separated from the phase and the phase integrated, after which the average can be

summed over n;. After Matsubara transform,

S, exp |~ % (ni+ )| exp [<U (mi+ ) (7 = )]

B , p
(bibj) = Gize=/™" -
S exp [~ (ni+ £)7]

= (A.104)

(A.105)

1
N 1

=0 —,
7 v (B—iwy)

where w,, = 27m are the Matsubara frequencies. This can be further summed over

W, SlVINg

coth [2 (Y — )] +coth [£ (¥ + )] .

With that, the diagonal term is
/ , A , 8
Sij = —J@iwi]’(‘r) — UMJD[Teiwij(T) — UJ%IT - Q, (A107)

where we have designated

) R ) M

Since in the quantum rotor method the amplitude of field operators is constant, the

anomalous averages in Eqs. (A.53-A.54) can be rewritten as
(bib;) = b5 (%) = bWy, (A.109)
(bbs) = B (e29) = 12, (A.110)

where W, is the pair condensation order parameter. The chirality of the phase is

neglected; the anomalous averages are assumed to be the same in both directions.



A.l. QUANTUM ROTOR DERIVATION 101

Thus, the anomalous term in Eq. (A.102) is

_ 8 . 2 8J2,:02\° _,
‘@Af:(ifgmaw%m>-%mw@@:(—%%i>eﬂwmm@ (A.111)
2
_ |7 (t —4Jprr) + (% + M) 8Jh 7 o~ 41 (T) 2 (A.112)
U — 8ZJD]T U z ’

We limit further calculations to 2¢;;, which means the anomalous A;A; term does

not contribute to the effective action at all.

Returning to the trace in Eq. (A.102),

2
z(t—4Jdpir) + (5 + ) - 1\ 2
ACA — .
U—8ZJD]T e (S”> +
,z(t—4J v
+2SZ~Z( prr) + (5 + 1)
J U—8ZJD[T
Z(t—4JD]T)+ (%—f‘,u)
- - Giis A.114
U—SZJD[T Jis ( )

TrinT—! = [

(A.113)

where

Z(t—4JD[T)+(%+,M) - /2 /

We approximate g;; up to exp (2¢;;):



102 APPENDIX A. INTERACTION-BASED PAIRING: CALCULATIONS

_ Z(t—4JD[T) + (% —{—u)
U — SZJD[T

Gij =

. AL . 8 2
X (—Je_zd)ij(T) — FHJJD]TS_ZQS”(T) — EJ%]T . Oé> +

| . | 8
o —gemia _ZH g emiva) 2 g2 g (A.116)
U U
—idhii (T 8[1' —iiz (T 16
= —2Je"ulm) UJDITQ ¢ulr) — UJJQJIT ot
t—4J 5
2 prr) + (5 +#) g, (A.117)
U—8zJprr ’

(2).

Further transformations on the second order term g;;":
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9ij - FJDITe 7D @

2
2) [_ Je-itig(r) _ g i) _ 8 2 ]
_ 2 2
e (1)) 2 4 " 8
= (Je_z¢lf(7)) + (U#JDITQ_Z%](T)) + <5J12)IT ' Oé) +

- 4
2 (—Je_“ﬁ“(ﬂ) <—UMJD]T€ w“(T)) +

2 (—Je ulm) (—%ng : a) +
+2 (—%JDITQ w”(ﬂ) (_gJ%)IT ' O‘)
= (Je_i%(ﬂ)2 + (%JDITG_M)”(T)) : + C+
+ 2 el %JDITG 9 (T) 4

8 AL 8
+2Je O ST ot QF“JDITe 0o = T a

— 2 _
=J%e70u) 4 <é§] JDIT) e 20u(m) 4 %JJDITe—2i¢u(T)+
16 , 6470 '
+ 77 b - 0”90 + ( T a ) =i (1)

647 , 16 o
< 72 Jhir + UJJ%IT) cae” 0y

U

2, (4R L8 ~igs;(7)
J*+ UJDIT + —JJprr|e EANE
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(A.118)

(A.119)

(A.120)

(A.121)

(A.122)

This concludes the trace calculations. We return a final time to the full trace of the
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Nambu-like propagator matrix, Eq. (A.114),

Z(t—4JD[T>+ (%‘i‘,u) ’

AfL >80 o
Trinl ' =—|J?+ (UMJDIT) + U“JJDIT] U —3-7 e"20u(m) 4
— 8zJprr
2
64IEL 3 16 9 Z(t_4JDIT)+<%+,U) i (r
- (WJDIT + U‘]‘]DIT> : [ U —S8:Jpm ae” "% 4
8 z(t—4J +(Y4+p) .
— (2J + FMJDIT) ( U ilgiJDI(TQ )6 w”(T), (A123)

which can enter the partition function to form the effective phase-only model.

A.1.4 Effective phase model

Assuming U — oo, which is a reasonable condition for this model, we can ignore the
troublesome complex phase term in Sy in Eq. (A.44); the final form of the partition
function, Eq. (2.28), is

z = / (D} e~ Tils 4735 (3:0) 451y J§ dr (g1 99D o™ 2057 (A.124)
where
2
64 32\ 16, , 2 (t —4Jdpir) + (% + 1)
=l—=—-=|J —tJ .
91 {( 2 U> pir T U DIT:| [ U — 82Jprm a+
8/ 2 (t —4Jpir) + (Y +
— (Qt + FMJDIT — 4JDIT) ( U ilgijm(; M) ) (A.125)
2
Z(t—4JD[T)—|— (%—F/L) 2 4ﬂ 2
= t—2J —J
2 [ U — 827 ( pir)” + T +
2
Z(t—4JD[T)+ (%+M) 8ﬂ
2(t—2J —J A.126
+ [ U — 827 ( DIT) {7 JpiT ( )
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and inserting the chemical potential in Eq. (A.15) into the parameter o, Eq. (A.108),

we get
a =2 {coth g (% — % +u— 2JD1T)] + coth [g <% + % +u— 2JD[T>} }
(A.127)
=2 {COth g (,u — 2JDIT):| + coth |:§ (U + m— 2JDIT>1 } s (A128)

thus obtaining the forms in Eqs. (2.29-2.30).

Having derived the effective phase model, we move onto analysing specifics. To that

end, we apply an S = 1 pseudospin mapping.

A.2 Pseudospin mapping

The phase terms are transformed into spin operators as shown in Section 1.2.2, using

the eigenstates of the number operator,

Tdp . (10 .
k|N = —e (S ) ™ = miy, A.129
N e ) (A120)
which extends to trigonometric functions as
o d¢ —i(k—m)¢ 1
(k |cos ¢[m) = on © cos ¢ = 2 (Ok—m—-1,0 + Ok—m+10) , (A.130)
0
) 1
<I{3 |S1Il ¢| m> = 5 (5k—m—1,0 — 5k—m+1,0) . (A131)

To obtain S = 1, k, m are limited to the lowest-energy states: —1,0,1 at kgT /U < 1,
as in Eqs. (2.32-2.34):
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N(¢) = S, (A.132)
1 €T

cos¢; = ﬁSi : (A.133)
: L

sing, = \/§Si . (A.134)

Introducing quadrupolar superexchange operators as in Egs. (2.35-2.36),

Qi = (57" —(9Y)%, (A.135)
QY = 2875! (A.136)

(2 7

the S = 1 pseudospin Hamiltonian is

1 1

H=UY (5" =50 ) (5787 +5US)) = 19: > (QiQ; + QQ}Y) . (A.137)
¢ (i.3) (i.)

The mean field approximation is next, assuming that due to rotational symmetry in
the XY plane (SY) =0 and (Q;¥) =0,

SfS;? ~ (SF) S;-” + 57 <Sf> — (S¥) <sz> (A.138)
QiQ; ~ (Qi) Q; + Qi (Q;) — (Qi) (@) (A.139)

The mean field approximated hamiltonian, Eq. (2.37), is

Harr = U (87 — 520157 (S7) — 1200 (@1 (@) (A.140)
U

|50 8 — Q| (A141)
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The new condensate coeflicients are

1

J = EZgl, (A142>
1

The % and the i stem from the spin transformation itself, and z enters via mean field

approximation.

The single ¥, and pair Wy, condensate order parameters are defined as in Egs.
(2.40-2.41),

W, = (57, (A.144)
Wag = (Qi) , (A.145)

and minimise the on-site free energy, Eq. (2.42),

1 1
f=3 (JVZ + 1, 03,) — 3 In Z, (A.146)
where the partition function,
3
Z="Tr{e "} = Z e PEn (A.147)
n=1

— ¢ A(U+72%20) | 90BT2¥26/2-8U/2 o)y <§\/ (U — JWgy)* + 4J2\1@) . (A.148)

is calculated from the system’s eigenvalues, F,,:

By = (JaWay + U), (A.149)
By — 2 lU ~ JyWay — 1\/1(5J2xlf2 + (2T, — 2U)2] (A.150)
5 5 ) 2Wag ;
| 1 ;
By= lU Rt 5\/16112\1/; (203 Vs, — 2U) } . (A.151)
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The critical line equations are as in Eq. (2.43),

af _ of _
0. ="y =0 (A.152)

and expanded become the self-consistent equations in Eqs. (2.44-2.45),

4.J tanh (§\/(U — J0ay)* + 4J2\p§))

1= , (A.153)
V(U = Bag)” + 47202 [X + 2]
U 4 1-X
Yoy = . A.154
%= 4] 4 ) 24X (A.154)

where
6—%(U+3J2\I/2¢)

X = . (A.155)
cosh (g\/(U — JoWUyy)? + 4J2\I/35)

These equations are ready for numerical solving for any thermodynamic properties of

the two condensates.



Appendix B

Dissipative interaction-based pairing:

calculations

We start with the effective phase model with interaction-based pairing. As in Egs.

(3.1-3.4) in Chapter 3, the effective action of the model,

S[o] = Sul¢] + S [¢] + Sa 9],

can be divided into three terms: interaction,

single condensation,

and pair condensation,

B
Sa[¢] =92 / dr cos2 [¢; (1) — b, (T)] -
.3y 0

109

(B.1)

(B.2)

(B.4)
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B.1 Coefficients

The standard approach bases on the effective phase model in Eq. (2.28), where the
phase-phase correlator Gy, Eq. (2.16), is replaced with the constant amplitude by in
Eq. (2.26), as shown in more detail in Section A.1.3.1. In that case, the single and
pair coefficients ¢, Eq. (3.6), and go, Eq. (3.7), are as in Eqgs. (A.125) and (A.126),

respectively:

2

64p 32\ 16, , z(t—4Jpr) + (5 + 1)
=||—=-=1]J —tJ .
g1 {([p U> prr t U DIT‘| [ U—82Jprr a+
8 z(t—4Jdprr) + (5 + p)
— 2t + —Jpir —4J 2 B.5
( + U T DIT) U — 8Jprm ) (B.5)
2
Z(t—4JD[T)+ (%—i—ﬂ) 9 an 2
= t—9 i
92 [ U —8:Jnm ( Jpir)” + i Jprr | | +
2
Z(t—4JD[T)+ (%—F,U) 8i
2(t—2J —J B.6
+ [ U —8:Jpm ( pIT) Tk (B.6)
where
[ Uu U Uu U
a= 2{coth g (5 — 5+u—2JD1T)] + coth [g (5—{—5 —i—,u—QJD]T)}}
(B.7)
_o L B p
= 2 cot 5 (uw—2Jprr)| + coth 5 (U+p—2Jprir)| ¢ - (B.8)

A second, more robust approach is also considered, based on conserving the original
correlator Gy, Eq. (2.16). We are interested in what sort of imaginary time dependence
is generated, keeping in mind how dissipative terms are represented in the effective

action [6].
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B.1.1 Derivation of imaginary time coefficients
We return to the trace of the density-induced tunnelling BHM correlator, Eq. (A.92)
in Appendix A:
- ! 2 /

Trinl! = G2 {AiAi - (Sij) } +25,,Go, (B.9)

with phase-phase correlator as in Eq. (2.16),
a1 (2 + [t (B.10)
o =\or M) '

the tunnelling S;;, Eq. (A.85), and the non-diagonal terms A;, A;, Eqs. (A.53-A.54),

5

/ . 4_ ; 1 7
Sij _ _Jefzqﬁij(‘r) _ FMTefZ@j(T) . %T2612¢ij(7) . (4 <blb]> + 61]) , (Bll)
A= % T2 2650 () | (B.12)
A 8 —i2¢:;(T) /7. 1,
A, = _UT2€ 265(0) (bb; ) . (B.13)

In this model, we preserve the original form of Gg, Eq. (B.10), which after Matsub-

ara transform becomes Eq. (3.8):

— W, + [
Gy=—5—"—". B.14
AR RNy (B.14)
The trace in Eq. (B.9) also contains Gg, which is
G? = (—iwp + ) > = ;2 (B.15)
(—iwm + 1)

Thus, the single and pair coefficients of this effective phase model, Egs. (3.11,3.12)

depend on imaginary time:
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, — W, + [ 81
g1 (wm) = — Wl; |:2 (t — 2JDIT> + UMJDIT:| —+ (B16>
1 641 16
+ Y < s Jorr + UJJZ%IT) (B.17)
X {2 |:C0th <_57M) + coth <6(MT+U)>] + 1} : (B.18)
1
/
W) =———
95 (W) (—icom + ﬂ)2
2, (AR ? 8i
X (t—QJD[T) + FJD[T +2(t_2JDIT)FJDIT . (Blg)

Imaginary time—dependent terms are present in both condensation parts of the effective
phase model, §; in Eq. (B.3) and S, in Eq. (B.4). The single coefficient ¢} generates
two contributions, one of which has an additional dissipation-like impact, Eq. (B.16).
However, this term depends on higher orders of Jprr/U than g} in Eq. (B.19), so at
Jprr/U < 1 the pair dissipation is much stronger. The second ¢| contribution, Eq.
(B.17), is negligible in low temperatures after Matsubara summation. As our focus is
on the pair condensate, we forgo the marginally relevant contributions introduced by
the single condensation coefficient g; and replace it with the approximated ¢; of Eq.

(B.5), focusing on the properties of the pairing mechanism in low temperatures.

The effective action remains the same, Eq. (B.1). We rewrite the pair term, Sy, to

separate the imaginary time dependency from the pair coefficient g, as in Eq. (3.13):

oo ,
Sé :; T4aT —— 5 COS i\T) =@ \T s )
A=y [t L peszfam o (). e

where

AT 2 8,
gé = (t — QJD[T)Z + (FMJDIT> + 2 (t — 2JDIT) UHJJDIT (B.Ql)

is the derived pair condensate coefficient.
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B.2 Dissipative models

Traditionally, dissipative terms are added to many body Hamiltonians as arbitrary
external factors. In this model, however, the microscopic Hamiltonian already contains
the relevant term. We implement a series expansion of the double cosine to second

order as
cos (2z) =1—22>+ O (2%), (B.22)

after which, following Caldeira and Leggett, 1981 [6], the pair condensation part of the
effective action 8; in Eq. (B.20) can be rewritten as explicitly dissipative, as in Eq.

(3.15):

T—1)

Sl =26 [ Cdrar (; 6. -0 ()] (B.23)
(i) °

In the bg-approximated version of the model, with g5 in Eq. (B.6), the imaginary
time factor does not emerge naturally. To study the dissipative effect of the pair term in
Eq. (B.4), we treat it as a bath of harmonic potential, artificially coupled to the single
particle condensate defined by Eqgs. (B.2-B.3). The pairing term Sy of the assumed
model, Eq. (B.4), is series expanded to second order and assumed to be dissipative as
well, as in Eq. (3.16):

8 (D — b (]
Sy 0] = 2922/ drdr [¢Z( )~ ¢ ( )] ) (B.24)
(i.g) *°

/
T—T

Ultimately, since Sy has the same form in Egs. (B.23) and (B.24), the two ap-

proaches differ only by their pair condensate coefficients:

— ¢ single particle
by coupled condensates & .g P
— go pair
/!
Go \ (B.25)
— g1 — g1 single particle
Gy full treatment b 9/1 .g P
— ¢ pair

While the idea of coupling a single particle condensate with an external dissipative term



114APPENDIX B. DISSIPATIVE INTERACTION-BASED PAIRING: CALCULATIONS

is widely accepted and utilised, the derived version of Sy exhibits intrinsic dissipative

properties.

B.2.1 Preparing dissipative effective action

We move on with a single model, as defined by Eq. (B.1), and analyse it in terms of
both the assumed g, Eq. (B.6), and the derived g,, Eq. (B.21). In order to map the
model onto pseudospin and introduce the quantum spherical model,

We rewrite the quadratic term in Sy, Eq. (B.24) as

[6: (7) — &5 () = &7 () — 26 (1) &5 (1) + &7 (7) (B.26)

and rearrange the index:

B
SO =NE 6o 5 =N [arame 0. @)

B
—2¢; (1) ¢ (1) = —2/0 dr ¢; (1) ¢; (1), (B.28)

B
Z ¢ (1) =N Z i (T) ¢; (1) 6;i = N Z /0 dr ¢; (1) ¢, (1) b4 (B.29)

At this point,

> lontr) -0 —22/ ar (N~ )6 (1) 85 () Iy, (B30)

,J

where additionally
NZLM )65 (') = (B.31)

meaning the dissipative action itself, Eq. (B.24), takes the form

Sy = Z/ 492 )&, () I; (B.32)
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To obtain a Gaussian form in terms of phase exponential terms, we carry out the

following transformation:

for which the derivatives will be

0 9 st _ ;09 o) _ ;90

ar’ " arc T Z@T “or (B.35)
a% *:a%e—wm :_i%gw :—@'%@z)*, (B.36)
oY oyt .0 9 9
e —ige (- g = ( ¢) uf? = ((.;b) . (B.37)

After Fourier and Matsubara transforms, the effective action terms in Eq. (B.1) are

as follows: interaction

Suly] = 2U15N Z Z Z w3n¢k,m¢—k,m; (B.38)
ij m ok

single particle condensation

Si o] = glz/ drap; (1) 0% (1) I, (B.39)

where I;; singles out nearest neighbours:

1 Ji—jl<
0 [i—jl>a

and dissipation, which from this point onwards we rename from S to Sp,

4g2 ZZZCOSkd |wWin| Pk, —mP—tm.- (B.41)
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This form of the effective action can be mapped onto the quantum spherical model,

shown in Section 1.2.4.

B.3 Quantum spherical mapping

To rewrite the effective action, both the pseudospin mapping and the spherical con-

straint are introduced as Dirac delta functions,

1= [ (DuDu)s (Z 6 () - N)

< TIo00: () = ST OIS0 () - ST o), (B42)
and inserted into the partition function:
Z= / {DuDy’} (Z [ () - N) e
< [ Doy s L6 R (r) = 57 (0 (] 38u(r) = 8! (6(7))], (B3

where the spin equivalents,

Si (¢) = [57(8), 57 (¢)] = [cos (¢s) ,sin (¢4)], (B.44)

according to the spherical model sum up to 1,
1
OIS (8.45)

The Dirac delta is expanded into an integral:

se= [ [H Z @] oo [[am@uo]. @

—100 Uy
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which transforms the partition function as follows:

= / {DvDy"} o (Z o (r) — N) el
X /{D¢} €_$U+D[¢]/ [H Dg;ET>
= / {DuDy’} (Z v (7 - N) e )

/ {Do} / [ D“Z ] ~(Susnld+3, J drui(r)[Si— )

o I drui(r)[8i— ]

21

—/{D¢D¢*} 5 (Z % (T)‘Q — N) e~ (S1¥l+@uip[¥])
= / {DYDy"} 6 (Z [ (I - N) el

where the interaction integral is

Pyyp [¢] =In / {Dg¢} / HD Hi @ o~ (SusD[Bl+3; J drui(r)[¥:-Si])

211

Dyu; _ , Y
= 1n / {D¢} / H gﬂ_i’r> e Zz fOB drp; (T)‘I’z eZi fOB dru; (T)Sz_SUJrD [(f)]

—In H D:ul <T> e > fOB drpi(7)®;+1n [{De¢} exp[zi foﬁ dTMi(T)Si—SU+D[¢]:|
2mi

Dy () S S8 drpi(r) WGl
:ln/ H 5 ( H “)
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(B.47)

(B.48)

(B.49)

(B.50)

(B.51)

(B.52)

(B.53)

(B.54)
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We expand the correlator G,

B
Glul = ln/ {Do} exp [Z/o drp; (7)Si — Susp [9] | (B.55)
using the loop expansion:
_ i L R e B.56
= — [ derdenGom (1, ey Tim) (B.56)

m=1
where variables have been shifted to

Lo = (i, Ty i) » /dx /dTZZ (B.57)

im Am

We obtain
Gom (1, ., Tm) = (SE [ (7)] .S [ (T)]) (B.58)

where the average is defined on the two interaction action terms,

f LI, Doil _e—Sutt(9]
f [Hl Do) e—Su+trld]

() = (B.59)

The expansion is limited to second order,

Gl = [ sl (1) (1) + 5 [ dirdraGin (an,2) (1) 1 (22) + O () (B.60)

where the first order term integrates out to
/dl’lg(n (ZL’I) % (l’l) = 0. (B61)

Therefore, the correlator G can be replaced by

Gyl - % / S drdr' G (7, 37) i (1) 4 (7). (B.62)
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where
Goz (iT, j7') = (51' [6 (D] Silo (T ) (B.63)
(0)+27mn;
Z H / dQ / Do ei[ei(T)_ej(T,)]G_SU+D[¢'}’ (B'64)
{mi} 60)
and the partial partition function is
0)+27mn;

Zo=> 11 / o (0 / Dep e Su+nle], (B.65)

{n:} i

Returning with the approximated correlator Gpo, Eq. (B.64), to the interaction
integral, Eq. (B.54)

D a \T -
dyip [¢¥] =In / H’STE) —(3, J§ drus(r)®i—Glul) (B.66)
[ DILL (T)_ _ B ) 1 ’ A (o
=] v [Zz J§ drps(T)®s—5 [ 32, drdr Goa (iT,j7" ) pi () pj (T )] B.
n/ H omi | © ’ (B.67)
2N , o
=] S35 drdr'$iGoz (iT,57' ) B.
. \/det g02 (’iT, jT’) © ( 68)
— [ drarugsd i) v (B.69)

.3
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The full partition function, Eq. (B.50), is now

Z :/{Dw)w*}(s Z o (1) — N) e~ Ser[V] (B.70)
= / DYDY} o | Y | (1)~ N) e SillreUnl) (B.71)
S AC et DTS N)

X exp

E
(i.4) "

(B.72)

We expand the spherical condition as an integral, introducing the spherical con-

straint \:

100

into the partition function

100

z = / (DyYDY*) /_ o [H _D;F(ZT)] o Sasali | (B.74)
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where

B
Sasa dr g1lii (1) ¥ (7) + /Z drdr' Gy, (i1, 57') Y+
%,J

[, Al =
(i.4) /0
B
—/0 dr A (7) (ZW I - ) (B.75)
B
— / drdr’ [gllijwi ()¢5 (1) 0 (T — ')+ Gy (i7, §T') wﬂ +
o

B
+ ;/0 drdr’ [— (Y50 — N)X(1) 6 (1 — 7)] (B.76)

B
= Z/ drdr’ [gllijz/zi ()5 (1) 0 (T — )+ :iGoy' (i7, 5 7) wj*] +
)
B
+ Z/ drdr’ [=apiA (1) 050 (T — 7' )+ NX(7)6 (r —7')] . (B.77)

At this point, the partition function satisfies the saddlepoint condition, taking the form

in Eq. (3.18),

27

100

Z= / o [H DA (T)] e Vo (B.78)

where

B
O\ =— / drdm' (1) 6 (1 —7') — %ln/ {DyDy*}

0
y 62” fﬁ drdr’ [ (1)8;50(7—7")— gllij6(T—T’)+g621(iT,jT’)]Qpi(T)’LZ};(T). (B79>
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After Matsubara transform, the single hopping term takes the form

B B 4 o,
/ drdr' g1 1;;0 (1 — 7') ; (1) (O (') = / drdr’ g16 (1 — ') Yim e et

0 0

(B.80)
g .
= / AT g i e m )T (B.81)
0
= g1LijYim¥im, (B.82)

sp the saddlepoint function can be rewritten as
1 *
61N = BA— < n [ {DyDy'}

X exp {— Z [)\ (7) 65 — g1 Li; + G (iwm,jwm)} @/J,m@/);‘m} ) (B.83)

,J

After Fourier transform, we get the form in Eq. (3.19),

1 1
SN =—Fr - o zk: In {B_ﬂ (A= g1& + Gog' (K, win)] } : (B.84)
where &, =23, cos k.

The next step in the saddlepoint approximation is minimising the free energy,

1 1

in terms of the spherical constraint

== =0, (B.86)
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to obtain the critical line equation in Eq. (3.23):

- o zk: ; = +1g021 T (B.87)
Inserting density of states,
p(B)= S0 (E-&), (B.55)
k
we obtain the form in Eq. (3.23):
LN g g — 91k + gog (k, win) (59
_ % /dEN;(S(E—fk)] Zm:/\—glE—i-lgo_Ql o (B.90)

1 p(E)
23 / w ; A= g1E+ Gy (B wn) (B

The final remaining step is evaluating the correlator, Ggs.

B.4 Evaluating the correlator

Returning to the second order correlator, Eq. (B.64),

Gua ir.37") = 5 [ (Do} eléi0 ool (B.92)

where the interaction partition function is

Zy = / (D¢} e~Su+nld] (B.93)
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and the interaction effective action is

Su+p [¢ 2UZ/ (a@) <a¢f)+4922/ drdr’ qz ) d; (7). (B.94)

Matsubara tranformation:

SU—i—D - 2UB Z Z 9251 m¢3 m 4_ Z Z Z |wm| 9252 m¢g m (B'95>
-y <—ﬁw 42 ]wm|) bim®m (B.96)

[¢z ( ] B Z _Zmeqszm - ﬁ Z —iwnT’ ¢j m (B97)
=2 (¢zo Pjo) + U Z €T B — Z e G |+
B 5 m=1 n=1
+ % (Z eimeQb;m _ Z eiwnT’gb;m) (B98)

m=1 n=1

:% (bip — ¢jo0) + %mzl Gi.m (6_i“mT - e_iw"7'> +

+ %mzﬂ [ (aw — el’wﬂ’) : (B.99)
Inserting the necessary terms into the Eq. (B.92), we get
G ir.7) = 5 [ (DO} 8y [ZZ (g +42 o ) 6 m]
X exp [% Z Dim (6_ime - e_iw"7/> + % Z Dim (GW"LT - eiw"T/>] ;
m=1 m=1

(B.100)
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where
2= [ (poyeny [ZZ( 5 +4%|wm|)¢,~,m¢;,m]. (B.101)

After Gaussian integration,

. ' i 2 (e—ime o e—iwn'r’) (eime . eiwnT’)
Gos (iT, j') = 8 ; exp [(5) 2]: Zm: e . (B.102)

0p B

Fourier transform brings us to the form in Eq. (3.20),

Goo (1, 7") —exp{ﬁNZgl_cosme_T)]}. (B.103)

U m+4g2|w |

This term is still too complex for comfortable usage. From this full form of Gys,
we can determine the parameter range in which it is safe to approximate with a more

manageable expression.

B.4.1 Full correlator

The interior part of the correlator Goo, Eq. (B.103), designating (7 — 7') = z, is

Lw2 4+ Adgow,, 8Tgs T

=0 2U " m
ITE ITE 4: U
+e % (13(6_25,1, 92 6+1)+
™

1-— m 1 i 2imx 4 U
Z COSWmT [2H492U3+62ﬁ @(e% 1,29 ﬂ+1)+

2imx

; ) , (B.104)

—l—ln(l—e%%)—i-ln(l—e_
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where H,, is the n'* harmonic number and ® (z, s, a) is the Hurwitz-Lerch transcendent.

Rewriting further,

2 <~ 11— cosw,z QHM—W—FM [(1_621-[?) <1—6_2i%)i|
3 = - B.105
b T;) 0 Wi 492w 8mgs (B.105)
(48g2U + ) {2H492U5 +1In [4 sin? (%)}} —
= y B.106
8792 (48gal + 1) (B.106)
2H492Uﬂ + In [4 Sin2 <H>i| — %
=— ’ Wt (B.107)

87 g

The logarithm can be approximated to second order as

In [4 sin’ (%ﬂ —In [(2%‘)2] - 7:—;; + 0[] (B.108)

27T 22 5
=2In 5| 3 + O [2°] (B.109)
2 202 ,
=2In (7 le) ~ 35 TO Ed (B.110)
9 2.2
:2ln|x|+zlnf—%+0[$3}, (B.111)
in which case
2 o~ 1 — coswpx 2 2
- L ~ Inlz| - ——— 2%+
ﬁ; %w?n+4g2wm 872 12 247132 gy
2Hugus +2In 2 — = 2—
87'['92

Returning from z to the imaginary time variable, the full form of the correlator in
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Eq. (B.103) is

oo

Goo (7. 77) = exp { 2 Z 1 — cos [w, (T —7)] } (B.113)

BN 2 ek, + g2 ol

1 2 ™ 2
— —_l _ / _ _ /
eXp{N&rgQ n|r—17| 245292(7' T)]—i—
2H492Uﬁ —1—21112—7’ — Lﬂ_
+exp—* b Welhm (B.114)
81gs
After Matsubara transform, we obtain Eq. (3.28):
a_ 1
exp(c)b 272 _ (a+1 a+1 1 W
m) = r Fl— =, B.115
Goo (w ) \/% < 9 141 5 9 4b ( )

where I" is the Euler gamma function, ;F} is the Kummer confluent hypergeometric

function, and the parameters are

2
8mgs
2
e
b= ———— B.117
2H4g2U,8 —|—21n2—” — %
- i el (B.118)

8mgs

This form is used to analytically determine the range of parameters for further calcula-
tions in Section 3.4.1. Within that range, we assume that at low enough temperatures,
the imaginary time cosine oscillates quickly around 0 and averages out to 0. In that

case, the inverse of the correlator can be approximated by its denominator:

1
Goo (kT kT') = ﬁwﬁl + 45 |wm| - (B.119)

The last unknown left in the critical equation, Eq. (B.91), is the spherical constraint

A, which can be approximated at saddlepoint by A = Ay, where
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>\O = glgmam - goigl (wm:O> - glgmax - 0= glgma:p' (B12O)

Having determined the correlator Gys and the spherical constraint A, we can obtain

an explicit form of the critical line equation.

B.5 Ciritical line equation

Inserting the approximated correlator in Eq. (B.119) and the saddlepoint spherical
constraint value g in Eq. (B.120) into the critical line equation, Eq. (B.91), we obtain

1 p (&)
b= 26 /df ; g1 (Smaz - 5) _WQ + 492 |wm| (Blzl)

207 m

The final step is the Matsubara sum, which can be separated into three terms,

depending on the sign of m,

1 m=-—0o0 gl(gmaz_f)"r%wgn—étggwm’ m < 07
Z - +> m = 0,
m gl (&-maz - 5) + ﬁwgn + 492 |wm| gl(gmaaj_s)
o ! m > 0
m=1 g1 (§mar—§)+%w$n+4ggwm ) °
(B.122)

These terms sum up to digamma functions, ¥(¥), as in Eq. (3.25):

26 ; g1 (gmax - f) + ﬁw% -+ 492 ’wm| 27T7¢ (492 + ’Y) +
[BU

1/)(0) (49, — )] , (B.123)
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where

Y= \/(492)2 - 491 (5maz _ f) % (B124)

= \/(492)2 - 29_(} (gmax - 5)

At low temperatures, f — oo, digamma functions can be approximated as loga-

(B.125)

rithms,

YO (BX) ~ InBX. (B.126)

The final version of the critical line equation used in numerics is thus Eq. (3.27):

_ i % 49y + ’Y}

- 2m /dfp N \/(492)2 % — g1 (§maz — §) " [492 -7 (B.127)
_ i 1 4gs +
~5: %0 (5)\/ 10 28 (G —O) il (B125)

Both models can be analysed numerically using this equation by entering the proper

forms of the single and pair coefficients, g; and gs.
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Appendix C
Correlation-based pairing: calculations

We follow the standard quantum rotor derivation [46, 33] up until the trace of the

correlator.

We start with the standard Bose-Hubbard Hamiltonian, Eq. (4.1):

H=2) (i —1) - tiala; — @y (C.1)
i (4,9 @
U . R _ R
= 5 nf Z tijaj»aj — U Z Ny, (C 2)
i (4,9 @
where
_ U
p=pt g (C.3)

is the shifted chemical potential.

C.1 Quantum rotor derivation

The path integral partition function is

131
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Z = /{DdDa} eSlal,
with effective action
B
S = S8gla,d +/ dr H (1),
0

B
Sp = Z/o dra; (r) %ai (1).

The U interaction term is decoupled by the Hubbard-Stratonovich transformation,

Eq. (1.14). The effective action can then be separated into bosonic S, and effective

electrochemical potential Sy parts:

The effective potential is shifted V; (1) = VT (1) + £,
Sv = Xi:/oﬁdf {% (@ + B (v @+ ) ] @)}
= XZ: /oﬁ dr {% {(VZT (7’))2 T 2@1 — iV (1) n (7')}

=5 [ [ 0 0 = g+ FERE - )]

(C.10)

(C.11)

(C.12)
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and split into static and periodic parts,

Vil (r) = V2 () + Vi (7), (C.13)
Vo (1) = 5VT (Wm=o) , (C.14)
VP (7 :%Z (ViT (W) €477 + c.c.) (C.15)

where the periodic part is coupled to a U(1) periodic phase field ¢ (7):

= ¢i (7). (C.16)
A phase-dependent effective action term can now be separated out in the partition

function:

~ d S .
_ / {DaDa} e Selaa] / [QL} ¢ S2[n V7] / (Dg} e=Selnd], (C.17)
T
where
s 0

S, = /0 dr Za (1) =i (7) - thjai () (7) | (C.18)

I o i S T B
se=pY | o) - L 2ve - [arnm] . cao

8¢=§ij/fdr 55 (6 0) L = iy ()] (C.20)

The next step is a gauge transformation, which introduces explicit phase terms
based on the bosonic action, Eq. (C.18).

C.1.1 Gauge transformation

Phase and amplitude are separated in the bosonic fields as in Eq. (1.15):
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a; (7') = eiqﬁi(‘r)bi (7') y
a; (7') = Gii@(ﬂl_)i (T) y

for the bosonic action:

or

B , - .
- [ dr St b (r) O (1)
0

B
:/ dr Z e—ifbi('r)l_)i (7—) ﬁ (ei%(T)bi (7—)) +
0

(6:0)) "+ 560 = iy 7))

U

I
™
S—
=@
oy
[\} [\} [\}
E[~ &= &[~

<¢z (T))2 + E@ (7) =i (1) e (7) €9 Db, (7)}

(C.23)

(C.24)

(C.25)

(C.26)

(C.27)

(C.28)

Similarly to the density-induced model in Appendix A, the static Sy is treated with a

saddlepoint approximation. Since the chemical potential in this model is constant, the

entire expression averages out to a constant, which can be omitted. Thus, the partition



C.1. QUANTUM ROTOR DERIVATION 135

function is

- / {DIDD} / D e~ 0o]=Se[bb 4], (C.29)

where
sb:/o dr Zb <—+u) Zt b (7)b; (7)), (C.30)
Se=3 /0 dr [% (g'bi (T))2 + %gﬁﬁi (ﬂ} . (C.31)

We integrate over the bosonic amplitudes, b;, which in this model is straightforward:

/ {DBDb} e~ foﬁ dr {Zi[Bi(T)(%‘Fﬂ)bi(T)]*Z(i,j) tije ~*9ii (T, (T)bj (T } det G (C32>

— TG (C.33)
which leaves us with the phase-only partition function, Eq. (4.2),
/{D¢} o S i (3 (6:0) i) wmemat ) (30
where G is the phase-only Green’s function, Eq. (4.4),
G = Gy' =Ty = Gi' (1 - T,Go). (C.35)
with phase-phase correlator
1 a
Gy = 7 + [ | 0y (C.36)
and the single-particle nearest neighbour exchange term,
Ty = tijefi(aﬁi(f)*%(ﬂ)_ (C.37)

We assume the phase-phase correlator Gy to be a sum of two components. The first
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component is the constant bosonic amplitude b3, which is the standard approximation
for Gy. We obtain b2 by minimising the BHM Hamiltonian, Eq. (C.2), in terms of the

bosonic amplitude by,

0
“Za -
o (1) =0, (39
which leads to Eq. (4.9),
b2 2(zt+ ) (C.39)

The second component of Gy is the imaginary time-dependent form in Eq. (C.36)
itself, which after Matsubara transform, as in Eq. (B.14), takes the form

—zwn+u
4
0 /BZ w2 ‘l‘,u (C 0)

The next step is estimating the trace.

C.1.2 Approximating the trace

Usually, the trace in Eq. (C.34) is approximated to first order [46]. To look for bosonic

pairing terms, the following series expansion is used, approximated to second order:

In {é(l—xy)} :—lnm—xy—@JrO(x?’), (C.A41)

which transforms the trace in Eq. (C.34) into Eq. (4.7),

2
TrinG™'=Tr |-InGy — (TGy) — @ (C.42)
1
= —TrInGo = Tr (TGo) — STr (TGy)* (C.43)

The first term in Eq. (C.43) is
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(zt + Wy, +
TrinGy=Trin(Go+G (7)) =Trln ( o 1) @Z w2+ﬂu>‘ (C.44)

The sum in here doesn’t converge and the first term is constant, so we ignore this term

altogether.

The second term in Eq. (C.43) is

Tr(TGy) =Tr (T (Go+G (1)) =Tr(TGy+ TG (1)) (C.45)
=Tr(TGy) +Tr (TG (7)) . (C.46)

Of these, the second term doesn’t converge, so we only consider the first one, which is

B B =
Tr(TGoy) = Z/o dT/O dr' Wtijeim(ﬂ%m]é (7‘ - 7'/> (C.A47)
(1,9
2tzj<2t+[/b)/ﬁ /'B " —i[pi(T)—; /
_ d d ilei(r) =i (Nl (+ — 4
Z o i T i T e (7’ 7') (C.48)
2
_ Y 2y Z”“ / dr 2 cos [ (7) — &, (7)] (C.49)
(1,4
_Z‘]”/ dr cos (¢ (1)), (C.50)

where
2t;; (2t + i)

Jij = U

(C.51)

Finally, the second order term in Eq. (C.43) is
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%TT (TGy)? = %Tr [T (Go+G (1)) = %Tr TGy + TG (1) (C.52)
_ %Tr [T2G2 + T2G (r)? + 2T2GoG (7)] (C.53)
= %TT (T°G3) + %Tr [T°G (1)?] + %T'r [2T%GoG ()] - (C.54)

The last term of these doesn’t converge. The first is

1 B B .2 —\12 - ‘ )
“Tr (T?G2) = / dT/ dr {M} tijtﬂe—%[@(f)—%(ﬂ](g (T_T> (C.55)
2 (ij) 70 0 u v
1 tiy [2(2t + p) 2/6 L ailei(r)—by(r) /
_2<H>t”U[ U OdTOdTG g 5(7 7‘)
2%
(C.56)
1 t [2(zt+p)]* [P
2 £ U U 0
(4,9)
ti [2(zt+p)]> [°
:Ztijﬁf %] / dr cos 2 [¢; (1) — 5 (7)) (C.58)
. 0
(3,9)
B
= Jij dr cos 2 (7)), (C.59)
(i,4) 0
where 9
/ ti: |2(2t+ [

and the second term is
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1 2 2 *21[¢1 ¢] ] I !
2TTT Z/ dT/ th G()é(T 7') (C.61)

_Zt / dr =206 (1) (C.62)
=08 [Car cos 206,0) 0, ) G ) (©63)
(i.4) 0

G (7) is matsubara transformed and calculated separately, after which we merge both

double cosine terms with a single J'.

Thus we have reached the expected effective phase action with bosonic pairing, Eq.

(4.11), assuming U — oo,

/d7_2<3¢z) +/ dr —JZCOSQSU—J ZCOSqu” . (C.64)
0

i,7) (3,9)

The single and pair coefficients are, respectively,

2t (2t + fi)
J C.65
U Y ( )
t[2(zt+p)] .t (1 wn A
/ zt+ 1 —iw, + [
Jo=t— [ o (Y =) C.66
U[ U }jL U(an%Jr[ﬂ) (C.66)

Performing the Matsubara sum in the second term in .J',

. _ 2 _
SO e e
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Finally, we obtain Eqs. (4.12-4.13),

2t (zt + [
J— M’ (C.68)
U
.t 2(zt+u)]2 t 2
J =t—=|——"F| +tt=———. C.69
U { U U 2 sinh? (%“) ( )
The effective phase model is now ready for analysis.
C.2 Self-consistent harmonic approximation
The variational principle, Eq. (1.29) states that, for any trial function Sy,
F < F= Fo+ - 3 <S So) (070)
where the average
S —So) Do} e (S - S C.71
5=y = 55 [(Do) e (s - 5 1)
is calculated within the trial system, with partition function
Zy = / (D} e, (C.72)
The trial free energy is defined as
1 1 ~Sold
Fo = _EIDZO = —Bln {D¢p} e =0, (C.73)

The trial function we choose here is harmonic, with stiffness K, as in Eq. (1.33):

So[d)]:/oﬂdT 5;((%’) Z¢ . (C.74)

(4,9)
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The trigonometric relations between phase operators can be rewritten as

(cos ¢j) = e_%<¢?j>0, (C.75)
(cos 2¢;;) 2<¢%J'>0, (C.76)

where the expectation values are also calculated within the trial system.

For simplicity, we designate the trial phase average as

The effective action expectation value is

(S — So)y / [Dg} e~
d J J 2 K 2 C.78
X i T ZCOS¢ij+ Zcos gzﬁij—i—?Zgzﬁij (C.78)
(4,9 (4,9 (4,9
p 1
_ —Solo
_—/0 dTZ(Jgo/{D¢}€ OHCOSQbZ'j)—F

(.3

B
= /0 dr Z (Jzio / (Do} e cos 2%-) +

B
— / dr ) / (D¢} el U) (C.79)
O G

)

EE

(J (cos ¢ig) + J (cos 26) + <¢”>) (C.80)
(Je$< B4 g e o) 4 g (gb?}) (C.81)
(

:_/Dﬂd
:_/Oﬁd
:_/ﬁd

/ D ]i
Je_%l)ij J 6_2 ij _2 2)7«7> . (082)
0

T
(4,9)
>
(4,3)
T
(3,9)
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To find the stiffness K, we minimise the free action according to Eq. (1.34),

OF =6 (]—"0 +1 (S — 30>) = 0. (C.83)

8

The variation is a sum of two partial derivatives,

OF OF dD;;
(2) (22 ()0 s

Dij

The stiffness derivative is

OF ) 1
(8_K> “ o (P pis-), (©5)
where
8 _ 1o fo dr | & 2 ( -ri) +§ Z<m> ¢12j
S Fo = 68K {m/{m} b }} (C.86)

—Jydr | L (G 2+§Zij %
VT Y taabi R
s [[Dd] ¢ -y dr [%Ei(%)QJr%Z@,J-) ‘Z%} .

% (%)2+§Z<i@>¢%} 2
-3 / iy { / (Do} ¢ %} (C.88)
2 /0 (w.d) 2 /0 (i.3)
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and
0 1 1 0
K (E (S - 50)) = oK (S — &) (C.90)
5 1 / K
_ _%a% 0 dT Z (Je—QDij + J 6—2Dij —+ ED”) (Cgl)
1 B
-5 [ o, (C.92)

(,9)

These two terms conveniently cancel out. As for the D;;-dependent derivative,

OF ) 1
(6Dij>K = aD; [fo +5(8- 3@} . (C.93)
0 1 0
= 5p. ok * 30D, (S = So)lk (C.94)
1) )
1 0
=0+ GaD. (S = So)lk (C.95)
(5]
ﬁ 1 /
_ %ag dr Z <J€2Dij 4 J €*2Dij + gD”) <C96)
w0 (i,4)
1 6 1 ’ K
_ E/ dr Z 82 (Je—zDij +J €—2Dij —+ ?DU> <C97>
0 gy 9
1 6 8 1 8 / a K
=— dr Jem2Pii 4 — Jem2Pii 4 —Dz“) C.98
3 /0 %:) (8Dij OD;; oDy 2 Y ( )
1 [P 1. . , K
=3 / dr (—§J6_2D” —2J e ?Pi 4 5) (C.99)
0 (i,4)
1 A _1lp.. ! 9D,
=55 | (je 5Dij | 4] e=2Du —K> (C.100)

Our minimisation condition, Eq. (C.84), is therefore
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L7 S <J ~3Di 4 4] ¢~2Dis K> 9D\ _ (C.101)
—— T e 274 e~ P — —2) = .
20 Jo — oK ’
(4,3
from which the self-consistent equation emerges:
Je 2Pi 4 4] ¢72Pi — | =0, (C.102)
or, as in Eq. (4.15),
K = Je P 4 4] ¢ 2P, (C.103)

To obtain a numerically solvable equation, we need an explicit form for the trial phase

average, D;;.

C.2.1 Calculating the trial phase average

Our average D;;, Eq. (C.77), is

1
Dij = (), = 3 / {Dg} e 107, (C.104)

_ Zio/{p(ﬁ} el [, (1) — ¢, (7)]2 (C.105)

where the trial partition function Z,, Eq. (C.72), is based on the trial effective action
So, Eq. (C.74). We introduce the Fourier transform,

1 ikr;
b; = ~ Zk:e Dk, (C.106)

onto the average itself:

Dyj = (%) = % D (e = ) (R — e ) () (C.107)

k&
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Because of translational invariance,

(Drr) = (Prd—k) Onr —k- (C.108)
Therefore,
1 ikr; ikr; ik'r; ik'r;
Dij = 3 > (e =€) (e —e ) (Prd—k) O~k (C.109)
k'
1 L
=3 2 (€M =) (e — e M) (groi) (C.110)
k
— % Z (eiknefz’kri _ gikrig—ikry _ gikr; o —ikr; + eikrjefikrj) <¢k¢7k> (C.lll)
k
=37 30 (1= ) = ) ) (i) (112
k
1 ik(r;—rj) —ik(ri—rj)
=z 2 2= (T e [ gro ) (C.113)
k
1
=Nz > {2—2cos [k (ri — 1)1} (1) (C.114)
k
2
= N2 (1 — coskrij) (orod—k) - (C.115)
k

Next is the straightforward in this case Matsubara transform,

Dy; = % D (1= coskrij) (Srmb—rk,—m) - (C.116)

k,m

We also Fourier transform the trial effective action, Sy in Eq. (C.74). To that end,
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Sotn=Yy S b > o
- Lo Serer

kk’

=5 LS brdudi

k&

= S hok,
k

Z ¢ZJ m Z ¢zm - ¢j,m)2 = Z ¢127m - Z 2¢i,m¢j,m + Z ¢?,m
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2
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(C.117)
(C.118)
(C.119)

(C.120)

(C.121)

(C.122)

(C.123)
(C.124)
(C.125)
(C.126)
(C.127)
(C.128)

(C.129)
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where f;, is the lattice factor,

d
fe=2— QZCOS (k;a). (C.130)

The transformed trial action is

Sy = (;—;”}Z¢ Zqﬁw m) (C.131)

BUN ;¢k,m¢k —m + 26]\/ Z¢k m®—k, mfk) (C.132)

2
= BN Z (% + ka> ¢k,m¢—k,—m‘ (0133)
k,m

I
‘HSM M
TR
S8
=

The inverse space average in D;; is

JADY} Gromd—k,—m exp [ BN 2kam ( + ka) Drom Pk, m]

<¢k,m¢—k,—m> - 1 5
[{Dg¢} exp [—5—1\; > km <7m + ka) ¢k,m¢—k,—mi|

(C.134)

which is two Gaussian integrals of the form:

dx x2e—ae” 1
W — % (C135>
Therefore,
1 N

(Pkm®P—k,—m) = = (C.136)

28 (%H{fk) 28 (%Jrka)
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and D;; itself takes the form

2 N
Dij = m (1 — COS k'f’ij) 5 (0137)
kom 28 (%” + ka)
1 1 — cos kry;
_ y ) (C.138)
BN ; % + K f

The bond-averaged version is obtained by summing over nearest neighbours:

f
ZD’L] BNZ Z w2 . ) (C139)

7m+%fk

where an additional factor of % has been appended to the K term to compensate for

overcounting [64]. After summation over Matsubara frequencies,

Dij = NZZ\/fTU ( \/m> (C.140)

Finally, introducing density of states,

p(©)= v S5 (E—&). (C.141)

k

into the lattice factor fi, Eq. (C.130), we obtain Eq. (4.16):

D;; = %/dfp({) %coth (g w> (C.142)

Finally, the full form of the self-consistent equation for stiffness K, Eq. (C.103), nor-

malised over U, is
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z — %K(Z_f)
X exp |:§/dfp(£) (2—K£>coth (UQ—Z)] (C.143)

The order parameters in the SCHA are defined as in Eqgs. (1.37-1.39),

Uy = (cos ;) = e_%<¢12>, (C.144)
Uy = (cos2¢;) = 6_2<¢Zz>, (C.145)

By analogy to the trial phase average D;;, the single average can be rewritten using

the Fourier transform,

(¢7) = %Z (%) (C.146)
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which leads to Eq. (4.20),

2
<¢z2> = m Z <¢k,m¢—k,—m>
k,m

Entropy can also be calculated from the free energy Fj,

OF
2UJ0
S = 6(%

as can any other thermodynamic function, based on temperature derivatives.

(C.147)

(C.148)

(C.149)

(C.150)

(C.151)

(C.152)

(C.153)
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Magnetic density of states: analytical

formulas

The density of states on a square lattice with no orbital magnetic effects present is

K(1-G))e0-15)

P9 () = ~ 7 (D.1)

where K (m) is the complete elliptic integral of the first kind and 6 (z) is the unit step

function.

The derivation of analytical formulas for density of states functions in various mag-
netic fields is complex and can be found in [47]. Below are listed explicit formulas used
in numerics, at different values of the rotation frustration parameter f. All magnetic

effects modify the original square lattice density of states, p=.

D1 f=1/2

1

(@ =517 (5= 1)) (D2)
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D.2 f=1/3

pis (€ =L{J752\52 2| pH ( (6 52))

2

W

x[(@ 52—|—2\/_—|—4 (6—52))’sec<go+g>‘+
+( 0(E+2)+0(¢ <£ V3+1 )+9<£+\/_>>8ec( +
(01

+(0(¢ —|—9<£+\/_ ) sec <p—— }
(D.3)
where
32 — €2 (€2 - 6)°
go%tanl(\/ 5(5256) )) (D.4)
D.3 f=1/4

@ =51e 410 (& —ae+2) [VImTE =t (-¢ - 2B+ )+
+m<9(8—£2)—9<<2\/§+4>—£2>)}. (D.5)
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D4 f=1/6

6
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where

E6 — 1264 + 24€% + 32
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