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Streszczenie

W ramach rozprawy doktorskiej pod kierunkiem mojego promotora rozwingtem narzedzia
do symulacji spinowych ukladow sieciowych oraz wykonatem badania stabo poznanych,
abardzo interesujacych poznawczo 1 aplikacyjnie rejonow diagramu fazowego
trojwymiarowego modelu Ashkina-Tellera (AT), gdzie wspoélistnieja sprzezenia ferro-
1 antyferromagnetyczne. Jako nietrywialne uogolnienie modelu Isinga, model AT jest jednym
z podstawowych w fizyce statystycznej. Hamiltonian modelu AT mozna wyrazi¢ przy pomocy
dwoéch niezaleznych isingowskich stopni swobody s i o, znajdujacych si¢ na kazdym wezle
sieci. Sg one sprz¢zone przez oddziatywanie sasiadujacych par so. Dlatego model AT
charakteryzuje si¢ ciekawym 1izlozonym diagramem fazowym, gdyz oprocz S$rednich
temperaturowych «s» 1 «o» takze iloczyn «so» wykazuje niezalezne uporzadkowanie. Wszystkie
one tworzg trzy niezalezne parametry porzadku w modelu AT.

Wyniki moich badan sg bardzo istotne w kontek$cie wzrastajagcego zainteresowania i rosngcej
liczby praktycznych zastosowan modelu AT w literaturze. Model ten jest stosowany do opisu
wielu zjawisk, np. absorpcji zwigzku selenu na powierzchni niklu, oddziatywan chemicznych
w stopach metali, wiasciwosci termodynamicznych miedzianéw nadprzewodzacych,
elastycznej odpowiedzi czasteczki DNA na sily zewnetrzne 1 moment obrotowy, sieci
neuronowych, czy rozwoju wczesnego Wszechswiata. Model AT jest rowniez bardzo istotny
z teoretycznego punktu widzenia, poniewaz istnieja pewne odwzorowania pomi¢dzy tym
modelem a innymi modelami fizycznymi.

Jednym z gléwnych aspektow moich badan jest precyzyjny pomiar ciepta przemiany
w rozleglych eksperymentach komputerowych, jakimi sg nasze autorskie symulacje Monte
Carlo (MC) temperaturowych przemian fazowych ze starannym wyznaczaniem niepewnosci
otrzymanych wynikéw. Do pomiardéw ciepta przemiany wykorzystuj¢ kumulanty typu Challi
Vi oraz wprowadzone przeze mnie do naszego programu komputerowego kumulanty U
zaproponowane przez Lee 1 Kosterlitza. Sg one zmodyfikowane dla modelu AT i zastosowane
do kazdego parametru porzadku oddzielnie. W obszarze krytycznym temperaturowe zaleznos$ci
tych kumulant wykazujg charakterystyczne ekstrema, ktorych potozenia i rzedne ekstrapoluje
do granicy termodynamicznej przy zastosowaniu odpowiednich relacji skalowania.
Przeskalowanie do granicy termodynamicznej rzgdnych tych ekstremow pozwala mi
na wyznaczenie ciepla przemiany fazowej. Punkty przemian fazowych sa wstepnie
lokalizowane z przecie¢ zalezno$ci kumulant Bindera Q; od rozmiaru uktadu L. Wykorzystuje
réwniez bardziej efektywny sposdb wyznaczania ciepta przemiany na podstawie histogramu
rozkladu energii. Podobnie jak w g-stanowym modelu Pottsa z ¢ rownowaznymi
uporzadkowanymi stanami i jednym nieuporzadkowanym, réwniez w trojwymiarowym
modelu AT przy nieciagtej przemianie fazowej wystepuje charakterystyczny histogram
o dwoch pikach w obszarze krytycznym. Do pomiaréw ciepta przemiany wykorzystuje tutaj
potozenia miniméw zaleznosci ujemnego logarytmu prawdopodobienstwa wystepowania
energii £, w funkcji £ dla probek o skonczonych rozmiarach L. Potozenia te przeskalowane
do granicy termodynamicznej sg warto§ciami energii wewnetrznej po obydwu stronach
przemiany fazowej pierwszego rodzaju, ktorych réznica daje wartos$¢ ciepta tej przemiany.

W  celu walidacji wynikow uzyskiwanych przy pomocy algorytmu Metropolisa,
skonstruowatem i zastosowatem do trojwymiarowego modelu AT réwniez algorytm bazujacy
na idei Jula Wolffa polegajacej na budowaniu klastrow spindw, ktore nastepnie sa odwracane.
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Motywacja do wdrozenia nowego algorytmu bylo znane wystepowanie spowolnienia
krytycznego dla algorytmu Metropolisa oraz wyniki ostatnich badan literaturowych, ktére
wykazaly istnienie stanow metastabilnych w tym modelu. Moga one istotnie wplywac
na wyniki pomiardw, zwlaszcza uzyskiwanych za pomoca algorytmu Metropolisa.
Ten algorytm typu Wolffa zostal opisany w pierwszej pracy R1 skltadajacej sie na moja
rozpraw¢ doktorska, gdzie starannie zostalo zbadane jego zachowanie krytyczne. Na uwage
zastuguje fakt, Ze metoda histogramu rozktadu energii zostata przeze mnie po raz pierwszy
wykorzystana dla algorytmu typu Wolffa zastosowanego do trojwymiarowego modelu AT.
W celu weryfikacji poprzednio uzyskanych wynikow, a takze dla walidacji naszego algorytmu
wykazatem, ze wyniki obliczen wzdtuz linii mi¢dzy punktami Isinga i Pottsa, sa zgodne z tymi
uzyskanymi za pomocg algorytmu Metropolisa. Obydwa te algorytmy dla dostatecznie duzych
uktadow prowadza do tych samych rezultatéw w granicach niepewnosci. Wykazatem rowniez,
ze algorytm klastrowy typu Wolffa znacznie zmniejsza problem krytycznego spowolnienia
dla trojwymiarowego modelu AT, a dynamiczny wyktadnik krytyczny osigga wartosci bliskie
zeru. Dowiodtem, ze najefektywniejsza strategia jest uzywanie algorytmu klastrowego
w regionie krytycznym i Metropolisa poza nim. Opracowana przeze mnie klastrowa metoda
MC moze by¢ stosowana zaréwno do badan nieciggtych przemian fazowych, jak i ciggtych
w trojwymiarowym modelu AT.

Obydwa te algorytmy zostaty przeze mnie wykorzystane w pracach R2, R3 i R4 do doktadnego
zbadania najmniej dotad poznanego obszaru faz mieszanych, w ktorym tylko jeden rodzaj
stopni swobody s lub ¢ jest uporzadkowany, a drugi nie, tak samo jak pary tych stopni swobody
so sg nieuporzadkowane. Jest to jeden z najtrudniejszych fragmentéw diagramu fazowego do
analizy, czgsto pomijany przez badaczy ze wzgledu na trudno$¢ w interpretacji wynikow
wykazujacych duze oscylacje, ktore pojawiaja si¢ ze wzgledu na wspodtistnienie sprzezen ferro-
1 antyferromagnetycznych. Zatem zachowania poszczegdlnych stopni swobody wykazujg w
tym obszarze cechy frustracji magnetycznej, zaobserwowanej przez nas po raz pierwszy w
naszym eksperymencie komputerowym. Przej$cia pomiedzy poszczegdlnymi stanami uktadu
odbiegajg tutaj od uniwersalnego charakteru przedstawianego dotychczas w literaturze. Wyniki
naszych eksperymentéw MC dla przemian pomigdzy fazami paramagnetyczng a obszarem faz
mieszanych 1 fazg Baxtera (gdzie wszystkie trzy parametry porzadku wykazujg
uporzadkowanie ferromagnetyczne) dla ujemnego sprzezenia pomig¢dzy sasiednimi parami
stopni swobody pozwolity mi zweryfikowa¢ przewidywania teorii pola $redniego dla tego
najbardziej ztozonego 1 najmniej rozpoznanego regionu oraz przedstawi¢ jego diagram fazowy.
Wyniki moich badan w pracy R2 wykazaly istnienie szerokiego efektu typu crossover, ktory
obejmuje calg lini¢ pomigdzy punktami trojkrytycznymi A i1 H, gdzie wcze$niejsze prace
literaturowe wskazywaly na ciagle przemiany fazowe z mozliwo$cig nieuniwersalnego
zachowania takze trojwymiarowego modelu AT przy wartosciach wyktadnikéw krytycznych
zmieniajacych si¢ w sposob ciagly. Wykazalem rzadko spotykana koegzystencje ciaghych i
nieciagglych przemian fazowych wzdluz tej samej granicy faz dla réznych parametrow
porzadku.

W  kolejnych pracach R3 1 R4 mojej rozprawy zaproponowatlem nowe podejscie
do wykonywania symulacji MC, ktore eliminuje wspomniane wczesniej duze oscylacje
wartosci wielkos$ci termodynamicznych obliczanych tradycyjng metodg MC dla obszaru faz
mieszanych, gdzie wyniki teorii pola S$redniego przewiduja, ze z rOwnymi
prawdopodobienstwami wystepuja dwa rézne sposoby uporzadkowania dwdch rodzajéw stopni



swobody. Wynik ten potwierdzaly nasze eksperymenty komputerowe, w ktorych
obserwowali§my duze oscylacje wartosci obliczanych wielko$ci termodynamicznych.
Obecnos¢ tych oscylacji sprawiala, ze ich interpretacja byla bardzo problematyczna. Ide¢
mojego nowego podejscia przedstawiliSmy na przykladzie przemian z fazy paramagnetycznej
do obszaru faz mieszanych w trojwymiarowym modelu AT w pracy R3. Zaproponowane
przeze mnie nowe podejscie do eksperymentu komputerowego MC pozwolilo mi na
zlokalizowanie przemian fazowych natyle doktadnie, aby moc wykorzysta¢é metode
histogramu rozktadu energii. Nowe podejscie zostato zademonstrowane poprzez wyznaczenie
w pracach R3 i R4 gladkich krzywych namagnesowania i energii wewngtrznej, a w
konsekwencji poprzez okre$lenie miejsc i charakteru przemian fazowych wzdhuz linii
pomiedzy obszarem faz mieszanych a faza paramagnetyczna, obszarem faz mieszanych a faza
antyferromagnetyczng, a takze pomi¢dzy faza paramagnetyczng i antyferromagnetyczna.

To nowe podejscie pozwolito mi na zbadanie w pracy R4 tego stabo dotad poznanego obszaru
na diagramie fazowym trojwymiarowego modelu AT. Jednoznacznie wykazatem istnienie
dwoch punktow trojkrytycznych K i K’ oraz punktu bifurkacji Ky, a takze ustalitem ich
lokalizacje. Interesujacym wynikiem bylo udowodnienie, ze chociaz system jako cato$¢ nie
wykazuje obecno$ci ciepto ukrytego na granicy obszaru fazy mieszanej 1 fazy
antyferromagnetycznej, to cieplo to wystepuje dla réznych parametrow porzadku. W
szczegbdlnosci wzrostowi energii wewngtrznej dla stopni swobody jednego rodzaju towarzyszy
réwny co do wartosci spadek energii wewnetrznej stopni swobody innego rodzaju.



Abstract

In my thesis, under the supervision of prof. Grzegorz Musial, I developed tools for the
simulation of spin lattice systems and performed research on poorly understood, but cognitively
and applicationally very interesting regions of the phase diagram of the three-dimensional
Ashkin-Teller (3D AT) model, where ferro- and antiferromagnetic couplings coexist. As a non-
trivial generalization of the Ising model, the AT model is one of the fundamental ones in
statistical physics. The Hamiltonian of the AT model can be expressed in terms of two
independent Ising degrees of freedom s and o, located at each site of the lattice. They are
coupled by the interaction of adjacent so pairs. Therefore, the AT model is characterized by an
interesting and complex phase diagram, because in addition to the thermal averages «s» and <o,
the product «so» also shows an independent order. They all form three independent order
parameters in the AT model.

The results of my research are very important in the context of the increasing interest
and the growing number of practical applications of the AT model in the bibliography. This
model is used to describe many phenomena, such as the absorption of a selenium compound on
the surface of nickel, chemical interactions in metal alloys, thermodynamic properties of
superconducting cuprates, elastic response of the DNA molecule to external forces and torque,
neural networks, or the development of the early Universe. The AT model is also very important
from a theoretical point of view as there are some mappings between this model and other
physical models.

One of the main aspects of my research is precise computing of the latent heat in
extensive computer experiments, which are our proprietary Monte Carlo (MC) simulations of
temperature-driven phase transitions with careful determination of the error bars of the obtained
results. For computing of the latent heat, I use the Challa-like V; cumulants and the U
cumulants proposed by Lee and Kosterlitz introduced by me to our computer program. They
are modified for the AT model and applied to each order parameter separately. In the critical
region, the temperature dependencies of these cumulants show characteristic extremes whose
positions and ordinates are extrapolated to the thermodynamic limit using appropriate scaling
relations. Scaling the ordinates of these extremes to the thermodynamic limit allows me to
determine the latent heat. Phase transition points are initially located from intersections of
Binder O; cumulant dependences on the system size L. I also use a more efficient way of
determining the latent heat based on the energy distribution histogram. As in the g-state Potts
model with g equivalent ordered states and one disordered one, also in the 3D AT model with
a discontinuous phase transition there is a characteristic histogram with two peaks in the critical
region. To compute the latent heat, I use here positions of the minima of the negative logarithm
of the probability of the occurrence of the energy £ as a function of E for samples of finite size
L. These positions, scaled to the thermodynamic limit, are the values of the internal energy on
both sides of the first-order phase transition, the difference of which gives the value of the latent
heat.

In order to validate the results obtained using the Metropolis algorithm, I also
constructed and applied to the 3D AT model an algorithm based on Jul Wolff's idea of building
clusters of spins, which are then reversed. The motivation to implement the new algorithm was



the known occurrence of a critical slowing down for the Metropolis algorithm and the results
of recent bibliography studies that showed the existence of metastable states in this model. They
can significantly affect the computed results, especially those obtained using the Metropolis
algorithm. This Wolff-type algorithm was described in the first paper R1 of my thesis, where
its critical behavior was carefully studied. It is noteworthy that the energy distribution histogram
method was used by me for the first time for a Wolff-type algorithm applied to a 3D AT model.
In order to verify the previously obtained results, as well as to validate our algorithm, I showed
that the results of calculations along the line between the Ising and Potts points are consistent
with those obtained using the Metropolis algorithm. Both of these algorithms for sufficiently
large systems lead to the same results within the error bars. I also showed that the Wolff-type
cluster algorithm significantly reduces the problem of critical slowing down for the 3D AT
model, and the dynamic critical exponent reaches values close to zero. I proved that the most
effective strategy is to use the cluster algorithm in the critical region and Metropolis one beyond
it. The cluster MC method developed by me can be used both for discontinuous and continuous
phase transitions in a 3D AT model.

Both of these algorithms were used by me in the papers R2, R3 and R4 of my thesis to
thoroughly investigate the least known mixed phase region, in which only one type of degrees
of freedom s or ¢ is ordered and the other is not, as well as pairs of these degrees of freedom so
are disordered. This is one of the most difficult parts of the phase diagram to analyze, often
overlooked by researchers due to the difficulty in interpretation of results showing large
oscillations that occur due to the coexistence of ferro- and antiferromagnetic couplings. Thus,
the behavior of individual degrees of freedom in this region shows features of magnetic
frustration, observed by us for the first time in our computer experiment. The transitions
between the individual states of the system differ here from the universal character presented
so far in the bibliography. The results of our MC experiments for transitions between the
paramagnetic phase and the mixed phase region as well as the Baxter phase (where all three
order parameters show ferromagnetic order) for the negative coupling between adjacent pairs
of degrees of freedom allowed me to positively verify the predictions of the mean field theory
for this most complex and least explored region and to show its phase diagram. The results of
my research in the paper R2 showed the existence of a wide crossover effect, which covers the
entire line between the tricritical points A and H, where previous papers indicated continuous
phase transitions with the possibility of non-universal behavior of the 3D AT model with
continuously varying critical exponents. I demonstrated a rare coexistence of continuous and
discontinuous phase transitions along the same phase boundary for different order parameters.

In subsequent papers R3 and R4 of my thesis, I proposed a new approach to perform
MC simulations, which eliminates the previously mentioned large oscillations of the values of
thermodynamic quantities computed using the traditional MC method for the mixed phase
region, where the results of the mean field theory predict that there are two different ways of
ordering with equal probabilities of two types of degrees of freedom. This result was confirmed
by our computer experiments, in which we observed large oscillations of the values of the
calculated thermodynamic quantities. The presence of these oscillations made their
interpretation very problematic. The idea of my new approach was presented on the example
of transitions from the paramagnetic phase to the mixed phase region in the 3D AT model in
the paper R3. The new approach to the MC experiment I proposed allowed me to locate the



phase transitions precisely enough to be able to use the energy distribution histogram method.
The new approach was demonstrated by determining smooth curves of magnetization and
internal energy in papers R3 and R4, and consequently by determining the locations and
character of phase transitions along the lines between the mixed phase region and the
paramagnetic phase, the mixed phase region and the antiferromagnetic phase, and also between
the paramagnetic phase and the antiferromagnetic one.

This new approach allowed me to investigate in the paper R4 this poorly understood
region in the phase diagram of the 3D AT model. I clearly demonstrated the existence of two
tricritical points K and K' and the bifurcation point Ky, and determined their locations. An
interesting result was proving that although the system as a whole does not show the presence
of the latent heat on the boundary between the mixed phase region and the antiferromagnetic
phase, this heat occurs for various order parameters. In particular, an increase in the internal
energy of degrees of freedom of one kind is accompanied by an equal decrease in the internal
energy of degrees of freedom of another kind.
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1. Wstep

Badania przedstawiane w ramach mojej rozprawy doktorskiej sg bardzo istotne w
konteks$cie wzrastajgcego zainteresowania i liczby praktycznych zastosowan modelu Ashkina-
Tellera (AT) w literaturze [1-10]. Model ten jest stosowany do opisu wielu zjawisk szerzej
cytowanych w pracach sktadajacych si¢ na t¢ rozprawe [R1-R4], m. in. absorpcji zwigzkoéw
selenu na powierzchni niklu, oddzialywan chemicznych w stopach metali, wlasciwosci
termodynamicznych miedzianéw nadprzewodzacych, elastycznej odpowiedzi czasteczki DNA
na sity zewnetrzne i moment obrotowy, sieci neuronowych, rozwoju wczesnego Wszech$wiata,
wlasciwosci magnetycznych nanorurek. Model ten jest réwniez bardzo istotny z punktu
teoretycznego poniewaz istniejg pewne odwzorowania pomi¢dzy modelem AT a innymi
modelami fizycznymi.

W mojej rozprawie wykorzystatem analizy skalowania skonczenie rozmiarowego
wartosci trzech rdéznych kumulant oraz prawdopodobiefnstwa wystgpowania energii
wewngtrznej do  dokladniejszego zbadania trojwymiarowej wersji  standardowego,
symetrycznego modelu AT, ktory jest jednym z podstawowych modeli fizyki statystycznej,
bedacym nietrywialnym uogélnieniem modelu Isinga [11]. Dokladniejszy opis modelu
znajduje si¢ w kolejnych rozdziatach.

Rozwingtem zostaty nowe narzedzia do symulacji spinowych uktadow sieciowych oraz
wykonatem badania stabo poznanych, a bardzo interesujacych rejonéw diagramu fazowego
trojwymiarowego modelu AT. Zaproponowatem oraz doktadnie zweryfikowatem nowe
podejscie do badania obszaru faz mieszanych w trojwymiarowym modelu AT, ktore eliminuje
oscylacje wielkosci termodynamicznych obliczonych tradycyjng metoda.

Jednym z gléwnych aspektow badan byl pomiar ciepta przemiany w rozlegtych
eksperymentach komputerowych, jakimi sg autorskie symulacje Monte Carlo (MC)
temperaturowych przemian fazowych z wyznaczeniem niepewnosci otrzymanych wynikow. W
celu walidacji wynikow uzyskiwanych do tej pory przy pomocy algorytmu Metropolisa
[12-21], w ramach doktoratu opracowany zostat przeze mnie nowy algorytm klastrowy [R1]
bazujacy na idei Ulli Wolffa [22] polegajacy na budowaniu klastréw spinow, ktdre sg obracane.
Oba sposoby dla dostatecznie duzych uktadow doprowadzity nas do tych samych rezultatow.
Powodem dla ktérego zostat rowniez uzyty algorytm klastrowy bylo wystgpowanie obszarow
metastabilnych na granicy obszaru faz mieszanych. Oba algorytmy zostaty wykorzystane do
doktadnego zbadania obszaru faz mieszanych trojwymiarowego modelu AT, w ktorym tylko
jeden rodzaj spinéw jest uporzadkowany [R2-R4]. Zachowania poszczegdlnych spinow
wykazuja w tym obszarze cechy frustracji magnetycznej, zaobserwowane przez nas po raz
pierwszy w eksperymencie komputerowym tego modelu. Przej$cia pomiedzy poszczegdlnymi
stanami ukladu odbiegaja od uniwersalnego charakteru przedstawionego dotychczas w
literaturze. Do pomiardw ciepta przemiany wykorzystalem kumulanty Bindera Q;, typu Challi
V1 oraz typu zaproponowanej przez Lee i Kosterlitza U;, zmodyfikowane 1 zastosowane do
modelu AT dla kazdego parametru porzadku oddzielnie [21]. Podobnie jak w g-stanowym
modelu Pottsa z ¢ rtOwnowaznymi uporzagdkowanymi stanami i jednym nieuporzagdkowanym,
rowniez w trojwymiarowym modelu AT wystepuje charakterystyczny histogram o dwoch
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pikach w obszarze krytycznym [20]. Do pomiaréw ciepta przemiany wykorzystatem potozenia
miniméw zaleznosci ujemnego logarytmu prawdopodobienstwa wystgpowania energii £ w
funkcji rozmiaru uktadu L dla probek o skonczonych rozmiarach.

W pracach R1 i R2 uzywamy okreslenia "trzy sktadowe parametru porzadku" natomiast
w pozniejszych pracach R3 i R4 "trzy parametry porzadku". Gdy wezmiemy pod uwage uktad
jako calo$¢é, to albo wykazuje on uporzadkowanie, albo nie, i wychodzac z tego punktu
widzenia, wczes$niej definiowaliSémy rézne elementy porzadku w ukladzie jako niezalezne
sktadowe. Zmiana nazewnictwa wynikata z pogtebionej dyskusji nad stosowanym dotychczas
pierwszym sformulowaniem przeprowadzonej na etapie recenzji pracy [22]. Okreslenie "trzy
parametry porzadku" stosowane w pracach R3 i R4 uwazam za adekwatne, gdyz formalnie w
modelu AT istniejg trzy zachowujgce si¢ niezaleznie parametry porzadku (s), (o) oraz (sa), a
nie jeden parametr o wielu sktadowych. Hamiltonian modelu AT ma dwie symetrie globalne
7> odpowiadajace niezmienniczo$ci w ramach dwoch przeksztalcen o; —» —o; 1 5;0; = —S;0;
oraz oczywiscie w rozwazanym tutaj symetrycznym modelu AT symetri¢ s; — g;. Dlatego
mozna zdefiniowa¢ trzy (skalarne) niezalezne parametry porzadku (s), (o) i (sg). Wzdtuz linii
AP wystepuja te trzy symetrie 1 sg jednoczesnie spontanicznie tamane. Jednak na granicy
obszaru faz mieszanych wszystkie trzy symetrie sg tamane przy réznych warto$ciach
oddziatywania dwu-spinowego K,, gdy ustalimy wartos¢ oddzialywania cztero-spinowego K,
co obserwujemy w lewym gornym rogu rysunku 1 ponizej. Natomiast w prawym dolnym rogu
tego rysunku widzimy jednoczesne tamanie symetrii dwoch parametrow porzadku oraz w
innym miejscu tamanie symetrii trzeciego parametru porzadku. Dlatego stwierdzamy, Ze sg one
rzeczywiscie niezalezne i nie s3 réznymi sktadowymi tego samego parametru porzadku, na co
wskazali juz Ruth Ditzian i in. [23]. Podsumowujac, (s), (o) i (so) nalezy uznaé za trzy
niezalezne parametry porzadku.

Na opis rozprawy doktorskiej sktada si¢ 8 rozdziatow. Zawieraja one opis problematyki
badawczej, opis prowadzonych eksperymentdéw oraz stosowang metodologie. Opis zawiera
réwniez gtowne wnioski ptynace z wynikow poszczegolnych czterech prac sktadajacych si¢ na
niniejszg rozprawe.

2. Cel pracy

Gléwnym celem badan naukowych prowadzonych w ramach niniejszej rozprawy
doktorskiej byto doktadne zbadanie obszaru faz mieszanych wystepujacego w standardowym
trojwymiarowym modelu AT (obszar «o» na rys. 1 ponizej) [11,24].

Obszar faz mieszanych wystepuje tylko w symetrycznym modelu AT w trzech
wymiarach. Obszar ten ze wzgledu na trudno$¢ interpretacji wynikdéw jest czesto pomijany w
literaturze przedmiotu. Jest to najbardziej ztozony 1 najmniej rozpoznany region na diagramu
fazowego [15,16,24]. W celu jego doktadnego zbadania w naszym zespole wypracowane
zostaly precyzyjne narzedzia, dzigki ktérym mozliwa jest szczegdtowa analiza tego obszaru
[12-21]. Problem ten jest wazny naukowo, gdyz jest to jeden z podstawowych modeli fizyki
statystycznej [25], bedacy nietrywialnym uogdlnieniem modelu Isinga. Zainteresowanie tym
modelem znacznie wzrosto zwlaszcza od 1972 roku, gdy Fan wykazat [25], Ze hamiltonian
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modelu AT mozna wyrazi¢ przy pomocy dwoch niezaleznych isingowskich stopni swobody s
1 0, rezydujacych na kazdym weZle sieci.

- = YuilKa(sis + 0107) + Ku(si50005)) (D)

kpT
Ten model jest bardzo atrakcyjny z uwagi na bogaty diagram fazowy [11-21,23,24], z
trzema niezaleznymi parametrami porzadku (s), (o) oraz (so) (gdzie symbol (...) oznacza
$rednig temperaturowq). Unikalna w tym modelu jest tez linia dowolnie stabych przemian
fazowych, jak tez stabo dotad zbadana linia ciggtych przemian fazowych AH na ponizszym
rysunku 1 wykazujacych cechy zachowania nieuniwersalnego [20,26].
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Rys. I Diagram fazowy modelu AT — dotychczasowy stan wiedzy. Przerywane linie oznaczajg nieciggte
przemiany fazowe, ciggle —przemiany ciggle, kropkowo-kreskowa — linia przemian cigglych dla
parametru porzgdku (sc) oraz niecigglych dla (s) i {a). W fazie ,, Baxter” kazdy parametr (s), (a), (so)
Jjest uporzgdkowany ferromagnetycznie, a w fazie ,,para” wszystkie parametry porzgdku (s), (g), (s0)
sq rowne 0. W fazach ,,(so)r” i ,,(sa)4r” (s) = () =0, tylko parametr (sa) jest uporzqdkowany
odpowiednio ferro- i antyferromagnetycznie. Natomiast w obszarze faz mieszanych ,,{(s)” (sa) = 0
i tylko jeden parametr (S) lub () jest uporzqgdkowany ferromagnetycznie, a drugi nie. Nazwane punkty
diagramu sq oznaczone znakami ,,+”, A, F, G, H, H’, K, K’ sq punktami trojkrytycznymi.

Zachowanie nieuniwersalne wykazuje rowniez dwuwymiarowa wersja tego modelu
[9,24,26-29]. Celem pracy bylo rowniez zweryfikowanie wystepowania nieuniwersalnego
zachowania wartosci wyktadnikow krytycznych wzdtuz linii AH, na co wskazuja wczesniejsze
prace [14,15,23], do czego wykorzystuje wszystkie przygotowane narzedzia i skalowania
skonczenie rozmiarowe [20,21] dla znacznie wigkszych rozmiarow uktadu niz uzytych we
wczesniejszych pracach. Precyzyjne analizy moich badan zostaly przedstawione w pracy R2,
ktora stanowi element mojej rozprawy doktorskiej. Podobnie precyzyjnych badan wymagato
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zbadanie zachowania uktadu wzdhuz linii HK” w pracy R2 oraz okreslenie charakteru przemian
fazowych wzdluz linii pomiedzy obszarem faz mieszanych i1 fazy paramagnetycznej
przedstawione w pracy R3. W tym celu w pracach R3 i R4 zaproponowalem oraz wdrozytem
nowe podejscie do badania uktadow z obszarem faz mieszanych.

Kolejnym celem dysertacji byto wyznaczenie punktu bifurkacji Ky oraz weryfikacja
potozen punktéw trojkrytycznych K i K’ [14,R4]. Analizy wymagaly réwniez obliczenia
wartosci ciepta przemiany wzdluz linii EKy, oraz jej dokladniejszego polozenia. We
wczesniejszej literaturze dotyczacej tak podstawowego modelu brakowato jednoznacznych
konkluzji na ten temat. Wyniki dotyczace tych zagadnien zostaly przedstawione przeze mnie w
pracy R4.

Przy trudnos$ciach, ktore pojawiajg si¢ przy analizie tych problemow [12,15], kluczowe
znaczenie ma staranna weryfikacja obecnosci ciepla przemiany. Wymaga to obliczen o duzej
doktadnosci, gdyz wzdtuz tej samej linii H’I r6zne parametry porzadku wykazuja roznice tego
ciepta o 3 rzedy wielkosci [12]. W 2018 roku ukazata si¢ praca zespotu F. C. Sa Barreto [29],
bazujgca na metodzie pola §redniego 1 wykazujaca istnienie wzdtuz tej linii nowej fazy, w ktorej
parametry «s> 1 <o> s3 uporzadkowane, ale posiadajg rozne wartosci wbrew symetrii
Hamiltonianu (1), co planujemy jeszcze zbadaé, oraz wystepowanie w tym obszarze obszarow
metastabilnych. Model AT wzdtuz linii H’I wykazuje cechy frustracji dla parametréw porzadku
> 1 <o», a analiza namagnesowania sugeruje potwierdzenie przypuszczenie Ditzian i in. [23],
ze mamy tutaj efekt skonczenie rozmiarowy, ktéry znika w granicy termodynamiczne;j.
Ciekawym efektem jest koegzystencja przejs¢ fazowych pierwszego i1 drugiego rzedu dla
roznych parametréw porzadku wzdtuz linit HH” [R2].

Innym celem mojej dysertacji, ale rowniez waznym ze wzgledu na wystepowanie
wspomnianych w poprzednim akapicie obszardw metastabilnych w tym uktadzie [29], jest
weryfikacja wynikow, ktore byty do tej pory uzyskiwane tylko z wykorzystaniem algorytmu
Metropolisa. Jednak algorytmu klastrowego dla trojwymiarowego modelu AT nie bylo do tej
pory w literaturze przedmiotu. Dlatego pod kierunkiem mojego promotora podjatem zmudny
proces utworzenia tego algorytmu, co zwykle wykonywane jest przez caty zespot. Dokonatem
starannego jego przetestowania i walidacji uzyskiwanych wynikoéw. W tym celu wyznaczylem
warto$¢ wykladnika krytycznego z dla obydwu algorytméw w tym modelu oraz obliczytem
spowolnienie krytyczne. Doktadny opis algorytmu zostat przedstawiony w pracy R1 oraz w
podrozdziale 4.2.

Nasz zespot zbadal rowniez, jak zanika cieplo przemiany wzdluz linii nieciggtych
przemian fazowych pomiedzy fazg Baxtera a fazg paramagnetyczng w poblizu punktu
isingowskiego A na rysunku 1 przy K4>0[19,21]. Obszar ten jest wykorzystywany w literaturze
do modelowania dowolnie stabych przemian fazowych w wielu dziatach fizyki [19, 30].
Wypracowane narzedzia postuzyly naszemu zespotowi do precyzyjnej analizy wartosci ciepta
ukrytego wzdtuz catej liniit APF, dla poszczegolnych parametréw porzadku oraz do zbadania
znaczenia punktu P w trojwymiarowym modelu AT [21]. Dla potrzeb badan w mojej rozprawie
obliczenia te postuzyly do dodatkowej walidacji wynikow algorytmu klastrowego
opracowanego przeze mnie w pracy R1. Problemy te s wazne, aktualne i nie zostaty
dotychczas rozwigzane w literaturze przedmiotu.
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3. Model Ashkina-Tellera

Model AT jest jednym z waznych punktow odniesienia w fizyce statystycznej od
kilkudziesigciu lat, gdyz jest on nietrywialnym uogdlnieniem modelu Isinga, z trzema
parametrami porzadku wykazujacymi niezalezne uporzadkowanie, dajac w efekcie bardzo
bogaty diagram fazowy pokazany na rysunku 1. Kazdego roku ukazuje si¢ kilkanascie prac
zwigzanych z tym modelem [1-11]. Posiada on szerokie zastosowanie praktyczne, jest
stosowany do opisu wielu zjawisk, np. absorpcji zwigzku selenu na powierzchni niklu,
oddziatywan chemicznych w  stopach metali, wlasciwosci termodynamicznych
nadprzewodnikow miedziowych, elastycznej odpowiedzi czasteczki DNA na sily zewngtrzne i
moment obrotowy, sieci neuronowych oraz rozwoju wczesnego wszech§wiata (zob. np.
[1,9,10] 1 prace tam cytowane). Znajduje on rowniez zastosowanie poza fizyka, np. do badania
procesu formowania si¢ opinii w sieciach spotecznosciowych z efektem wspotzaleznosci
miedzy roznymi wspolnotami spotecznymi [31]. Model ten jest réwniez bardzo istotny z
teoretycznego punktu widzenia, poniewaz istniejag pewne odwzorowania pomi¢dzy modelem
AT, a innymi modelami fizycznymi [32].

Trojwymiarowa wersja modelu AT z powodu trudnos$ci obliczeniowych doczekata si¢
doktadniejszych badan dopiero w ostatnich latach, a podsumowanie wynikow wczesniejszych
prac znajduje si¢ w pracach [14-20]. Diagram fazowy zostal wczes$niej przedstawiony, ale
zwlaszcza w obszarze faz mieszanych bedacym przedmiotem mojej rozprawy doktorskiej, dane
sg niepewne 1 majg jedynie wstgpny charakter. Wobec pojawienia si¢ w tym obszarze
parametroéw bardzo stabych przemian fazowych pierwszego rodzaju, zaproponowana w naszym
zespole precyzyjna weryfikacja obecnos$ci ciepta przemiany ma kluczowe znaczenie wobec
postawionego frapujacego pytania [15], czy uktad ten wykazuje zachowanie nieuniwersalne
wzdluz wyzej wspomnianych linii rozgraniczajacych obszary faz mieszanych, Baxtera i fazy
paramagnetycznej, konczac na punkcie isingowskim A.

4. Eksperymenty komputerowe typu Monte Carlo

Dla wykonania badan przedmiotowych rejondéw diagramu fazowego modelu AT w
ramach rozprawy doktorskiej wykonywalem eksperymenty komputerowe typu MC,
wykorzystujace poczatkowo algorytm Metropolisa, pdzniej réwniez skonstruowany przeze
mnie algorytm klastrowy typu Wolffa [R1]. Specyfika badan przemian fazowych przy pomocy
tych eksperymentéw komputerowych polega na koniecznosci wykonania setek, a czesto nawet
tysiecy przebiegdw programow o czasie wykonania jednego przebiegu wahajacym si¢ od kilku
godzin do wielu dni, a nawet tygodni. Zeby badania wykonaé w rozsadnie krotkim czasie, dla
dhluzszych przebiegéw wykorzystuje systemy komputerowe o duzej przepustowosci, jak
komputery duzej mocy (HPC) w Poznanskim Centrum Superkomputerowo-Sieciowym oraz
klastry obliczeniowe na wydziale Fizyki Uniwersytetu im. Adama Mickiewicza w Poznaniu.
Dla naszego uktadu obliczam wartos$ci zmiennych termodynamicznych. Najpierw dla kazdego
stopnia swobody s, ¢ oraz ich iloczynu so, program oblicza wartosci zmiennych
termodynamicznych, przede wszystkim $rednie namagnesowanie oraz $rednig energi¢
wewnetrzng. Na poczatku program doprowadza uktad do stanu rownowagi termodynamiczne;j
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uzywajac odpowiedniej ilosci krokow MC. W eksperymencie komputerowym typu MC, w
przeciwienstwie do prostych symulacji MC, nie tylko oblicza si¢ wartosci wielko$ci
termodynamicznych, ale takze ich niepewnosci. Eksperymenty komputerowe odgrywaja wciaz
rosngca rol¢ w modelowaniu dowolnego rodzaju. Jeden przebieg programu sktada si¢ z
obliczenia od 6 do 20 $rednich czastkowych, z ktorych kazda jest obliczana na podstawie okoto
107 krokéw MC, ale tylko co -ty krok daje wklad do obliczenia wielkosci fizycznych (6 < k <
20), aby unikna¢ korelacji mi¢dzy losowanymi konfiguracjami uktadu. W ten sposob uzyskuje
takze miar¢ rozrzutu statystycznego wynikow (zob. np. [28]). Problem korelacji pomigdzy
stanami ukladu jest radykalnie mniejszy w przypadku algorytmu klastrowego.

W eksperymentach komputerowych typu MC uzywam ukladow o skonczonych
rozmiarach, ograniczonych przez mozliwosci przetwarzania dostgpnych komputerow,
natomiast prawdziwy obraz przemiany fazowej uzyskuj¢ dopiero w granicy termodynamiczne;.
Dla uzyskania wiarygodnych ekstrapolacji wynikow do granicy termodynamicznej, wykonuj¢
obliczenia z uktadami o mozliwie najwigkszych rozmiarach, przy ktorych uzyskanie wynikow
w jednym przebiegu programu wymaga obliczen trwajacych wiele tygodni, czy miesiecy przy
stosowaniu zwyklego przetwarzania sekwencyjnego. Dla takich sytuacji stosuje przetwarzane
rownolegte z wykorzystaniem biblioteki MPI [17]. Kazdy ze wspotbieznie wykonujacych sie
proceséw oblicza kilka srednich czastkowych wymienionych w poprzednim akapicie. Ten
sposOb zrownoleglenia przetwarzania przejawia niemal perfekcyjne przyspieszenie i
maksymalng wydajno$s¢ w jednorodnym HPC [17], poniewaz komunikacja pomiedzy
rownolegtymi procesami odbywa si¢ tylko kilka razy: poczatkowe przestanie danych przez
proces gtowny 1 wysylanie srednich czastkowych z rownoleglych procesow do gidéwnego. W
literaturze istniejg inne metody zréwnoleglania dla algorytméw klastrowych dla modeli typu
Isinga [33,34] polegajace na wykonywaniu obliczen rownolegle dla nowo dodanych spinéw w
rosngcym klastrze przeprowadzanych na GPU. W rezultacie szybko$¢ obliczeniowa GPU dla
dwuwymiarowego modelu Isinga w temperaturze krytycznej jest wigksza w stosunku do
predkosci obliczeniowej na biezacym rdzeniu procesora. Jednak przeprowadzanie
zréwnoleglonych obliczen wspotbieznie dla nowo dodanych spinéw nie bedzie optymalne [35],
w przeciwienstwie do wykorzystywanego przeze mnie zrownoleglenia obliczen
poszczegolnych S$rednich czastkowych [17]. W celu uzyskiwania precyzyjnych wynikow
zastosowatem nowy 64-bitowy generator liczb pseudolosowych oraz dodatem parametr
umozliwiajacy zainicjowanie tego generatora na bazie aktualnego czasu i numeru rownolegtego
procesu. Byl to niezbedny element do zrownoleglenia przetwarzania w programie, aby wyniki
ze wspotbieznie wykonywanych procesow byty statystycznie niezalezne. Dodatkowo do
przetwarzania tak duzej ilosci moich wynikoéw przygotowatem skrypty w jezyku powtoki bash,
co istotnie przyspieszyto analizy tych wynikow.

4.1. Algorytm Metropolisa

W algorytmie Metropolisa jeden krok MC (MCS) jest zakonczony, gdy kazdy z weztow
sieci zostanie odwiedzony raz (wybierany systematycznie lub losowo). Stosunek wag
statystycznych przy zmianie energii oddziatywania par spinow w trojwymiarowym modelu AT
jest rowny e 2(2+Ka) nrz7y odwroceniu pojedynczego spinu s lub o. Jak zaznaczytem na
poczatku tego rozdziatu, w pierwszym kroku programu doprowadzam uktad do stanu
rownowagi termodynamicznej poprzez wykonanie odpowiedniej iloéci MCS, rzedu 107, przy
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czym przy zréwnoleglonym przetwarzaniu doprowadzenie uktadu do stanu réwnowagi odbywa
sie w kazdym wspolbieznie wykonujacym si¢ procesie. Nastepnie obliczane sg objasnione na
poczatku tego rozdzialu $rednie czastkowe sktadajace sie z 0,8 - 107 MCS dla najmniejszych
warto$ci rozmiaréw uktadu L do 3,7 x 10’MCS dla najwigkszych L. Na koncu program oblicza
wartos$ci §rednie wyznaczanych zmiennych termodynamicznych oraz ich niepewnosci.

4.2. Algorytm klastrowy

W 1989 roku Ulli Wolff z Instytutu Fizyki Teoretycznej w Kiel (Niemcy) zaproponowat
algorytm badania dwuwymiarowe] sieci spindw, ktory bazujac na twierdzeniu Fortuin’a-
Kasteleyn’a [22], usuwal pewne ograniczenia wczesniej opracowanej metody Swendsena —
Wanga [36], radykalnie redukujac problem spowolnienia krytycznego. Algorytmy klastrowe
typu MC z powodzeniem zostaly uzyte do zbadania nieciggtych przej$¢ fazowych [32,37] oraz
ciggtych [22,36,38] dla ukladéw z jednym niezaleznym parametrem porzadku. Bardziej
skomplikowane przypadki w literaturze dotycza dwuwymiarowego modelu AT, ktory byt
badany przez Salasa i Sokala [39] oraz przez Wisemana i Domany'ego [40-42] przy uzyciu
algorytméw klastrowych opartych na schemacie zamrazania-usuwania i dodawania kolejnych
spinéw do klastra za pomocg algorytmu Swendsen’a-Wang’a (SW) [36].

Podobnie jak w realnych eksperymentach, powaznym problemem w eksperymencie
komputerowym jest wystepowanie bledow systematycznych. Sa one znacznie trudniejsze do
oszacowania niz zwykle niepewnoS$ci statystyczne. W eksperymencie komputerowym
wykonujemy skonczong ilos¢ krokow w celu osiggnigcia rOwnowagi termodynamicznej. Nie
ma dobrej, ogdlnej metody szacowania btedoéw systematycznych, kazde zrodto btedu nalezy
rozpatrywac oddzielnie, a strategi¢ jego oszacowania ewaluowac. Oczywiscie wczesniej nasze
eksperymenty komputerowe MC dla trojwymiarowego modelu AT byty prowadzone tylko przy
uzyciu algorytmu Metropolisa. Warto podkresli¢, ze moje eksperymenty komputerowe sa
przeprowadzane nie tylko w obszarach krytycznych, ale rowniez w okolicach punktow
trojkrytycznych, znacznie trudniejszych do analiz. Wystepowanie trudnych do oszacowania
btedow systematycznych oraz z uwagi na znane ograniczenia algorytmu Metropolisa, gtéwnie
spowolnienie krytyczne, poprawnos$¢ dotychczasowych wynikow wymagata zweryfikowania
ich przy pomocy niezaleznego algorytmu klastrowego. Jednak algorytm klastrowy nie pojawit
si¢ w literaturze dotyczacej trojwymiarowego modelu AT.

W pracy R1 po raz pierwszy opracowatem i wdrozytem algorytm klastrowy typu Wolffa
dla modelu z wieloma niezaleznymi parametrami porzadku. Ponadto w literaturze brak
przyktadow na temat wykorzystania algorytméw klastrowych do uzyskania histogramu
rozktadu energii. Zatem w mojej rozprawie nie tylko dokonuj¢ walidacji wczesniejszych
wynikéw, ale rOwniez zwracam uwage na nowe zastosowania algorytméow klastrowych.

4.3. Algorytm klastrowy typu Wolffa

Wyniki uzyskane przy uzyciu algorytmu Metropolisa byty moimi punktami odniesienia
dla walidacji algorytmu klastrowego opracowanego przeze mnie w pracy R1. Pomogly one
zweryfikowac poprawne dziatanie mojego nowego algorytmu. W algorytmie Metropolisa [32],
uzywanym wczesniej do badania zachowania tréjwymiarowego modelu AT, jeden krok MC
jest zakonczony, gdy kazdy wezet sieci zostal odwiedzony raz (wybierany systematycznie lub
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losowo). Zmiana energii oddziatywania pary spinéw w uktadzie rowna si¢ e ~2(K2*K+) podczas
odwrécenia pojedynczego spinu. Liczba krokéw potrzebnych do osiagnigcia statystycznej
niezalezno$ci uktadu jest w istocie niezalezna od temperatury. Nie dotyczy to czasu
komputerowego zuzywanego w tej metodzie, gdyz w miar¢ zblizania si¢ do temperatury
krytycznej duze klastry powstaja coraz czeSciej i ros$nie liczba operacji, ktore musza by¢
wykonane w jednym kroku [22]. Dlatego w algorytmie typu Wolffa zaproponowanym przeze
mnie jeden krok konczy si¢ dopiero wtedy, gdy liczba odwrdconych spinow w klastrach bedzie
wicksza badz réwna liczbie wszystkich spindéw w uktadzie. Dzigki temu zabiegowi liczba
odwracanych spindw w jednym kroku MC w algorytmie Wolfa jest rzedu ilosci prob
odwrocenia pojedynczych spinow w jednym kroku MC w algorytmie Metropolisa. Odwracanie
spindbw odbywa si¢ niezaleznie dla obydwu podsieci, chociaz prawdopodobienstwo dodania
kolejnego spinu do obracanego klastra zalezy od warto$ci spinu na sgsiedniej podsieci 1 jest
zdefiniowane dla spindw s jako

1 — e 2KHK) for 5; # 5 and s;07 # 5,0
Poiis (s,-, sj) = | — eMin(O2Kesisj+Kisimisiop) — | | — g 2K-K)  for g, # sjand s;0; = 50

0 for Si = S; (2)
Poréwnanie czas6w korelacji zmierzonych w kategoriach liczby krokéw MC dla mojego
algorytmu klastrowego typu Wolffa i algorytmu Metropolisa w poblizu przemiany fazowej, aby
ustali¢, ktory z nich jest lepszy, bytoby niesprawiedliwe. Krok MC w algorytmie Wolffa jest
bardzo skomplikowang procedurg, odwracajaca czasami setki spindw i potencjalnie zabiera
sporo czasu procesora. Natomiast krok MC w algorytmie Metropolisa jest bardzo prosty i
szybki. Na potrzeby obliczenia spowolnienia krytycznego w algorytmie Wolffa przyjmuje, ze
w jednym kroku MC obracane sg dwa klastry, jeden spindw s 1 drugi spindow o. Czas potrzebny
do ukonczenia jednego kroku w algorytmie Wolffa jest proporcjonalny do $redniej liczby
obréconych spinéw n w pojedynczym klastrze. Taki klaster obejmuje utamek n/L% spinow w
calej sieci, a zatem calkowity czas $rednio bedzie wynosit (n)/L? czasu odwrécenia wszystkich
spindbw w ukladzie, gdzie (n) to $rednia wielko$¢ klastra obracanego w stanie rownowagi.
Srednia warto$é obracanych klastrow w obu podsieciach s i o jest taka sama. Zatem bedzie to
réwnowazne odwiedzeniu kazdego wezla sieci w algorytmie Metropolisa i probie odwrocenia
spinéw s oraz g. W przypadku skonstruowanego przeze mnie algorytmu typu Wolfa, w celu
obliczenia warto$ci poszczegdlnych zmiennych termodynamicznych w kazdym kroku
obracany jest tylko jeden klaster spinéw dla kazdej podsieci i na tej podstawie obliczam czas
korelacji. W celu porownania ze soba dzialania algorytmoéw klastrowego 1 Metropolisa
mnozymy tak otrzymany czas korelacji przez stosunek $redniej wielkosci obracanego klastra w
jednym kroku MC do wielkosci uktadu [22]. Korzystajac z tej definicji, mozemy poréwnaé
wydajnos$¢ dwoch algorytméw w poblizu obszaru krytycznego.

Parametry, ktorych uzywam do poréwnania tych algorytmow dla modelu AT, sg takie
same jak w przypadku badania standardowego modelu Isinga w literaturze, energia E, oraz
namagnesowanie uktadu M, niezaleznie dla kazdego stopnia swobody o = s, ¢ lub ich iloczynu
so. Aby obliczy¢ wartosci $rednie energii (E,) oraz namagnesowania uktadu (M,) na jeden
wezel, musz¢ najpierw okresli¢, jak dlugo trzeba prowadzi¢ eksperyment komputerowy, aby
otrzymac¢ dobre oszacowanie ich warto$ci oczekiwanych. To wymaga okreslenia ilosci krokow
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MC, aby doprowadzi¢ uktad do stanu rownowagi oraz znajomosci statej czasu korelacji, czyli
czasu na przejscie uktadu z jednego stanu do drugiego.

Dla (E,) oraz (M,) obliczam funkcj¢ autokorelacji pomi¢dzy poszczegdlnymi stanami
uktadu. Jednostka czasu ¢ w funkcji autokorelacji jest jeden krok MC [32]. Znormalizowang
funkcje autokorelacji otrzymuj¢ poprzez podzielenie funkcji autokorelacji przez jej wariancje,
dzigki temu przyjmuje ona warto$ci od —1 do 1. Autokorelacja spada ze znaczaca niezerowa
warto$cig w krotkim czasie ¢, a po uptywie dostatecznie dtugiego czasu spada do zera. Typowa
skala czasowa (jesli taka istnieje), na ktorej jest odlozona miara czasu korelacji y symulacji,
definiuje czas korelacji 7. Wyznaczajac wykres zaleznosci 7 od L w skalach logarytmicznych,
nachylenie dopasowanej krzywej daje mi warto$¢ wyktadnika krytycznego z. To pozwala mi
na poréwnanie wydajnosci tych dwoch roznych algorytmow, Metropolisa oraz klastrowego
typu Wolffa.

Cieplo przemiany obliczone dla obydwu algorytmow przy pomocy metody kumulant
oraz histogramu rozktadu energii daje zbiezne wyniki w granicach niepewnosci dla
dostatecznie duzych ukladow. Wyznaczona warto$¢ spowolnienia krytycznego dla punktu
Isinga (K4+= 0 na rysunku 1) dla obydwu algorytmow jest zgodna z warto§ciami wystepujacymi
w literaturze dla tréjwymiarowego modelu Isinga [43-46]. Dochodzimy do wniosku, ze dla
obydwu algorytmow sg to rownowazne metody dochodzenia do stanu rownowagi. Utworzony
przeze mnie algorytm moze by¢ wykorzystywany zardwno przy przemianach ciaglych, jak tez
nieciaglych. W pracy R1 wykazatem rowniez, ze w niektorych przypadkach algorytm Wolffa
catkowicie eliminuje problem spowolnienia krytycznego dla tréjwymiarowego modelu AT.

4.3.1. Funkcja autokorelacji

Jak zaznaczylem wyzej, do poréwnania algorytmu Metropolisa i mojego algorytmu
klastrowego dla modelu AT, w pracy R1 uzytem takich samych parametrow, jakie zostaly uzyte
dla standardowego modelu Isinga, energii wewngtrznej E, i namagnesowania M, [47-49]
wyznaczanych niezaleznie dla kazdego rodzaju stopni swobody a = s, ¢ oraz ich iloczynu so.
Aby okresli¢ srednie wartosci (E, ) oraz (M, ) na jeden wezet sieci, musiatem najpierw okreslic,
na jaki czas trzeba uruchomi¢ eksperyment komputerowy w celu uzyskania dobrego
oszacowania ich wartos$ci oczekiwanych. Wymaga to znajomosci czasu, ktory jest potrzebny
do osiggniecia rownowagi termodynamicznej 1 statej czasowej korelacji 7. 7 jest miarg czasu
potrzebnego na przejécie uktadu z jednego stanu do drugiego, ktéry znaczaco roézni si¢ od
poprzedniego [32]. Istnieje wiele sposobow szacowania czasu korelacji. Najbardziej
bezposredni z nich to obliczenia oparte na znormalizowanej funkcji autokorelacji ya(?)
[32,39,42] dowolnej wlasnosci 4 modelu. W naszym przypadku, sa to 4 = E, lub M,. Dla
dyskretnych wartosci uzyskanych w moim eksperymencie komputerowym obliczam funkcje
autokorelacji przez podzielenie nieznormalizowanej funkcji autokorelacji przez jej wariancje
a2[30]

S A=A (A=A
(tmax—t)0}

xXa(t) = ) 3)
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gdzie:
2 1 tmax AN 2
04 = t Zt=1 (At _A) . 4)
max

A, jest tutaj chwilowa warto$cig Sredniego namagnesowania M, lub energii £, w czasie ¢,
podczas gdy A jest obliczong warto$ciag $rednig wszystkich wartosci chwilowych. W naszym
przypadku miara czasu ¢ okre$lona jest jako jeden krok MC, podczas gdy t,,q. to liczba
wszystkich zarejestrowanych mikrostandw uktadu. Funkcja autokorelacji daje nam miare
korelacji w dwoch rdéznych czasach, przesunietych wzgledem siebie o i. Jezeli y,(t) = 0, to
fluktuacje danej wielkosci nie sg skorelowane [32]. Formalnie powinno si¢ obliczy¢ y4(t)
catkujac po nieskonczonym przedziale czasu ¢ — o. Dlatego w programie komputerowym
robi¢ wszystko, co w mojej mocy, aby zblizy¢ si¢ do tego wymogu 1 po prostu sumuj¢ po
wszystkich pomiarach wykonanych od poczatku do konca przebiegu mojego program po
osiggnigciu stanu rownowagi, czyli sumuje od t = 1 do ty,q,~107 krokéw MC. Staram sie,
aby czas t,,,, pomiarow byt znacznie wigkszy niz czas korelacji 7. Autokorelacja maleje ze
znaczng niezerowg predkoscig w miar¢ uptywu czasu ¢, a po bardzo dlugim czasie spada do
zera [32]. Oczekuje si¢, ze bedzie ona zmniejszac si¢ wyktadniczo z czasem. Zwigzek pomigdzy
funkcjg autokorelacji y,(t) i czasem korelacji Teyp 4 dla wielkosci badanej wlasciwosci

termodynamicznej 4 jest okreslona wzorem [32]
Xa(t) = Ce™t/Texpa 5)

Wyznaczenie Ty 4 jest bardzo czute na okreslenie zakresu dopasowania funkcji wyktadnicze;j
do funkcji autokorelacji. Latwiej jest obliczy¢ zintegrowany czas korelacji 7;,,, 4 dla funkcji
korelacji niz dopasowanie wyktadnicze, poniewaz metoda ta nie jest tak wrazliwa na szum
statystyczny [32]. To jednak jest powszechng praktyka, chociaz, jak wykazaty wczesniejsze
badania [32,39,45], czasy Texpa 1 Tint,a, moga w niektorych przypadkach nieznacznie r6zni¢
si¢ od siebie [45]. Catkowy czas korelacji okreslony jest nastepujaco [32]

1 vt 1 o
Tint,d = 3 2w Xa(t) = > + X2 xa(t) (6)

W estymacji numerycznej Ty 4 oblicza si¢ w granicy duzych wartosci ¢ (£, ), przy czym jednak
jej blad statystyczny szybko ro$nie. Jako kompromis pomiedzy bledami systematycznymi a
statystycznymi, cz¢sto stosowana procedura polega na wyznaczeniu gornej granicy te,, W
sposob samozgodny przez obcigcie sumowania dla to, = 6T a(te) [32]. Krytyczne
fluktuacje, ktore zwigkszaja wielko§¢ niepewno$ci pomiaru, sg integralng cecha fizyczna
symulacji modeli Isinga, a wigc takze modelu AT. Algorytm MC dowolnego typu prawidtowo
probkuje rozktad Boltzmanna ustalonych wielko$ci fizycznych w obszarze krytycznym, ale
bedzie mial znaczne wahania. Efekt ten nazywany jest spowolnieniem krytycznym i jest
integralng wlasciwos$cig algorytmu typu MC. Znane algorytmy maja rézne wartosci czasu
korelacji w zalezno$ci od temperatury uktadu 7, a czas korelacji czesto istotnie wzrasta, gdy
zblizamy si¢ do temperatury krytycznej 7T.. Poniewaz jestem zainteresowany badaniem
zachowania modelu AT w obszarze krytycznym, zaproponowalem algorytm, ktory wykazuje
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znacznie mniejsze spowolnienie krytyczne niz algorytm Metropolisa, a w pewnych warunkach
nawet calkowicie je eliminuje.

4.3.2. Wyznaczanie wykladnika krytycznego z

Aby okresli¢ warto$¢ wyktadnika krytycznego z zaréwno dla algorytmu Metropolisa,
jak tez dla mojego algorytmu klastrowego, wykorzystuje pomiary ich catkowego czasu

korelacji Tjne 4. Zalezno$¢ pomigdzy czasem korelacji Ty 4 @ wyktadnikiem krytycznym

Zy 4 dla algorytmu Metropolisa (wskazanego przez indeks M) zawiera dugos¢ korelacji ¢,
natomiast ¢ jest proporcjonalna do rozmiaru uktadu L [32], stad

Tpa ~ §7MA ~ L7MA (7)

Roéwnanie (7) pokazuje, ze gdy znajdujemy si¢ w obszerze krytycznym, czas korelacji wzrasta
wraz z rozmiarem ukladu jak L*MA4. Podstawowym powodem dla duzej wartoSci zp 4 W
algorytmie Metropolisa jest rozbieznos¢ dtugosci korelacji i fluktuacji krytycznych w poblizu
punktu przemiany fazowej. Przedstawiajagc wykres zaleznosci 7y, od L w skalach
logarytmicznych, na podstawie nachylenia dopasowanej funkcji, okreslam wartos¢ zy, 4.

W celu pordwnania czaséOw korelacji mojego algorytmu klastrowego 1 algorytmu
Metropolisa w obszarze krytycznym bytoby nieadekwatnym zmierzy¢ z dla obu algorytméow w
zaleznos$ci od liczby krokéw MC. Jak podkreslitem wcezesniej, wynika z faktu, ze jeden krok
MC w algorytmie Wolffa to bardzo skomplikowana procedura, czasami odwracanie setek
spinéw, co potencjalnie zajmuje duzo czasu procesora, podczas gdy krok MC w algorytmie
Metropolisa jest prostszy 1 zwykle zajmuje mniej czasu procesora [32]. Do obliczenia
spowolnienia krytycznego w moim algorytmie typu Wolffa zakltadam, ze dwa klastry s3
odwracane w jednym kroku MC, jeden spindéw s, a drugi spinéw o. To jest inna definicja kroku
MC niz przedstawiona w rozdziale 4.3, jednak tutaj zostata ona zmodyfikowana tylko dla
poréwnania wynikow otrzymanych przeze mnie z wartosciami przedstawionymi w literaturze
[22,40-45]. Czas potrzebny do wykonania jednego kroku MC mojego algorytmu typu Wolffa
jest proporcjonalny do $redniej liczby n odwrdoconych spindéw w jednym klastrze. Taki klaster
zawiera utamek n/L? calej sieci spindw, a zatem calkowity czas wyniesie $rednio (n)/L? czasu
odwrocenia wszystkich spinéw uktadu, gdzie (n) jest Srednim rozmiarem odwracanych
klastrow w stanie rownowagi. Bedzie to zatem rdéwnoznaczne z odwiedzeniem kazdego wezta
sieci w algorytmie Metropolisa i z proébami odwracania spindw s i 0. W przypadku
skonstruowanego przeze mnie algorytmu typu Wolffa, w celu obliczenia poszczegdlnych
zmiennych termodynamicznych, przy kazdym kroku MC tylko jeden klaster spindéw dla kazde;j
podsieci jest odwracany 1 na tej podstawie obliczam czas korelacji Tycs 4. W celu porownania
dziatania algorytmow klastrowego 1 Metropolisa, mnoze tak otrzymany czas korelacji Tpcs 4
przez stosunek $redniej wielkosci (n) odwracanych klastrow w jednym kroku MC do rozmiaru
uktadu L3 dla danej wielko$ci termodynamicznej [22,32]

(n)
Tw.a = TMcs,A = (8)
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Korzystajgc z tej definicji, porownuje czasy korelacji Tpy 4 1 Ty 4 dla algorytmu Metropolisa
(indeks M) 1 mojego algorytmu typu Wolffa (indeks W) w obszarze krytycznym i okreslam
wartoS¢ krytyczng wyktadnika Zy, 4, analogicznie jak w przypadku algorytmu Metropolisa.

5. Kumulanty

Dla kazdego stanu uktadu program komputerowy oblicza warto$ci namagnesowania
oraz energii wewnetrznej dla kazdego parametru porzadku (a) oddzielnie, a = s, o, so, lub H
dla catego hamiltonianu. Wykorzystujac wartosci tych parametréw program oblicza wartosci
kumulant Bindera Q.1 [24], typu Chalii V,. [50] oraz typu Lee-Kosterlitza U, [51]. Ta
ostatnia zostata przeze mnie po raz pierwszy zastosowana do modelu AT i wprowadzona do
programu. Wykonujac eksperymenty komputerowe, ustalam statg warto$¢ oddzialywania
czterospinowego Ks 1 najpierw analizuje zaleznosci O, 1(K2) (patrz np. [13, 52]). Kumulanta
Bindera Q,.1, zwigzana jest z momentami parametru porzadku <> zaleznoscig

Qur = (a®)i /{a®), 9)

gdzie (a™) jest n-tym momentem parametru porzadku stopni swobody {(a) oddzielnie, o = s, o
lub ich iloczynu sa, usrednionymi po zespole niezaleznych probek o rozmiarach L XL xL. Ich
analiza daje mi wstepna lokalizacje punktu przemiany fazowej na diagramie K4(K2). W ten
sposob wstepnie lokalizuj¢ punkty przemian fazowych zaréwno ciaglych, jak i pierwszego
rodzaju. Aby mdc obliczy¢ ciepto przemiany fazowej, jednocze$nie z wyzej wymienionymi
kumulantami Bindera, program oblicza takze trzy kumulanty typu Challi [14,50]

Vor, =1 —(Eg)y /3(ES); (10)
1 trzy kumulanty typu Lee-Kosterlitza [51]
Ua = (EZ) [{Eq)] (11)

dla ustalonej wartosci Ka, gdzie (E}); jest n-tym momentem energii wewnetrznej E z calego
hamiltonianu H (1) lub z jednego z jego cztondw dla stopni swobody a (a = s, ¢ lub ich iloczynu
so) usrednionym po zespole niezaleznych probek o rozmiarach LxLxL. Kumulanty typu Challi
zostaly zmodyfikowane [14,21], aby moc oblicza¢ ciepto przemiany nie tylko dla calego uktadu
(hamiltonianu), ale réwniez oddzielnie dla kazdego parametru porzadku. Analogoczng
modyfikacje wykonalem dla kumulant typu Lee-Kosterlitza i wprowadzilem obliczanie tych

kumulant do programu komputerowego. Dla ciaglej przemiany fazowej V, ;, = % oraz Uy, =1

w granicy termodynamicznej. Z drugiej strony zaleznosci V, ; (K;) pokazuja charakterystyczne
lokalne minima, a U, ;(K,) wykazuje charakterystyczne lokalne maksima przy ustalonej

wartos$ci stalej sprzezenia K4 dla nieciggltych przemian fazowych. Wartosci tych minimow lZZ’Li"
11ich potozenia szﬂ skaluja sie liniowo w zalezno$ci od L3 [27,53]. Analogiczne wiasciwosci

pokazuja maksima zaleznosci U, ; (K;) [54]. Wiasnosci te pozwalaja na ekstrapolacj¢ wartosci
tych parametrow do granicy termodynamicznej. Wartosci graniczne KJ4" i KJ'9¥ dla stopni
swobody a sg lepszymi oszacowaniami krytycznej warto$ci Ko, niz warto$¢ uzyskana z wyzej

wspomnianej analizy zaleznosci kumulant Bindera Q,, ; (K>).

24



Dla nieciagtej przemiany fazowej zachodzi [51]

. 2
min o =2/3=(1/12)(Eg+/Ea- — Ea-/Ea+) + /L3, (12)

gdzie ¢, to skomplikowane wyrazenie, ktorego warto$¢ nie zalezy od L, ani od K>, przy czym

Eyq = (Ea)(Ka'z - Ka,z,cli) w granicy termodynamicznej. Warto$¢ waznego dla tematyki
rozprawy ciepta przemiany obliczam przy uzyciu metody zaproponowanej przez Musiata [17].
Dysponujac wartoscia OTL"” w granicy termodynamicznej, ze wzoru (12) obliczam wartos¢ E, _
podstawiajac tam warto$¢ E, , oszacowang z wykresow energii wewngtrznej E, ; (K,) dla
probek o skoficzonym rozmiarze. Ciepto przemiany to E,, — E,_. Przy tym starannie
sprawdzam, czy cieplo przemiany dla catego ukladu (@ = H) jest suma jego czgsciowych
wartosci pochodzacych od poszczegolnych stopni swobody a, o = s, ¢ oraz od ich iloczynu so.
Gdy w danej sytuacji mozliwa jest analiza histogramu rozktadu energii wewnetrznej E, ; (K>),
czyli gdy jest ciepto przemiany nie ma zbyt matej wartosci, wtedy uzywam tutaj rowniez
wyznaczonej w ten sposob wartosci E, 4, ktdra ma mniejsza niepewno$¢. Metode histogramu
rozktadu energii objasniam w nastepnym rozdziale. Warto zauwazy¢, ze gdy ciepto przemiany
E, + — E, _ dazy do zera, wtedy wartos¢ g‘fﬁw zmierza do wartosci 2/3, jak opisalem powyzej
dla ciaggltych przejs¢ fazowych. Wyniki naszych wczesniejszych badan potwierdzaja, ze
przyblizenie podane przez Challe i in. [18,50] stosuje si¢ tylko do stabych przemian fazowych,
w przeciwienstwie do przyblizenia Lee-Kosterlitza (12). Nasze analizy potwierdzaja, ze wzor
(12) daje poprawne wyniki nie tylko silnych przemian fazowych, jak twierdzg w swojej pracy
Lee i Kosterlitz [51], ale takze dla stabych przemian pierwszego rodzaju.

Niezaleznie ciepto przemiany wyliczam w analogiczny sposob przez przeskalowanie do
granicy termodynamicznej wartosci maksimow zaleznos$ci kumulant U, ;(K;) dla calego
hamiltonianu i niezaleznie dla kazdego parametru porzadku, gdyz dla przemian fazowych
pierwszego rodzaju mamy [51]

min = (Eqy — Eq-)" /(4B Eq) + cy/13, (13)

gdzie ¢, to wyrazenie o skomplikowanej postaci, ktorego wartos¢ nie zalezy od L, ani od K>.
Podobnie jak przy wzorze (12), wartosci tego maksimum UZY™, jak i jego lokalizacja K3"9¥
skaluja sie liniowo w funkcji L, co rowniez pozwala mi ekstrapolowaé wartoéci tych dwuch
parametrow do granicy termodynamicznej. Warto zauwazy¢, ze réwniez tutaj gdy ciepto
przemiany fazowej E, y — E, — dazy do zera, to warto$¢ Uy~ zmierza do wartosci 1, jak

opisatem powyzej dla cigglych przej$¢ fazowych.
6. Histogram rozkladu energii

Wykorzystanie histogramu rozktadu energii w symulacjach silnych przemian fazowych
pierwszego rodzaju z wykorzystaniem uktadow o skonczonych rozmiarach zostato opisane na
przetomie lat 80 1 90 XX wieku (zob. [51,52,55] i prace tam cyt.). Podobnie jak w g-stanowym
modelu Pottsa z ¢ rownowaznymi uporzadkowanymi stanami i jednym nieuporzagdkowanym
[51], rowniezw trojwymiarowym modelu AT zaobserwowali§my charakterystyczny histogram
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o dwoéch pikach w obszarze krytycznym. Maksima tych pikdw pojawiajg si¢ przy wartosci
energii Eq - dla stanu uporzadkowanego oraz Eq + dla nieuporzadkowanego i sg rozdzielone
przez wyrazne minimum. Hamiltonian (1) tréjwymiarowego modelu AT jest sumg trzech
czlonow, z ktorych kazdy przedstawia energi¢ oddziatywania w obrgbie jednego parametru
porzadku. Jak w zrodtowych pracach [51,52,55], prowadzimy analiz¢ histogramu dla
catkowitej energii ukladu, ale nie daje ona wgladu w indywidualne zachowanie si¢
poszczegblnych stopni swobody uktadu s, ¢ oraz ich iloczynu so wykazujacych niezalezne
uporzadkowanie. Zeby obliczyé indywidualny wktad kazdego z tych trzech stopni swobody
uktadu do ciepta przemiany, zaproponowaliSmy takze przeanalizowanie histogramu energii
oddzialywania poszczegdlnych stopni swobody, czyli kazdego z trzech cztonéw hamiltonianu
osobno. W pracy [20] zostato zaprezentowane pierwsze uzycie metody histogramu energii w
modelu z wieloma parametrami porzadku.

Technicznie histogram wyznaczany jest w programie poprzez podzielenie przedziatu
wszystkich energii £ (w jednostkach kg7) pojawiajacych si¢ w moich eksperymentach
komputerowych na mate podprzedziaty (na ogoét o szerokosci rzedu 0,001), program zlicza
wystepowanie energii w poszczegolnych podprzedziatach. Nastepnie dzielagc w tym programie
warto$ci poszczegdlnych zliczen przez ich sume, czyli ilos¢ krokéw MC, otrzymuje wartosci
prawdopodobienstwa P pojawiania si¢ energii w poszczegolnych podprzedziatach w uktadach
o skofczonych rozmiarach L3. Program oblicza niezaleznie wartosci Pr(Ear,pf)
oraz —In Pi(E«L,p), gdzie o =s, o lub so, a takze biorac dla o = H, energii z catego hamiltonianu
(1) przy krytycznej warto$ci parametru K> wyznaczonej z analiz wykorzystujacych kumulanty
Bindera Q.. [24], typu Chalii V,. [50] oraz typu Lee-Kosterlitza U, [51], dla zatozonej
warto$ci parametru K4. Pozwalaja one na wazny test, odpowiednie warto$ci energii Ea 1 Ea+
dla stanow uporzadkowanego i nieuporzadkowanego wyznaczone z analiz wynikow naszych
eksperymentow MC w obrebie poszczegdlnych stopni swobody i calego hamiltonianu powinny
wypada¢ w gornym i dolnym rejonie charakterystycznego gwaltownego skoku srednich
wartosci odpowiednich energii E. w funkcji K>. Ciekawe wlasnosci wykazuje funkcja
—In P1(E,p), ktéra ma minima przy E=Eq .+ rozdzielone maksimum przy E=FEorm. ROZnica
E=FEq1m oraz E=Eqy, jest rowna AF(L), wysokosci bariery energii swobodnej pomiedzy
stanami uporzagdkowanym i nieporzagdkowanym, ktora nie zalezy od ilosci krokow MC [22].
Przy ciagglych przemianach fazowych wielkos¢ AF(L) nie zalezy od rozmiaru uktadu L,
natomiast przy przemianie fazowej pierwszego rodzaju jest rosngcg funkcja L, ktora przy L » &
wzrasta proporcjonalnie do L', gdzie & jest dtugoscia korelacji podczas tej przemiany.
Wiasnos¢ ta wynika stad, ze w poblizu przemiany fazowej pierwszego rodzaju funkcja F(E,L)
ma rozwinigcie [51]

F(Eaf L) = LdfO(Ea) +f1(Ea) + (14)

gdzie fo(E) jest przestrzenng energig swobodng majgcg minimum przy Ee+ > Ea > Ea-
pozostajac stata w tym przedziale, za$ fi(E«) jest powierzchniowa energia swobodng z
maksimum przy warto$ci Eo,n. Z rdbwnania (6) wynika, ze funkcja F(E«,L) ma dwa minima przy
E=FEq+(L)oraz Eq(L).

Wiasnoscia, ktora wykorzystuje w moich eksperymentach komputerowych, jest fakt. ze
potozenia miniméw Eq: zaleznoéci —In Py(Eq.,f) w funkcji LY (B = 1/ksT, kg to stata
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Boltzmanna, a d wymiar ukladu) wykazuja dobrg liniowg skalowalno$¢ do granicy
termodynamicznej do wartosci Eq+ [51], co ja potwierdzam na podstawie omdéwionych w
poprzednim rozdziale warto$ci Eqx otrzymanych przeze mnie z obliczen uzyskanych na
podstawie analiz zachowania si¢ zmodyfikowanych kumulant V7 i Uy [20].

Na podstawie tych wynikéw obliczam bezposrednio cieplo przemiany

l=(Eps —Eo_), (15)

gdzie a = s, 0, so lub H.

7. Opis wynikow uzyskanych w poszczegolnych pracach rozprawy

7.1 Cluster Monte Carlo method for the 3D Ashkin-Teller model [R1]

Opis algorytmu znajduje si¢ w rozdziale 4.3. Praca R1 poza doktadnym opisem mojego
nowego algorytmu zawiera réwniez opis metodologii stuzacej do porownania efektywnosci
dotychczas stosowanego algorytmu Metropolisa z opracowanym przeze mnie algorytmem
klastrowym (podrozdziaty 4.3.1 1 4.3.2). W artykule jest przedstawiona klastrowa metoda MC
stosowalna zarowno do uktadéw z przemianami fazowymi niecigglymi, jak réwniez cigglymi,
w trojwymiarowym modelu AT. Algorytm klastrowy jest niezbedny do weryfikacji
poprawnosci  wynikow uzyskanych przedtem przy uzyciu algorytmu Metropolisa
wykazujacego znaczne spowolnienie krytyczne.

Praca R1 demonstruje takze dynamiczne zachowanie krytyczne nowego algorytmu
klastrowego typu Wolffa. Rozszerzone przeze mnie eksperymenty komputerowe wykorzystuja
nie tylko wlasciwos$ci kumulant Bindera i typu Challi, ale takze wprowadzone przeze mnie do
programu kumulanty zaproponowane przez Lee i Kosterlitza. Ten ostatni zaadaptowany przeze
mnie, aby da¢ jednoznaczne wyniki dla modelu AT, analogicznie jak zaadaptowana wczes$niej
przez Musiata kumulanta Challi. Wtasno$ci 1 sposob wykorzystania tych kumulant objasnitem
w rozdziale 5 rozprawy. Metoda histogramu rozktadu energii zostala przez nasz zespoét po raz
pierwszy zastosowana w trojwymiarowym modelu AT, natomiast ja po raz pierwszy w
literaturze zastosowatem ja z wykorzystaniem algorytmu klastrowego. Opis tej metody
przedstawilem w rozdziale 6 rozprawy. W celu weryfikacji poprzednich wynikéw i walidacji
mojego algorytmu, w pracy R1 wykazali$my, ze wyniki obliczen z uzyciem nowego algorytmu
klastrowego wzdtuz linii migdzy punktami Isinga A i Pottsa P (pokazanych na rysunku 1), ktére
sa przeskalowane do ich granic termodynamicznych, w granicach niepewnos$ci sa zgodne z
wczesniejszymi wynikami uzyskanymi przy uzyciu algorytmu Metropolisa. Pokazalem
rowniez, ze przedstawiony algorytm klastrowy typu Wolffa znacznie zmniejsza problem
spowolnienia krytycznego dla trojwymiarowego modelu AT, a dynamiczny wyktadnik
krytyczny osigga wartosci bliskie zeru.

Nowy algorytm jest nie tylko dobrym narzgdziem do weryfikacji wynikow uzyskanych
wczesniej za pomocg algorytmu Metropolisa dla trojwymiarowego modelu AT, ktory jest
uktadem z wieloma zachowujacymi si¢ niezaleznie parametrami porzadku. W pracy R1
wykazatem takze, ze algorytm klastrowy moze by¢ wykorzystany do obliczenia wielkos$ci
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statystycznych, w tym ciepta przemiany, nie tylko metodg kumulant, ale takze niezaleznie
metoda oparta na histogramie rozktadu energii, przy czym ta ostatnia metoda ma znacznie
mniejsza ztozonos¢. Jednak aby wykorzysta¢ metode histogramu, konieczne jest wystarczajaco
doktadne wyznaczenie miejsca badanej przemiany fazowej, co uzyskuje stosujac metode
kumulant. W ten sposob zweryfikowaliSmy poprawno$¢ wynikéw uzyskanych poprzednio za
pomoca algorytmu klastrowego typu Wolffa. Eksperymenty komputerowe zostaty
przeprowadzone nie tylko w obszarach krytycznych, ale takze w poblizu punktow
trojkrytycznych, ktore sg trudniejsze do analizy. Najwigksza zaletg algorytmu klastrowego jest
znaczne ograniczenie problemu spowolnienia krytycznego, a nawet w niektorych przypadkach
dynamiczny wykladnik krytyczny osiaga wartosci bliskie zeru. Warto podkresli¢, ze
zastosowanie algorytmu klastrowego typu Swendsena-Wanga do dwuwymiarowego modelu
AT zmniejsza spowolnienie krytyczne w znacznie mniejszym stopniu [34-37], niz opisany w
pracy R1 algorytm klastrowy. Podobnie sprawdzitlem réwniez, ze moj algorytm klastrowy moze
by¢ wykorzystywany dla uktadéw zaréwno z cigglymi, jak tez niecigglymi przemianami
fazowymi w trojwymiarowym modelu AT. Podsumowujgc skutecznos¢ mojego algorytmu
klastrowego, sprawdzitem, ze czasy wykonania dla probek o tej samej wielkosci sg
poréwnywalne przy uzyciu naszego algorytmu klastrowego 1 algorytmu Metropolisa. Chociaz
obserwuje pewien wzrost efektownosci algorytmu klastrowego w miarg wzrostu rozmiaru sieci.
Zatem algorytmy Metropolisa oraz klastrowy moga by¢ stosowane zamiennie, jednak w
poblizu punktu krytycznego szybciej 1 bardziej wiarygodne wyniki daje algorytm klastrowy.
Poréwnujac wyniki ciepta przemiany dla metody kumulant z wykorzystaniem obydwu
algorytméw, stwierdzam, ze daja one wartosci zgodne w granicach niepewnosci. Z uwagi na
to, ze algorytm typu Wolffa preferuje uktady uporzadkowane, niepewnos$ci wartosci ciepta
przemiany dla catego uktadu, jak tez dla spinéw s i ¢ oraz ich iloczynu so, obliczone metoda
histogramu energii sg okoto trzykrotnie wigksze niz dla algorytmu Metropolisa. Jednak nalezy
tutaj podkresli¢, ze te ostatnie zostaty otrzymane z liczbg krokéw MC 8 do 10 razy wigksza z
uwagi na mniejszg ztozono$¢ algorytmu Metropolisa. Jednak przy poroéwnywalnej liczbie
krokow MC, wyniki algorytmu klastrowego maja mniejsze niepewnos$ci. Z drugiej strony
dzigki mniejszemu spowolnieniu krytycznemu mozemy uzyskiwa¢ wyniki dla wigkszych
uktadow.

Dla matych uktadéw wyniki eksperymentow komputerowych MC odbiegaja od liniowe;j
zalezno$ci przy skonczonej wielkosci skalowanie (patrz np. [38,41,56]). W ten sposob wyniki
powinny by¢ obliczane dla wystarczajaco duzych probek do ich ekstrapolacji do granicy
termodynamicznej. W efekcie nie stwierdzitem wymiernego wpltywu spowolnienia
krytycznego, ani obecnosci stanow metastabilnych lub niestabilnych na wartosci wielkosci
termodynamicznych, ktore do tej pory byly wyznaczane za pomocg algorytmu Metropolisa.
Najwigksza zaleta mojego algorytmu klastrowego jest znaczace zmniejszenie problemu
krytycznego spowolnienia, a w niektérych przypadkach dynamiczny wyktadnik krytyczny
osigga wartos$ci bliskie zeru.

Aby wyciagna¢ jednoznaczne wnioski odno$nie wydajnosci algorytmu klastrowego,
sprawdzitem, czy czasy wykonania dla probek o tym samym rozmiarze L sg porownywalne,
gdy analizujemy punkty poza obszarem krytycznym, gdzie klastry spinéw sg zbyt mate, aby
zrekompensowa¢ wigkszg ztozonos$¢ algorytmu typu Wolffa. Z kolei obserwuje wyzsza
efektywnos¢ mojego algorytmu klastrowego w poblizu punktu przemiany fazowej, gdzie
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dominujg wigksze klastry spinow i czasy wykonywania programow sg o okoto 30% krotsze w
poréwnaniu do przypadku korzystania z algorytmu Metropolisa z tymi samymi parametrami
hamiltonianu, wielkos$cig probki L i liczba krokow MC. Warto w tym miejscu wspomnie¢, ze
obserwuj¢ rowniez pewien wzrost wydajnosci mojego algorytmu klastrowego, gdy rozmiar
sieci L wzrasta, chociaz wzrost ten jest niewielki w poréwnaniu do duzego spadku spowolnienia
krytycznego (dla pordwnania patrz np. [57]). Z tych powoddéw skonkludowaliSmy réwniez, ze
lepiej jest wykorzystywac algorytm Metropolisa poza obszarem krytycznym, poniewaz jego
mniejsza zlozono$¢ pozwala osiagnaé nizsze niepewnosci wyznaczonych wartosci wielkosci
termodynamicznych z nieco krétszym czasem dziatania programu, gdyz dzigki temu mozemy
wykona¢ wigkszg liczbeg krokow MC. Natomiast w obszarze krytycznym dominujg duze klastry
i ten efekt z nadwyzka rekompensuje wicksza zlozonos¢ mojego algorytmu klastrowego,
dajacego w efekcie wyniki z porownywalnymi niepewnosciami w krotszym czasie. Dlatego
jako najefektywniejszg strategie zaproponowalem uzycie algorytmu klastrowego w regionie
krytycznym i algorytmu Metropolisa poza nim.

Korzystajac z bibliograficznych metod porownywania algorytméw, w podrozdziale 5.3
pracy R1 pokazalem, ze moj algorytm klastrowy typu Wolffa prawie nie wykazuje krytycznego
spowolnienia, gdyz pokazuje tylko niewielkie spowolnienie krytyczne (z jest rzedu 0,3 1 ta
warto$¢ zgadza si¢ z danymi bibliograficznymi dla tréjwymiarowego modelu Isinga w
granicach niepewnosci [58]) w punkcie z K4=0 1 K»=0,221655, w ktorym model AT redukuje
si¢ do modelu Isinga, w przeciwienstwie do duzego spowolnienia (z = 2,02) algorytmu
Metropolisa. Dla wszystkich analizowanych punktéw diagramu fazowego warto$¢ wyktadnika
krytycznego zw obliczonego dla mojego algorytmu klastrowego jest znacznie mniejsza niz
warto$¢ zm wyznaczona dla algorytmu Metropolisa. W niektorych przypadkach dla przemian
fazowych pierwszego rodzaju otrzymatem nawet z, = 0, poniewaz tam klastry z odwracanymi
spinami sg male i nie rosng tak szybko jak rozmiar uktadu.

Dla wszystkich analizowanych punktéw wzdhuz linii AP na diagramie fazowym
pokazanym na rysunku 1, wyktadnik krytyczny 2z, obliczony dla mojego algorytmu
klastrowego jest znacznie mniejszy niz ten wykladnik z indeksem M dla algorytmu
Metropolisa. Komentarza wymagaja rowniez przypadki wartosci ujemnych wyktadnikow
krytycznych zy, g1 zy p, otrzymane w przedostatnim akapicie podrozdziatu 5.3 w pracy R1,
gdy bratem pod uwage stosunek sredniego rozmiaru klastra do rozmiaru uktadu wykorzystujac
rownanie (8), co wykonatem w tym celu poréwnania wydajnosci obydwu algorytméw. Ujemna
warto$¢ wykladnika z oznacza, ze do dekorelacji (E,) oraz (M,) wystarczy mniej niz
aktualizacja catej sieci. Podobny efekt zaobserwowano, gdy algorytm Wolffa zastosowano do
modelu Isinga [58].

Na koncu pracy R1 poczynitem uwagg, ze wstepne wyniki uzyskane w przedmiotowym
dla mojej rozprawy obszarze z K4 < 0 prowadza do podobnych wnioskow. Jednak w tym
obszarze sytuacja jest bardziej ztozona z uwagi na fakt, ze poszczeg6lne cztony w hamiltonianie
(1) opisuja oddzialywania ferro- i antyferromagnetyczne. Dlatego wyniki bibliograficzne dla
tego rejonu diagramu fazowego sg skromne. Wyniki moich doktadniejszych badan zachowania
si¢ trojwymiarowego modelu AT w tym obszarze znajduja si¢ w kolejnych pracach moje;j
rozprawy R2, R3 i R4.
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7.2. Wide crossover in the 3D Ashkin-Teller model [R2]

W pracy R2 skupilem si¢ na zbadaniu linii przemian fazowych, dla ktérej we wczesniejszych
pracach badano mozliwo$¢ zachowania nieuniwersalnego w eksperymentach komputerowych
MC w trojwymiarowym standardowym modelu AT. Fragment linii AHH’ pokazanej na
rysunku 1 zostal przeze mnie dokladnie zbadany. Wyniki moich eksperymentow
komputerowych MC dla przemian pomig¢dzy fazami paramagnetyczng i Baxtera, a takze
obszarem faz mieszanych dla ujemnych wartosci stalej sprz¢zenia K4 pomiedzy sgsiednimi
parami spindw so, dotycza najbardziej ztozonego i1 najmniej rozpoznanego obszaru w
trojwymiarowym modelu AT. Do badan wykorzystalem wilasnosci kumulant Bindera, typu
Challi, a takze kumulanty typu Lee-Kosterlitza po raz pierwszy w literaturze przedmiotu
zaimplementowane przeze mnie do trojwymiarowego modelu AT, ktorych wlasnosci i sposob
wykorzystania objasnitem w rozdziale 5 rozprawy. Niezaleznie wykorzystalem réwniez
metode histogramu energii wewnetrznej, ktorag wyjasnitem w rozdziale 6 rozprawy. Pokazatem
rowniez rzadka koegzystencje ciagglych i1 niecigglych przemian fazowych wzdluz tej samej
granicy faz dla réznych parametrow porzadku uktadu (linia HH’ na rysunku 1). Prace zamyka
konkluzja o istnieniu szerokiego efektu typu crossover, ktory obejmuje catg lini¢ pomigdzy
punktami trojkrytycznymi A 1 H, gdzie wczesniejsze prace wskazywaty na mozliwos¢
nieuniwersalnego zachowania takze trojwymiarowego modelu AT przy wartosciach
wyktadnikow krytycznych zmieniajacych si¢ w sposob ciagly.

Punkty przemian fazowych przy ustalonych wartosciach statej sprzezenia Ki byly
wstepnie zlokalizowane z punktow przecigcia [50] krzywych kumulant Bindera Q...(K?2). Tylko
dla wystarczajaco duzych rozmiarow uktadu L obserwowatem punkt przecig¢ tych krzywych
podczas zblizania si¢ do punktu H z lewej strony na rysunku 1, co jest typowym zachowaniem
w poblizu punktu bifurkacji. Im wigksze sa wartosci L, przy ktoérych obserwowatem poczatek
przecinania si¢ krzywych Q. 1(K>2), tym blizszej jest punkt bifurkacji H, ktory jednoczesnie jest
punktem trojkrytycznym. Dla —0,08 < K4 < 0 obserwuj¢ tylko jeden obszar przecig¢ krzywych
0.,1(K2), natomiast dla K4 < —0,08 sg dwa obszary przeci¢¢ tych krzywych, co oznacza, ze
punkt H na rysunku 1 jest punktem bifurkacji, ktory wstepnie zostat zlokalizowany w przedziale
—0,09 < K4 <-0,07.

Kluczowe znaczenie w pracy R2 miato obliczenie ciepta przemiany wzdtuz linii AHH’
przedstawionej na rysunku 1. W tym celu przy uzyciu regresji liniowej przeanalizowalem
zaleznosci VJ™(L™3) wartosci oraz KJU"(L™%) polozen charakterystycznych miniméw
kumulant typu Challi w funkcji K> przy ustalonej wartosci K4 omoéwione w rozdziale 5 tej
rozprawy. Warto$ci odcietych i rzednych miniméw V, 1(K2) w zaleznosci od L™3 odchylaja sie
od liniowosci dla wartosci L mniejszych niz pewna warto$¢ graniczna L; [50]. Zgodnie z
oczekiwaniami zaobserwowatem, ze wartos¢ L; ro$nie w miar¢ zblizania si¢ do punktu
bifurkacji H. Dlatego na przyktad przy Ks = —0,08 wartos$ci te sg skorelowane liniowo dopiero
poczawszy od rozmiaru uktadu L > 42. Takie specyficzne zachowanie tych krzywych
zaobserwowalismy juz wczesniej dla dowolnie stabych przemian fazowych pierwszego rodzaju
blisko punktu Isinga A przy K4 > 0 [19]. Podobne analizy przeprowadzitlem niezaleznie dla
kumulant typu Lee-Kosterlitza U, 1, ktore dajg takie same wyniki jak dla kumulant typu Challi
V. w granicach niepewnosci. Warto podkresli¢, ze obliczenia dla kumulant U, zostaty przeze
mnie wprowadzone do programu i uzyte w badaniu modelu AT po raz pierwszy w literaturze
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przedmiotu. Dla walidacji starannie sprawdzitem, ze wyniki dla kumulant U, sa zgodne w
granicach niepewno$ci z otrzymanymi wcze$niej wynikami naszych eksperymentéw
komputerowych opartych o kumulanty V1 [14,19,20].

Na podstawie precyzyjnie wyznaczonych wartosci ciepta przemiany stwierdzitem, ze
wzdhuz tej samej linii H’H pokazanej na rysunku 1 mamy do czynienia z nieciggla przemiang
fazowa dla stopni swobody a = s 1 0, a jednoczesnie ciagla dla a = so. Takie wspdtistnienie
przemian fazowych nieciagtych i ciagtych dla réznych parametréw porzadku wzdluz tej same;j
granicy faz jest obserwowane rzadko. Warto podkresli¢, Zze wykorzystanie skalowania polozen
ekstremow zaleznosci Vo 1(K2) 1 U,r(K2) do granicy termodynamicznej pozwala precyzyjnie
okresli¢ potozenie przejscia fazowego, tj. wartosci krytycznej stalej sprzezenia K». Wartosci
krytyczne K> wyznaczone na podstawie przeci¢¢ zaleznosci kumulant Bindera Q. 1(K2) w
granicach niepewnos$ci s3 zgodne z wynikami skalowania potozen ekstremoéw zalezno$ci
Var(K2) 1 Uy 1(K2) do granicy termodynamiczne;.

W pracy R2 przedstawitem roéwniez wyniki analiz histogramu rozktadu energii
wewnetrzne] E dla K4 = —0,17. Dla stopni swobody a = s zaobserwowalem dwa rdzne piki
prawdopodobienstwa P, ktore odpowiadajg energiom uktadu E-,; 1 E+ 41, odpowiednio po
stronie fazy uporzadkowanej i nieuporzadkowanej, podczas gdy dla stopni swobody a = so jest
tylko jeden pik. Jak wyjasnitem w ostatnim akapicie rozdziatu 2 pracy R2 oraz w rozdziale 6
rozprawy doktorskiej, potwierdza to wystepowanie niecigglych i cigglych przejs¢ fazowych
odpowiednio dla parametréw porzadku (s) 1 (so) wzdtuz linii H’H zilustrowanej na rysunku 1.
Kluczowe dla pracy R2 i dla tematyki rozprawy jest moje odkrycie, ze spiny s i o, jak tez ich
iloczyn so, maja niezerowg warto$¢ ciepta przemiany /, w przedziale wartosci —0,08 > Ky >
—0,02, chociaz warto$¢ /, = 0 miesci si¢ w granicach niepewnos$ci. Np. dla K4 = —0,06
otrzymatem V" = 0,66644(33), co daje I; = 0,006(7), dla K4 = —0,04 otrzymatem V7" =
0,66655(18), co daje s = 0,004(5), a dla K4 = —0,02 otrzymatem V™" = 0,66660(15), co
daje Iy = 0,003(5), w jednostkach k7. Zwykle stopniowy zanik ciepta przemiany, czyli
crossover, ogranicza si¢ do waskiego otoczenia punktu trojkrytycznego. Przemiany fazowe
wzdtuz linit AH dla stopni swobody s 1 ¢ sg formalnie klasyfikowane jako ciagte, ale
obserwujemy tutaj raczej bardzo szeroki efekt crossover wzdtuz catej linii, niz nieuniwersalne
zachowanie sugerowane wczesniej na podstawie wynikow symulacji MC [14,15,23]. Warto
doda¢, ze wyniki pracy R2 zostaty zweryfikowane za pomoca algorytmu klastrowego typu
Wolffa opisanego wyzej w pracy R1.

7.3. The Monte Carlo Computer Experiment to Study the Order and Phase
Transitions in the Mixed Phase Region Based on the Example of the 3D
Ashkin-Teller Model [R3]

Praca R3 prezentuje nowe podejscie do prowadzenia eksperymentow komputerowych MC w
obszarze faz mieszanych. Obszar ten jest bardzo trudny do badania, gdyz ze wzgledu na
porzadkowanie si¢ ukltadu w jednej z dwoch faz z okreslonym prawdopodobienstwem.
Powoduje to duze oscylacje wartosci obliczonych wielkosci termodynamicznych, co sprawia,
ze ich interpretacja jest bardzo problematyczna. Swoje wyniki przedstawilem na przyktadzie
trojwymiarowego modelu AT, gdzie w pewnym zakresie parametrow z réwnymi
prawdopodobienstwa istniejg dwa rdzne, ale rownowazne sposoby uporzadkowania dwoch z
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trzech parametrow porzadku, ktore wykazujg niezalezne zachowanie. Zastosowanie nowego
podejscia w eksperymencie komputerowym MC pozwolito mi z powodzeniem uzy¢ kumulant
Bindera, jak rowniez kumulant typu Challi i typu Lee-Kosterlitza, ktérych wtasnosci i sposob
wykorzystania objasnitem w rozdziale 5 rozprawy. Umozliwilo mi to zlokalizowanie przemian
fazowych na tyle doktadnie, aby modc wykorzysta¢ metode histogramu rozktadu energii.
Zgodnie z najefektywniejszg strategia, w regionie krytycznym stosuj¢ zaproponowany przeze
mnie ostatnio algorytm klastrowy typu Wolfa i algorytm Metropolisa poza nim, ktore z
powodzeniem mozna stosowa¢ w ukltadzie z przemianami fazowymi zaréwno pierwszego
rodzaju, jak tez ciagle przejécia fazowych [R1]. Nowe podej$cie zademonstrowatem poprzez
wyznaczenie gtadkich krzywych namagnesowania i energii wewnetrznej, a w konsekwencji
poprzez okreslenie miejsca i charakteru przemian fazowych na granicy pomigdzy obszarem faz
mieszanych a fazg paramagnetyczng (linia HK’ na rysunku 1).

Dla ujemnych wartosci statej sprzezenia K4 w tréjwymiarowym modelu AT wystepuje
obszar faz mieszanych, ktory zgodnie z konwencja przyjeta w literaturze oznaczytem jako (o)
na rysunku 1. W obszarze (o) z rownym prawdopodobienstwem wystepujg dwa rozne, ale
rébwnowazne, sposoby uporzadkowania dwéch z trzech wykazujacych niezalezne
uporzadkowanie parametréw: (so) = 0 i tylko jeden (s) albo (o) jest uporzadkowany
ferromagnetycznie, a drugi nie. Dla zilustrowania mojej metody zbadatem przemian¢ fazowa
w punkcie z K4 =—0,3 lezagcym na linii HK.

Moja koncepcja uzyskiwania czytelnych wynikdéw opiera si¢ na konwencjonalnym
podziale naszego uktadu na dwie podsieci. Uporzadkowang, ktorg oznaczam wielka literg 2, i
nieuporzadkowang, oznaczong wielkg literg S. Decyzja o alokowaniu rzeczywistych spinow s
lub ¢ do jednej z tych konwencjonalnych podsieci 2 lub S jest podejmowana dopiero po
wykonaniu kazdego kroku MC. Wyniki dla spindbw o wigkszym namagnesowaniu sg
systematycznie dodawane do wynikow konwencjonalnej podsieci 2, podczas gdy wyniki z
spinéw drugiego rodzaju sg dodawane do wynikéw konwencjonalnej podsieci S. Kontroluje
jednoczesénie, czy liczba krokéw MC jest wystarczajaco duza, aby zrekompensowac podziat
uktadu na te dwie sztuczne podsieci 2’1 S w obszarze paramagnetycznym.

Jak pokazatem ponizej, obserwuj¢ tutaj, ze wartosci charakterystycznych lokalnych
minimow zalezno$ci V,(K>) oraz wartosci charakterystycznych maksiméw lokalnych
zaleznosci U, (K>2) dla a = 2, S, so 1 H w granicy termodynamicznej skaluja si¢ odpowiednio
do warto$ci 2/3 dla minimow i1 do warto$ci 1 dla maksiméw. Wskazuje to jednoznacznie na
ciggly charakter przemian fazowych.

Na rysunku 2 w pracy R3 przedstawilem zalezno$ci warto$ci srednich temperaturowych
kwadratu namagnesowania na jeden wezet (M )é,L od dla probki o skonczonej wielkosci L
przy K4 = —0,3 dla wszystkich trzech parametrow porzadku z o = 2, § 1 so wskazanych w
legendzie. Linia przerywana wskazuje potozenie punktu przemiany fazowej K> = 32905(30)
oszacowane ponizej. Przebieg tej zalezno$ci (M )é,L (K,) wyjasnia roéwniez przyczyne
pojawiania si¢ minimow zalezno$ci kumulant 7, ;(K>) 1 maksiméw zalezno$ci kumulant
Uo1(K>2) takze dla o = S'i sa, dla ktérych mamy faze paramagnetyczng po obu stronach linii HK
na rysunku 1. Ekstrema tych kumulant pojawiajg si¢ takze dla o = S i so poniewaz w obszarze
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krytycznym widzimy tutaj niezerowe wartosci namagnesowania, ktore jednak zanika wraz ze
wzrostem rozmiaru uktadu L, réwniez objasnione w legendzie, co jest zgodne z oczekiwaniami.

Z tego wstepu wynika réwniez, ze na poczatku badan konieczne jest okreslenie miejsca
przemiany fazowej zaznaczonej pionowg linig przerywang na rysunku 2 w pracy R3. Wstepne
oszacowanie polozenia punktu przemiany fazowej otrzymuje¢ wielko$ci obszaru przecigé
krzywych Q. 1(K2) kumulant Bindera [14,24] przy ustalonej warto$ci stalej sprz¢zenia K4 =
—0,3 przedstawione na rysunku 3 w pracy R3. Analiza zostata przeprowadzona dla parametru
porzadku (X'), co pozwala mi oszacowac trzy do czterech dziesietnych cyfr znaczacych wartosci
krytycznej statej sprzgzenia K> . = 0,3274(18). Wykorzystuje tutaj wtasnos¢ opisang w rozdziale
5 rozprawy, ze tutaj krzywe Qs 1(K>) przecinajg si¢ w taki sposob, ze dla L1 < Lo przy K> < Ko ¢
mamy Qy;, > (y,, natomiast przy K> > K. obserwujemy Qz;, < Qs,. Jest to tylko
przyblizone wskazanie warto$ci krytycznej Kz., a jej niepewno$¢ nalezy oszacowaé tutaj
starannie, pamictajac, ze wartosci niepewnos$ci zaokraglamy w gore.

Aby sprawdzi¢, czy wystepuje ciepto przemiany i aby poprawi¢ oszacowanie lokalizacji
przemiany fazowej, wykorzystuj¢ wlasnosci kumulant typu Challi V. 1 typu Lee-Kosterlitza
Usr. Najpierw starannie wyznaczam warto$ci i polozenia minimoéw zaleznos$ci kumulant
Vor(K2) oraz warto$ci i polozenia maksimow zaleznosci kumulant U, (K2). Nastepnie
wyznaczam ich warto$§ci w granicy termodynamicznej przy uzyciu regresji liniowe] z
zaleznosci V'™ (L™3), UZH™(L™3), KU (L™3) oraz K (L™%) z o = X i H, co wynika
odpowiednio z réwnan (12) i (13) w rozdziale 5 rozprawy. W wyniku tych ekstrapolacji do
granicy termodynamicznej otrzymatem wartosci dla Vi/“" oraz Vi, w granicach niepewnosci
ktérych miesci si¢ warto§¢ graniczna 2/3. Podobnie w granicach niepewno$ci wartosci dla
Us's* oraz Up's miesci sie warto$¢ graniczna 1. To oznacza, ze warto$¢ ciepta tej przemiany
fazowej wynosi zero. Natomiast wyniki ekstrapolacji do granicy termodynamicznej potozen
minimow zalezno$ci kumulant V,;(K2) oraz maksimoéw zaleznosci kumulant U, (K>),
mianowicie wartos$ci K{”E”éo i szf}”oo oraz K'5'% i K71 %, pozwolity mi oszacowaé z duza

precyzja krytyczng wartos¢ Ko . = 0,32905(30) przy K4 = —0,3.

Dla weryfikacji tych wynikéw, niezaleznie obliczylem rowniez prawdopodobienstwo
P, wystepowania energii wewnetrznej £, w uktadach o skonczonej wielkosci L°. Podobnie
jak dla kumulant, wartos$ci P, .(Es 1) obliczane sg niezaleznie dla stopni swobody o =2, a takze
dla catego hamiltonianu (1) wskazane przez a = H, przy wystarczajaco doktadnie obliczonej
wartos$ci krytycznej K> . == 0,32905(30). Otrzymane przeze mnie histogramy rozktadu energii
E. 1 zawieraja tylko jeden pik w waskim obszarze krytycznym dla a =21 H. To jednoznacznie
potwierdza, ze przy K4+ = —0,3 zachodzi ciaggta przemiana fazowa.

Otrzymane przeze mnie wyniki dla konwencjonalnych stopni swobody 2'1 S, pozwalaja
mi opisac ilosciowo przemiang fazowg na granicy obszaru faz mieszanych, w ktorym wystepuja
dwie rowno prawdopodobne fazy: jedna z (s) = 01 (o) # 0 oraz druga z (s) # 01 (o) = 0.
Podobne zachowanie obserwuj¢ wzdhuz catej linii HK’ przedstawionej na rysunku 1 rozprawy.

Podsumowujac, w pracy R3 zademonstrowalem sposdb wykonania naszych niedawno
opublikowanych eksperymentéw MC [21] w obszarze faz mieszanych, ktory jest trudny do
badania dotychczas stosowanym klasycznym sposobem prowadzenia symulacji MC, gdyz z

33



pewnymi prawdopodobienstwami wystepujg tutaj rozne sposoby uporzadkowania, co skutkuje
duzymi oscylacjami warto$ci obliczanych wielko$ci termodynamicznych. Moja metode
przedstawilem na przyktadzie punktu z K4 = —0,3 na granicy obszaru faz mieszanych ,,(g)” i
fazy paramagnetycznej na diagramie fazowym trojwymiarowego modelu AT pokazanego na
rysunku 1 rozprawy. Jednak ta metoda moze by¢ z powodzeniem stosowana do innych modeli
spinowych, ktorych diagram fazowy zawiera obszar faz mieszanych.

W przeciwienstwie do wynikéw publikowanych dotychczas w literaturze, wdrozenie
mojego nowego podejscia w eksperymencie komputerowym MC pozwolito uzy¢ z
powodzeniem kumulant Bindera, kumulant typu Challi i typu Lee-Kosterlitza, a takze
histogramu rozktadu energii wewnetrznej w celu uzyskania gladkich zaleznos$ci, bez oscylacji,
w obszarze faz mieszanych. Zgodnie z najskuteczniejszg strategia, ktora przedstawitem w pracy
R1, w obszarze krytycznym wykorzystuj¢ niedawno zaproponowany przeze mnie klasterowy
algorytm MC typu Wolffa i algorytm Metropolisa poza obszarem krytycznym. Metoda ta jest
odpowiednia zarowno dla niecigglych, jak tez cigglych przemian fazowych.

7.4. The behavior of the three-dimensional Ashkin-Teller model at the mixed
phase region by a new Monte Carlo approach [R4]

Moje nowe podejscie do wykonywania symulacji MC, opisane w pracy R3, z powodzeniem
uzytem w pracy R4. Dzigki tej nowej metodzie moglem wykorzysta¢ gtadkie zalezno$ci, bez
oscylacji wystepujacych przy dotychczas stosowanym klasycznym sposobie prowadzenia
symulacji MC, namagnesowania i energii wewngtrznej, kumulant Bindera, kumulant typu
Challa i typu Lee-Kosterlitza, jak rowniez histogram rozktadu energii wewnetrznej. Ta
metodologia postuzyta mi do jednoznacznego wykazania istnienia dwoch réznych punktow
trojkrytycznych K 1 K’, co jest zgodne z wynikami uzyskanymi wczesniej i punktu bifurkacji
Ky, co bylo kwestionowane we wczesniejszych pracach. Punkty te sg przedstawione w lewe;j
czesci diagramu fazowego na rysunku 1 rozprawy. Linia KyE jest granicg pomiedzy obszarem
faz mieszanych, oznaczonym jako ,(0)”, a fazg antyferromagnetyczng oznaczong jako
(Sa)ar”, W ktorej tylko parametr porzadku (so) ma wartosci roézne od zera. Linia KyK’H
oddziela obszar faz mieszanych od fazy paramagnetycznej, a linia KoKD jest granicg pomiedzy
fazami paramagnetyczng i antyferromagnetyczng ,,(so) or”. Dzigki zastosowaniu mojej metody
moglem doktadnie okresli¢ lokalizacje punktéw Kp, K 1 K’.

Innym moim ciekawym wynikiem w pracy R4 jest pokazanie, ze chociaz uktad jako
catos¢ nie wykazuje obecnosci ciepta ukrytego na granicy obszaru fazy mieszanej 1 fazy
antyferromagnetycznej (linia KvE), to ciepto przemiany wystepuje dla réznych parametrow
porzadku. W szczegdlnosci wzrostowi energii wewnetrznej jednego rodzaju stopni swobody
towarzyszy taki sam spadek energii wewnetrznej stopni swobody innego rodzaju. Uzasadniajac
ilosciowo ten wniosek, najbardziej precyzyjne wyniki uzyskatem z analizy histogramu rozktadu
energii Pq1(E.r), ktory zostal przedstawiony na rysunku 6 w pracy R4 dla statej sprzezenia
K4 = —0,376 oraz rozmiaru uktadu L = 40. Warto$¢ krytyczna stalej sprzezenia
K>.=0,375999(31) wyznaczona z analiz zachowania si¢ kumulant jest przedstawiona pionowg
linig przerywang. Z moich analiz wynika, ze /;; = 0,090(10), /> = 0,086(5), obie te wartosci sg
zgodne w granicach niepewnosci pomiarowych. Ze wzgledu na przeciwny kierunek zmian
energii wewngetrznej iloczynu so i konwencjonalnych stopni swobody 2 podczas tej przemiany
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fazowej, spadkowi warto$ci tego pierwszego ciepta przemiany towarzyszy wzrost wartosci tego
ostatniego, a calkowita zmiana energii catego systemu wynosi 0,004(15), ktora w granicach
niepewnosci jest zgodna z zerem. Dlatego nie zaobserwowalem ciepta przemiany nie tylko dla
konwencjonalnych stopni swobody S, ale takze dla uktadu jako catosci, cieplo przemiany /4
wynosi zero. Ilustruje to rysunek 6 w pracy R4, gdzie dla o = S 1 H widzimy pojedyncze piki
prawdopodobienstwa P, ;. Jak wyjasnitem w rozdziale 6 rozprawy, obecno$¢ pojedynczych
pikow prawdopodobienstwa wystapienia energii wskazuje na brak ciepla przemiany podczas
przemiany fazowej. Wyniki uzyskane metoda histogramu wewngetrznego rozktadu energii sa
zgodne w granicach niepewnos$ci z wynikami okres§lonymi za pomocg kumulant Vi U.

Wynika stad, ze m6j nowy sposob wykonywania eksperymentu komputerowego MC,
ktérego istota zostata wyjasniona w pracy R3, zostaly z powodzeniem wykorzystane w celu
zbadania przemian na granicach obszaru faz mieszanych z faza paramagnetyczng i faza
antyferromagnetyczng ,,(sa)ar”. Wyniki moich eksperymentow komputerowych wyraznie
potwierdzaja, ze w obszarze faz mieszanych ,,(0o)” w trojwymiarowym modelu AT istnieja dwie
rowno prawdopodobne fazy, w ktorych albo parametr porzadku (s), albo (o) jest
ferromagnetycznie uporzadkowany, a drugi z nich nie.

Wykonujac eksperymenty komputerowe MC dla zbadania przemian fazowych wzdtuz
granicy przedmiotowego obszaru faz mieszanych HK’KyE (zobacz rysunek 1 rozprawy),
stosowatem najskuteczniejsza strategi¢ wskazang przeze mnie w pracy R1. Mianowicie w
obszarze krytycznym wykorzystywalem niedawno zaproponowany przeze mnie w pracy Rl
algorytm klastrowy MC oraz algorytm Metropolisa poza obszarem krytycznym. Przy tym
obydwa te algorytmy sg odpowiednie zarowno do badania nieciaggtych przemian fazowych, jak
rowniez ciggtych. Nalezy jednak zauwazy¢, ze rOwniez zbadana w pracy R4 sgsiednia linia
przemian fazowych KKy jest poza zakresem stosowalnosci naszego algorytmu klastrowego
typu Wolffa okreslonego w pracy R1 jako |K4 < K> (zobacz rowniez [41, 47, 48]).
Zademonstrowatem moja metode na granicy obszaru faz mieszanych ,,(g)”, gdzie istnieje tylko
kilka wstepnych wynikow bibliograficznych [14, 23]. Warto tutaj wspomnieé, ze
przedmiotowy model AT jest waznym punktem odniesienia w fizyce statystycznej. Jednak
zaproponowana w pracy R4 moja metoda moze by¢ stosowana do innych spinowych modeli
sieciowych, ktorych diagram fazowy zawiera obszar faz mieszanych.

Poniewaz dla konwencjonalnych stopni swobody 2 i S zbierane sg wkiady z obydwu
jednakowo prawdopodobnych faz: jednej z (s) = 01 (g) # 0 oraz drugiej z (s) # 01 (o) = 0,
zatem pokazatem, ze przemiany fazowe dla K4 < —0,36 s3 cigglte. Moje wyniki dowodza, ze
ciggle przemiany fazowe koncza si¢ w punktach trojkrytycznych K o wspoétrzednych
(—0,360(1), 0,35951(11)) 1 K’ ze wspdtrzednymi (—0,360(1), 0,36110(12)) na diagramie
fazowym (K4, K>) na rysunku 1 rozprawy. Te wartosci sg zgodne z uzyskanymi wczesniej [ 14],
ale sg doktadniejsze. Uzyskalem jednoznaczne potwierdzenie, ze dla wartosci K4 < —0,36 w
uktadzie zachodzg nieciggle przemiany fazowe. Wstepne wyniki Ditzian i in. [23] wskazujg na
istnienie pojedynczego punktu K, na lewo od ktérego przebiega granica pomiedzy fazg
antyferromagnetyczng ,,(So)ar”, a obszarem faz mieszanych ,,(o)”. Z kolei wyniki Musiata i
in. [14] juz wskazaly na istnienie dwoch roznych punktow trojkrytycznych K 1 K’ z liniami
przemian fazowych KE i K’E asymptotycznie zblizajagcymi si¢ do siebie po obu stronach linii
K> = K4 . Jednakze moje wyniki w pracy R4 jednoznacznie wskazuja na istnienie punktu
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bifurkacji Kp, a jego wspotrzedne to (-0,371(1), 0,37103(12)). Dla K4 < —0,37 faza
antyferromagnetyczna ,,(so)ar” 1 obszar faz mieszanych ,,(o)” sa oddziclone linig KyE.

Przedstawione wyniki dowodza rowniez, ze aby wyjasni¢ zachowanie zlozonego
modelu z wieloma zachowujacymi si¢ niezaleznie parametrami porzadku, jak model AT, nie
wystarczy obliczy¢ ciepto przemiany catego systemu, ale aby w petni zrozumie¢ zachowanie
systemu, konieczne jest rozwazenie indywidualnych wktadéw do tego ciepta pochodzacych od
réznych stopni swobody. Na poparcie tej tezy odkrylem i wyjasnitem, ze chociaz uktad jako
catos¢ nie wykazuje obecnosci ciepta przemiany wzdhuz linii KyE, to ciepto to wystepuje dla
roznych parametrow porzadku i wzrostowi tej energii stopni swobody 2 w obszarze faz
mieszanych ,,(g)”, czyli s oraz o, towarzyszy réowny co do wartosci spadek tej energii dla
iloczynu so po stronie fazy ,,(So)ar”.

8. Podsumowanie

Prace R1, R2, R3 i R4 sktadajace si¢ na niniejsza rozprawe doktorskg przedstawiaja
wyniki moich badan uporzadkowania w obszarze faz mieszanych oraz weryfikacje
nieuniwersalnego zachowania w trojwymiarowym modelu AT wraz komplementarnymi
metodami, ktore obejmuja wszystkie aspekty zalozone przy otwarciu mojego przewodu
doktorskiego, jak rowniez zawarte w tytule rozprawy. Jest to jeden z podstawowych modeli w
fizyce statystycznej, jest stosowany do opisu wielu zjawisk, a takze jest wiele odwzorowan
pomiedzy tym modelem a innymi modelami fizycznymi.

Najwigkszym wyzwaniem na poczatku moich badan byl powazny brak wiarygodnych
narzedzi do zbadania tego najmniej poznanego obszaru na diagramie fazowym
trojwymiarowego modelu AT, gdzie wspdlistniejg sprzezenia ferro- i antyferromagnetyczne.
W programie komputerowym, ktéry otrzymatem do dyspozycji, uzywany byt algorytm
Metropolisa obarczony duzym spowolnieniem krytycznym, a dodatkowo w literaturze ukazaty
si¢ wyniki badan, ktére wykazaly istnienie standw metastabilnych w tym modelu. Stany te
moga istotnie wptywac na wyniki obliczen numerycznych, zwtaszcza uzyskiwanych za pomoca
algorytmu Metropolisa. Niestety, w literaturze brak byto pozbawionego tej wady algorytmu
klastrowego dla modelu AT, poza algorytmem typu Swendsena-Wanga zaimplementowanego
tylko w dwuwymiarowym modelu AT, ktéry tylko w pewnym stopniu ograniczyt spowolnienie
krytyczne. W tej sytuacji w celu walidacji wynikéw uzyskanych wczesniej przy pomocy
algorytmu Metropolisa w pracy R1 pod kierunkiem mojego promotora skonstruowatem,
zastosowalem do trojwymiarowego modelu AT w obszarach z przemianami nieciggtymi
1 cigglymi oraz starannie przetestowatem klastrowy algorytm bazujacy na idei Jula Wolffa.
Takze metoda histogramu rozktadu energii zostata przeze mnie po raz pierwszy wykorzystana
z uzyciem algorytmu klastrowego w trojwymiarowym modelu AT. W celu uzyskiwania
precyzyjnych wynikoéw ekstrapolacji do granicy termodynamicznej staratlem si¢ otrzymywac
wyniki dla mozliwie najwigkszych rozmiaréw ukladu i aby uzyska¢ wyniki w rozsadnym
czasie. W programie wykorzystywalem przetwarzanie rownolegte oparte o bibliotek¢ MPI. W
tym celu zastosowatem nowy 64-bitowy generator liczb pseudolosowych oraz dodalem
parametr umozliwiajacy zainicjowanie tego generatora na bazie aktualnego czasu i numeru
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rownolegtego procesu. Byl to niezbedny element do zréwnoleglenia przetwarzania w
programie, aby wyniki ze wspotbieznie wykonywanych procesow byly statystycznie
niezalezne. Natomiast do przetwarzania tysiecy plikow moich wynikow przygotowalem
skrypty w jezyku powloki bash, co istotnie przyspieszylo analizy tych wynikdéw nie tylko mnie,
ale calemu zespotowi.

Wyniki moich badan w pracy R2 obejmuja lini¢ przemian fazowych AHH’I na
rysunku 1 rozprawy i wykazaty istnienie szerokiego efektu typu crossover, ktory obejmuje catg
lini¢ pomigdzy punktami trojkrytycznymi A i1 H, gdzie wcze$niejsze prace literaturowe
wskazywaly na ciggle przemiany fazowe z mozliwo$cig nieuniwersalnego zachowania takze
trojwymiarowego modelu AT przy wartosciach wykladnikéw krytycznych zmieniajacych sie
w sposob ciagly. Wykazatem rowniez rzadko spotykang koegzystencj¢ ciaghych i nieciggtych
przemian fazowych wzdhluz tej samej granicy faz dla ré6znych parametréw porzadku HH’ oraz
podalem precyzyjng lokalizacje tych punktow trojkrytycznych. Wzbogacitem tez program
o nowe narzedzie badawcze w postaci zaimplementowania kumulant typu Lee-Kosterliza.

W kolejnych pracach R3 i R4 badajac lini¢ przemian fazowych HK’KyE na rysunku 1
rozprawy zaproponowatem nowe podejscie do wykonywania symulacji MC eliminujace
obserwowane przeze mnie wczesniej duze oscylacje wartosci wielkosci termodynamicznych
dla obszaru faz mieszanych, gdzie wyniki teorii pola $redniego przewiduja, ze z réwnymi
prawdopodobienstwami wystepuja dwa rozne sposoby uporzadkowania dwoch rodzajoéw stopni
swobody, ktorych istnienie jednoznacznie potwierdzitem w moich symulacjach. Obecnos¢ tych
oscylacji sprawiala, ze interpretacja wynikow byla bardzo problematyczna. Idea mojego
nowego podejscia zostala przedstawiona na przyktadzie przemian z fazy paramagnetycznej
do obszaru faz mieszanych w pracy R3. Metodologia wypracowana w pracach R3 i R4
pozwolila mi na weryfikacj¢ dotychczas uzyskanych wynikoéw odnos$nie ciagtego charakteru
przemian fazowych wzdtuz linii HK” i istnienia dwoch punktow trojkrytycznych K i K’ w tym
rejonie, dla ktorych podalem precyzyjniejsze lokalizacje. Catkowicie nowym wnioskiem jest
istnienie punktu bifurkacji Ky, dla ktérego rowniez podatem precyzyjng lokalizacje.

Uzyskane przeze mnie wyniki jasno dowodza, ze aby wyjasni¢ zachowanie ztozonego
modelu z wieloma zachowujacymi si¢ niezaleznie parametrami porzadku, jak model AT,
nie wystarczy bada¢ cieplo przemiany catego uktadu. Aby w pelni zrozumie¢ zachowanie
uktadu. Konieczne jest rozwazenie indywidualnych wkladow do tego ciepta pochodzacych
od réznych stopni swobody. Na poparcie tej tezy odkrytlem i wyjasnitem, ze chociaz uktad jako
cato$¢ nie wykazuje obecnos$ci ciepta przemiany wzdtuz linii KoE, to ciepto to wystepuje
dla r6znych parametréw porzadku i wzrostowi tej energii konwencjonalnych stopni swobody
2w obszarze faz mieszanych ,,(g)”, czyli s oraz o, towarzyszy rowny co do wartosci spadek tej
energii dla iloczynu so po stronie fazy antyferromagnetycznej ,,(S0) ar”-

Potwierdzeniem istotnego znaczenia uzyskanych przeze mnie wynikow jest
systematycznie rosnaca liczba cytowan prac tworzacych rozpraw¢ w renomowanych
czasopismach naukowych przez uznane autorytety w dziedzinie fizyki statystycznej
1 obliczeniowej. Wypracowane przeze mnie metody moga by¢ stosowane do badania innych
spinowych uktadow sieciowych. W szczegodlnosci planuj¢ wykorzystanie tych metod
do zbadania nieuniwersalnego zachowania w dwuwymiarowym modelu AT.
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3D Ashkin-Teller model

This paper presents a cluster Monte Carlo method suitable for both, the first- and the second-order phase
transitions in the 3D Ashkin-Teller (AT) model. A cluster algorithm is necessary to verify correctness of the
results obtained so far using Metropolis algorithm exhibiting significant critical slowing down. Moreover, me-
tastable states have recently been investigated in this model which can affect the results, especially obtained
using the Metropolis algorithm. Our Wolff type algorithm is described and its dynamic critical behavior is
demonstrated. Our computer experiments exploit the properties of Binder and Challa cumulants and additionally
the one proposed by Lee and Kosterlitz, the last two adapted by us to give clear results for the AT model. The
energy distribution histogram method is also independently applied for the first time for the 3D AT model using
the Wolff type algorithm. For validation of the previous results and of our algorithm, it is demonstrated that the
results of our computations along the line between Ising and Potts points, which are rescaled to their thermo-
dynamic limits, are consistent with those obtained using the Metropolis algorithm. It is also shown that the
presented cluster algorithm of the Wolff type significantly reduces the problem of critical slowing down for the
3D AT model, and the dynamic critical exponent reaches values close to zero. As the best strategy, it is suggested

to use the cluster algorithm in the critical region and the Metropolis one beyond.

1. Introduction

The lattice Ashkin-Teller (AT) model [1] is one of the most im-
portant in statistical physics and every year a dozen works are devoted
to it as it has got a rich phase diagram containing first order and con-
tinuous phase transitions, many tricritical points, and interesting mixed
phase region. It follows from the fact that it is non-trivial generalization
of the widely applicable Ising model. This model is very important from
the theoretical point of view because there are some mappings between
the AT model and other physical models and it has got a number of
interesting practical applications and is used to describe many phe-
nomena, such as the absorption of Se compound on Ni surface, chemical
interactions in metal alloys, thermodynamic properties of super-
conducting cuprates, magnetic properties of nanotubes, elastic response
of DNA molecule to external forces and torque, neural networks and
development of the early Universe (see e.g. [2-6] and the papers cited
therein). It also finds applications outside of physics, for example, to
study the process of forming opinions in social networks with the effect
of interdependence between various social communities which are
modelled using Ising models placed on different planes [7].

The interest in the AT model substantially increased after Fan’s
work [8] expressing this model in terms of two independent Ising
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models. We denote their degrees of freedom by s and o. Each of these
Ising models is put on the same lattice with both spins s; and ¢; residing
on the same lattice site i but these spins s; and ¢; do not interact directly.
Only two-spin interactions of the constant magnitude J, between the
nearest neighbors of the same species are non-zero. These two Ising
models are extended to the AT one by introducing the four-spin inter-
action of the constant magnitude J; also only between couples of so
nearest-neighboring spins. Thus, one obtains the following effective
Hamiltonian H [8]

H
- — = Z K| si8; + 00j | + K4s;0;8j0j ¢

kT lij] €))

Here summation is taken over pairs [, j] of the nearest-neighboring
lattice sites, K; = —J;/kg T, with i = 2 or 4, as defined above, kg is the
Boltzmann constant, and T is the system temperature. We consider here
the standard AT model in 3D put on the cubic lattice.

The research done for this model and its applications can be found
in many papers, e.g [2,3,9-14]. The AT model is characterized by a
complex and interesting K, (K,) phase diagram shown in Fig. 1, as be-
sides the thermal averages (s) and (o) also (so) can order independently
all forming three components of the order parameter.

The Monte Carlo (MC) cluster algorithms were used to study the
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Baxter

Fig. 1. The phase diagram of the 3D AT model on a cubic lattice — the present
state of knowledge. The dotted curves denote the 1st order phase transitions,
the solid ones stand for continuous transitions and the dotted-broken one in-
dicates transitions of both types for different components of the order para-
meter. In the phase labeled “Baxter” the system is ferromagnetically ordered
with all order parameter components (s), (¢) and (so) nonzero, whereas in the
phase labeled “para” they all are zero. In the phases “(so)r” and “(so) 4¢” there
is (s) = (o) = 0, and only the component (so) is ferromagnetically and anti-
ferromagnetically ordered, respectively. For the phase “(o)” called the mixed
phase region (so) = 0 and either (s) or (o) is ferromagnetically ordered but the
other is not. The positions of labeled points inside the phase diagram are
marked by + and A, F, G, H, H’, K, K’ are the tricritical points.

first-order phase transitions [15,16] and the continuous ones [17-20]
for systems with one independent component of an order parameter.
The more complicated cases in the bibliography deal the 2D AT model,
which was studied by Salas and Sokal [21] and by Kandel, Wiseman
and Domany [22-24] using cluster algorithms based on the freeze-de-
lete scheme and on adding more spins to the cluster using the
Swendsen-Wang (SW) like algorithm [17]. Our computer experiments
exploit the preperties of Binder, Challa, and Lee—Kosterlitz cumulants,
the last two adapted by us to compute the latent heat not only of the
whole system, but also to calculate the contribution from each kind of
degrees of freedom separately. In this paper, we also check the suit-
ability of our cluster algorithm for determining the latent heat using the
energy distribution histogram method [25] originally adapted by us for
the first time for this model but with the use of the Metropolis algorithm
[26].

Unfortunately, until now the 3D AT model has been studied using
only the Metropolis algorithm showing a significant critical slowing
down which may affect the results. Moreover, metastable states have
recently been investigated in this model [2] which may also affect the
results, especially obtained using the Metropolis algorithm. Therefore,
the main goal of this paper is not to construct a more efficient algo-
rithm, but above all having smaller constraints than the Metropolis
algorithm, although in the critical region our cluster algorithm is more
effective. This is important because it allows us to check whether the
results, which have been received so far using the Metropolis algorithm
(see e.g. [9-12,14,27] and the papers cited therein), are not subject to
significant errors due to the critical slowing down or to the presence of
metastable and unstable states.

Thus, the main aim of this paper is to present our cluster MC method
for the first time adapted for the 3D AT model. We demonstrate the
dynamic critical behavior of our algorithm which is of Wolff type [18].
For its validation we show the consistency of its results with those
obtained using the Metropolis algorithm along the line between Ising A
and Potts P points (see Fig. 1). We demonstrate that this cluster method
is applicable at any amount of latent heat both, in a system with a single
independent order parameter, like the Ising and the Potts models, and
also with a multicomponent order parameter where these components
can order independently. Our computer experiments are carried out not
only in a critical regions, but also in the vicinity of tricritical points,
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which are much more difficult to analyze.

Thus, in the next section we propose the large-scale MC computer
experiment in which we determine the type of a phase transition and its
precise location including the uncertainty, using our cluster algorithm.
In Section 3 we describe the steps of our cluster algorithm which sub-
stantially reduces the value of the critical exponent compared to the
version of Wiseman and Domany [23,24] and in Section 4 we present
the method of measurement of the autocorrelation function and of the
critical exponent z for both algorithms in order to justify the efficiency.
The last section demonstrates the efficiency and validity of our cluster
method, the latter by comparing our results in the thermodynamic limit
for both algorithms: the cluster and the Metropolis one.

2. The Monte Carlo experiment

Performing our MC experiment, we consider finite-size cubic sam-
ples of the standard AT model defined in Hamiltonian (1) to be able to
obtain the thermodynamic limit of our results. The number of degrees
of freedom in our system is far too large to take into account all the
states of the system. Thus, we use tools of statistical mechanics in-
cluding the MC method with importance sampling of states. To reduce
critical slowing down, we have constructed the Wolff [18] like scheme
for sampling of states.

In our MC computer experiment, we not only compute thermo-
dynamic quantities but we also determine their uncertainties. Such a
way of computing of results should be called a measurement and we
refer to it as the computer experiment which is situated somewhere be-
tween a real experiment and a theory.

Our computer experiments enable us to predict the equilibrium
behavior of our system according to the statistical mechanics metho-
dology. Thus, using thermalization we generate equilibrium config-
urations (often called microstates) of finite-size cubic spin samples of
the size L X L X L (16 < L < 38) for fixed values of the model para-
meters described above at Hamiltonian (1) using our Wolff type cluster
algorithm. We assume periodic boundary conditions as our final results
are calculated in the thermodynamic limit.

In the Metropolis algorithm [20], used so far to study the 3D AT
model behavior, one Monte Carlo step (MCS) is completed when each of
the lattice sites has been visited once (selected systematically or ran-
domly). Obviously, the ratio of statistical weights at the change of in-
teraction energy of a pair of spins in a system is equal to e~22+K4) when
flipping a single spin. In the case of Wolff type algorithm one MCS is
completed when the accumulated number of flipped spins in a couple of
sampled clusters reaches the number of spins in the lattice. The detailed
algorithm description is specified in Section 3.

To determine uncertainties of the measured quantities, we split each
MC run into k (8 < k< 20) segments called partial averages.
Thermalization and such a partial average consists from 0.8 x 107 MCS
for smallest L values up to 3.6 x 107 MCS for the largest L’s.

Let us note that the problem of correlations between sampled mi-
crostates of spins is substantially reduced, and in some areas completely
eliminated, in the Wolff type algorithm because after each MCS we get a
completely new configuration [18]. This fact has been also confirmed
during our computations.

Our MC computer experiments take from about 20 h for the smallest
system size L = 16 up to a couple of weeks for the largest L values
considered when applying sequential processing. Therefore we paral-
lelize processing in our computing program. Each of parallel processes
computes a couple of partial averages mentioned above. This way of
parallelization manifests almost perfect speedup and maximum effi-
ciency in homogeneous HPC [28,29] as communication between par-
allel processes takes place only a few times: initial data broadcasting by
the master process and sending of partial averages from the slave
processes to the master one. There are other methods of parallelizing
for cluster algorithms for the Ising model [30,31] in the bibliography,
which consist in performing computations in parallel for newly added
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spins in an ascending cluster, that were run on the GPU. The GPU
computing speed for a 2D Ising model at the critical temperature is
higher than for the current CPU core, but in this case concurrent pro-
cessing for the newly added spin will not be optimal [32] in contrast to
parallelize computations of individual partial averages [28,29].

2.1. Cumulants

Performing our computer experiment, we fix the value of coupling
K, and analyze Binder cumulants Q,(K;) dependences (see e.g
[19,33-35])
_ (M

M, @
to initially locate a temperature-driven phase transition point. Here
(Mg), is the n-th power of the a-degrees order parameter M, i.e.
magnetization M, per a lattice site, with a« = s, g, or their couples so,
averaged over an ensemble of independent samples of the size
L x L x L. In this way one can locate both, continuous and first order
phase transition points. For initial location of a phase transition point, it
is enough to exploit the property that the dependences Q, (K>) inter-
sect around the critical point K, ., because for K, < K, and L, < L, we
have Qury (K2) > Qu,(K3), while for K> K, occurs
Qu,; (K2) < Qqr,(Kp) [12,33-35].

To be able to compute the latent heat, simultaneously with the
above mentioned Binder cumulants, we calculate three Challa like cu-
mulants [13,36]

o,L

E4
V=1 - (B
3(EL)r, 3)
and three Lee-Kosterlitz like cumulants [9,25]
B2
U, = BN
(Ea)y 4

for a particular value of the K, coupling. Here (E[), is the n-th moment
of the a-degrees of freedom order parameter interaction energy E,
(a = s, 0 or 50), i.e. the respective term in Hamiltonian (1) separately,
which is averaged over an ensemble of independent samples of the size
L x L x L. The Challa and Lee-Kosterlitz cumulants have been mod-
ified by us [9,13] to be able to compute the latent heat for each com-
ponent of the order parameter separately, as well as for the whole
system when taking the whole Hamiltonian (1) for E.

For a continuous phase transition lim;_ oV, =2/3 and
lim,_ U, = 1. On the other hand, the dependences V, (K;) show
characteristic local minima and U, ; (K;) characteristic local maxima for
first order phase transitions. The values of these minima V;f‘Li“ and their
positions K?;“L scale linearly versus L=3 [13,36]. Analogous properties
show maxima of U, 1 (K;) dependences [9,25]. This property allows one
to extrapolate the values of these parameters to their thermodynamic
limits. The K3%" and K% limit values are the better estimations of the
critical K, value than the initial value obtained from the above men-
tioned analysis of the behavior of the Binder cumulants (2).

2.2. Latent heat computed on the basis of cumulant limit values

We fix the coupling K; at its critical value K, in a phase transition
and determine the partial internal energy E, . values related to the
above mentioned a-degrees of freedom in the limit L — oo, where
E,. = E (K, » K5 |+), from the Lee—Kosterlitz formula (5) and using
the method proposed by us [13]. The Lee-Kosterlitz formula is of the
form

2
Vgr{nin — z _ L(Ea,+ Exx,f) + AV

Eq-  Euq L’ 5)

where Ay stands for an L independent complicated expression [25].
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According to the latter we compute the value E, _ from Eq. (5) using
VM limit value determined from the analysis explained above in the
next paragraph after Eq. (3) and the value E, ., estimated from the
E,1(K3) plots for the finite-size samples [13]. Although such an esti-
mation of the E,, value is imprecise, but this procedure allows the
initial calculation of the values E, , and E,_. Moreover, we qualita-
tively verify correctness of the location of this energy value jump from
Eq4 + to E, _ in the background of the course of the dependence E, ; (K>).
Based on these results we can calculate directly the latent heat I,

la = Eo+ — Eq - (6)

where a denotes s, o, sc or H when we take the whole Hamiltonian for
energy. Obviously, the latent heat obtained using the internal energy of
the whole system should be the sum of the partial ones within error
bars.

When the latent heat E, , — E, _ tends to zero, V;ﬁ‘éﬁ approaches the
value 2/3, as described above for the continuous phase transitions. It is
worth noting that Eq. (5) has been derived for strong phase transitions
[25]. So, to calculate the latent heat [, for weak phase transitions of the
first order, one should use the approximation of Challa et al. [36],
which is an alternative to Eq. (5). Nevertheless, although Eq. (5) has
been derived for strong phase transitions, our analyzes show that it
gives correct results for both the strong and the weak ones.

In a similar way, we independently calculate the latent heat by
scaling up the cumulants U, ; maxima to the thermodynamic limit for
each order parameter component energy separately, and for the whole
system energy, using the Lee-Kosterlitz formula

max _
al —

Ear + B ) Ay
4E, (B, _ 3’ %)

where Ay stands for L independent complicated expression [25]. It is
worth noting that when the latent heat E, , — E, _ tends to zero, Uy'%
approaches the value 1, as described above for the continuous phase
transitions.

For the validation of the cumulant method, we also use here the E,
values determined recently using the energy distribution histogram
method, described in the next subsection. This is a much better de-
termination of the values of E, . than its estimation from the E,(K;)
plots for the finite-size samples used above.

2.3. Latent heat obtained on the basis of the internal energy distribution
histogram

We have also observed the characteristic internal energy distribu-
tion histogram with two peaks in the critical region [26], just like it was
originally observed [25] in the g-state Potts model with g equivalent
ordered states and one disordered. Maxima of these peaks appear at the
energy value E, _ | for the ordered state and at E, ;. 1, for the disordered
one. It is worth to underline that Hamiltonian (1) of the 3D AT model is
the sum of three terms, each of which shows the interaction energy
within one component of the order parameter as mentioned above. We
have performed the analysis of the histogram of the entire energy of the
system as originally proposed by Lee and Kosterlitz [25], but it does not
give an insight into the individual behavior of the degrees of freedom
a = s, o and so which demonstrate independent ordering. To calculate
the individual contribution of each of these three degrees of freedom to
the latent heat, we also analyze the behavior of the histogram of the
interaction energy of each kind of degrees of freedom, i.e. the histogram
of the mean value of each of the three terms in Hamiltonian (1) sepa-
rately.

From technical point of view, we compute the histogram dividing
the interval of the whole energy E (in kzT units) occurring in our
computer experiments into small subintervals and our program counts
the energy appearing in each subinterval separately. On this basis, we
calculate the probability value P of the energy in the different sub-
intervals in our system of the finite size L x L x L. The program
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independently computes the values P (E,, f) and —InP; (E,, f) with
B =1/kgT, where a = s, 0, s and, obviously, we also take the whole
Hamiltonian (1) as an argument. This method requires that the system
is very close to the phase transition point. Thus, we perform our com-
putations at the K, critical value carefully determined from analyzes
using the Qu 1, Vo, [36] and U, [25] cumulants, mentioned above for
the fixed K, value. Besides validating the code of our computer ex-
periment, analyzes of the behavior of these cumulants also allow for the
important test: the respective energy values E_ and E, for the ordered
and unordered states, defined for each kind of degrees of freedom and
for the entire Hamiltonian H, should fall in the upper and lower regions
of the characteristic sudden jump of the average values of the respective
internal energies E, in the K, function at the fixed value of K, para-
meter.

To determine the latent heat value, we will use the property that the
positions E"; and E"", of the dependence —InP; (E,, f) minima and
their thermodynamic limit values E, _ and E, , fulfill the relation [25]

i — By = O(L™4D), ®)

wherei = — or + and d is the dimensionality of the system. Thus, we
can exploit the property that for finite systems with ever greater di-
mensions L the energy values E/", linearly approach their bulk values
E,; as a function of L~@-V_ It is noteworthy that this relation has been
derived for strong first order phase transitions [25].

3. Our cluster algorithm of the Wolff type

In 1989 Wolff [18] proposed the algorithm to study the behavior of
spin lattices which is based on the previous work of Swendsen and
Wang (SW) [17] and which removed some restrictions previously de-
veloped for this method. The Wolff concept radically reduces the pro-
blem of critical slowing down [18], which is characterized by the cri-
tical exponent z, often referred to as the dynamic exponent [20]. The
method of its calculation is presented in Section 4. It is a way to
quantify the effect of the critical slowing down [20], which is observed
in computer simulations. For different algorithms, we get different
values of the critical exponent z, which is not a universal one. A small
value of z means a relatively small critical slowing down and faster
processing of the algorithm near critical point, i.e. faster program ex-
ecution. If z = 0, then we do not observe the critical slowing down,
similarly to other models (see e.g the recent papers [37] for the three-
state Potts antiferromagnetic model).

For the Metropolis algorithm z > 2 for 2D and 3D systems, e.g. in the
case of the 3D Ising model z = 2.02(2) [38], but for existing cluster
algorithms of the Wolff type z = 0.33(1) [39] and of the SW type
z = 0.54(2) [20]. For the 2D 4-state Potts model for the SW algorithm
z = 0.876(12) [21]; whereas for the 2D AT model for the SW algorithm
z = 0.733(14) [20,21]. These data are important reference points, be-
cause for K, = 0 the 3D AT model reduces to the Ising model, and for
K, = K; = 0.157154 to the 4-state Potts model as explained above. The z
values obtained for the Ising model differ between each other for dif-
ferent algorithms and the thermodynamic variable on the basis of
which they are calculated (see e.g. [40] and the papers cited therein).
The quantitative aspects of the critical slowing down and the critical
exponent z for our algorithm are presented in Section 5.

The Wolff scheme originally was applied to the Ising model.
Generally, the Wolff algorithm is based on building clusters of spins of
the same sign, where joining of spins occurs with a certain probability.
There is a close relation between the Wolff and the SW method.
Namely, the probability of adding a new spin to the cluster under
construction in the Wolff method is equal to the probability of not to
interrupt a bind in the SW algorithm [17,18]. However, while each
cluster has the ability to perform a flip at each step in the SW proce-
dure, in the Wolff method a flip only applies to a cluster that contains
the starting spin. This means that larger clusters more often undergo a
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flip procedure in the Wolff algorithm, in contrast to the Metropolis
algorithm where single spins are being flipped. This effort put into large
clusters causes the greater efficiency of the Wolff algorithm despite its
greater complexity. This motivated us to turn to the Wolff type algo-
rithm for the AT model in contrast to the papers [21-24] in wich au-
thors refer to the SW algorithm and to 2D systems.

The number of MCS required to achieve statistical equilibrium in
the Wolff type algorithm is temperature independent. This does not
apply to the computer time consumed in this method, as large clusters
become increasingly when approaching the critical temperature and
there is a growing number of operations that need to be done in one
MCS [18]. Therefore, in the algorithm proposed by us, one step ends
when the accumulated number of reversed spins in the built clusters
reaches the number of all spins in the system, similarly as the number of
attempts to reverse single spins in one MCS in the Metropolis algorithm.

To study the equilibrium phase transitions of the first- or of the
second-order in the standard 3D AT lattice model, we have constructed
the Wolff type algorithm. As described in Hamiltonian (1), there are
two non-interacting spins s; and o; on each lattice site i. Unlike to the
method developed for 2D AT model based on the SW algorithm [23,24],
our algorithm creates and flips s; or ¢; spin clusters independently of
each other. This approach is valid in the space of model parameters
where the interaction between spins s or ¢ dominates. Thus, the scope
of application of both algorithms is the same: |[K,| < K, [21,23,24].

There is an alternative update scheme of flipping composite spin
variable so together with a single spin variable (s or o) in the MC si-
mulations of the AT model [41] and ergodicity of this algorithm is
guaranted as well.

As each step in a Wolff type algorithm begins with construction of a
cluster of spins that are reversed, our algorithm begins from generating
a three-dimensional lattice of spins s and o with a starting value of 1.
Although s; and ¢; spins residing on the same lattice site i do not interact
directly, they are coupled by the third term in Hamiltonian (1).
Therefore, our algorithm works as follows.

1. Randomly choose spin s or o, and then randomly select a lattice site i
as the first element of cluster C to be built.

2. Flip the randomized spin selected in step 1. and add it to cluster C.

3. Connect this randomly selected spin at site i to each of its nearest
neighbours j with probability B4 for spin s

1-— emin(O,Z(KzsiSj+K4Siais/'oj))

Puas (5> 7)

1 — e 2RHK) fors; # s; and s;0; # S;0;

1— e 2®-Kd) fors; # s and si0; = s;0;
0 for s;=g; )

or with probability B4 for spin o
Paddc(ai’ O'j) =1- emin(0,2(K20i0j+K4S[UiS_,‘Uj))
1 — ¢ 2&+Kd) for g # gj and si0; # $;0;

=11-e2&"Kd) for g; # g; and s;0; = 5;0;

0 for o; = g (10)

and, if this happens, add j to cluster C containing i and flip this spin.
It is worth noting that this probability is well defined for |[K,;| < K,
as mentioned above, because when |K,| > K, both probabilities of
adding next spins will be equal to 0 and consequently both Ising
bonds between spins are broken forming the paramagnetic phase.

4. Repeat step 3. in sequence for i equal to j for each spin just joined to
cluster C.

5. Return to step 1. and repeat operations until the accumulated
number of flipped spins reaches the number of these spins in the
lattice.

According to the Markov process, this procedure satisfies the
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criterion of availability, as there is always a non-zero probability that
the cluster will contain only a single spin, and flipping the sequence of
the individual spins allows to achieve any configuration. The micro-
reversibility criterion is also satisfied, as one can consider two spin
configurations, « and a’, whose spins take values s; and s; which turn
into each other by flipping the spin cluster C. The transition probability

P for a cluster of spins s obeys
Pla—a) _ 1 — Puads (s> 8))

P(a' = a) (ieCjgC) 1 — Puaa,s (s/s S;)

Ey — E
= exp| —2 Z Kosisp + Kasiaisiop | | = exp(—%)
(ieC,j¢C) B
an

In Eq. (11) the invariance of Hamiltonian (1) in terms of reversal of
two neighboring and interacting spins is used to simplify the probability
of internal spins added to the cluster for two configurations. According
to Hamiltonian (1) symmetry, the formula (11) for spins o will be the
same.

4. Critical slowing down
4.1. Autocorrelation function

The procedure described in Section 2 should be started for a suffi-
ciently long time in order to achieve the thermodynamic equilibrium by
the system at a given temperature. Then the program computes the
required quantities for the time needed to determine their average
values with error bars. The parameters we used to compare the Me-
tropolis and our cluster algorithm for the AT model are the same as for
the standard Ising model: the internal energy E, and the magnetization
M, [19-21,38-40] determined independently for each kind of degrees
of freedom « = s, o and so. To determine the average values (E,) and
(M, ) per one lattice site, we have first to determine how long we need
to run our procedure in order to get a good estimation of their expected
values. This requires a knowledge of time to attain the thermodynamic
equilibrium and of the correlation time constant 7. 7 is a measure of the
time it takes for the transition of the system from one state to another,
which is significantly different from the previous one, i.e. to the state in
which the number of spins the same as in the initial state is equal to the
number of spins that could have been in this state accidentally [20].
There are many ways to estimate the correlation time. The most direct
of these is the computation based on the normalized autocorrelation
function y, (t) [20,21,24] of any property A of the model. In our case,
these are A = (E,) or (M,). For the discrete values obtained in our
computer experiment, we compute autocorrelation function by dividing
the non-normalized autocorrelation function by its variance crf‘ [14]:

tmax—t
D, A — A)A - A)

i=1

1) =
%) (tmax — D 2
where
1 tmﬂx
03 = — A4, — A
L 13)

A, is the instantaneous value of the average magnetization (M, ) or
the energy (E,) in time t, while A is the average value computed from
all instantaneous values. In our case, the measure of the time t is de-
fined as one MCS, while t,,,, is the number of all received microstates.
The autocorrelation function gives us a measure of correlation in two
different times, shifted by each other by i. If x,(t) = 0 then the fluc-
tuations of the given quantity are not correlated [20]. Formally, we
should calculate y(t) by integrating after an infinite interval time
t - oo. Therefore, in a computer program, we do everything in our
power to get closer to this requirement and we simply sum up after all
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the measurements made from the start to the end of the run of our
program after reaching the state of equilibrium, i.e. we sum up from
t =1 to tyg~10'MCS. We try to make the time f,,, of measurements
much greater than the correlation time 7. Autocorrelation decreases
with a significant non-zero speed as time t passes, and after a suffi-
ciently long time drops to zero [20]. It is expected that it will decrease
exponentially with time. The relationship between the autocorrelation
function y () and the correlation time 7, 4 for a quantity A is as fol-
lows [20]:

24 (0) % Cetlrewa, (14)

Determination of 7. 4 is very sensitive to specify the fitting range of
the exponential function to the autocorrelation function.

It is easier to calculate integrated correlation time 7, 4 for the au-
tocorrelation function than to carry out an exponential fit, since it is not
so sensitive to statistical noise [20]. It is a common practice, although
as earlier studies have shown [20,21,40,42], the times 7., 4 and T4
may in some cases differ slightly from each other [40]. The integral
correlation time is defined [20,42]

= 1
Tint,A = E z Xa ) = 5 + z Xa ().
t=1

=—c0

15)

In numerical estimation of 7, 4 it is calculated in the limit of large t
value (t,,) where, however, its statistical error increases rapidly. As a
compromise between systematic and statistical errors, the often em-
ployed procedure is to determine the upper limit ¢,, self-consistently by
cutting off the summation once ty, > 6T 4 (t) [42].

Critical fluctuations that increase the size of measurement un-
certainties are the internal physical feature of simulations of Ising type
models, thus also of the AT one. A MC algorithm of any type, that
correctly samples Boltzmann’s distribution of values of determined
physical quantities in the critical region, will have significant fluctua-
tions. This effect is called the critical slowing down and is an integral
property of a MC type algorithm. The known algorithms have different
values of correlation time depending on the system temperature T, and
the correlation time often increases significantly when approaching the
critical temperature T;. Because we are interested in studying the be-
havior of the AT model in the critical region, we propose the algorithm
that shows a significantly smaller critical slowing down than the
Metropolis algorithm, and even completely eliminates it. This will allow
validation of our results and will allow us to achieve much greater
accuracy.

4.2. Determination of the critical exponent z

To determine the critical exponent z for both Metropolis and our
cluster algorithms, we use measurements of their integral correlation
times 7. The relationship between the correlation time 74 and the
critical exponent z); 4 for the Metropolis algorithm (denoted by the
index M) contains the correlation length £, while £ is proportional to the
system size L [20], hence

Taa~EMA = Ty g ~LMA, 1e6)

Eq. (16) shows that when we are in the critical region, the corre-
lation time increases with the size as L®.4. The basic reason for the
large value of z, 4 in the Metropolis algorithm is the divergence of the
correlation length and critical fluctuations near the phase transition
point. By presenting a graph of the 7, 4 dependence on L in logarithmic
scales, on the basis of the slope of the fitted function, we can determine
the value of zy 4.

In order to compare the correlation times of our cluster and the
Metropolis algorithms in the critical region, it would be inadequate to
measure T for both algorithms in terms of the number of MCS. This
results from the fact that one MCS in the Wolff algorithm is a very
complicated procedure, sometimes flipping hundreds of spins and
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potentially taking up a lot of CPU time, while MCS in the Metropolis
algorithm is simpler and usually takes less CPU time [20].

For calculation of the critical slowing down in our Wolff type al-
gorithm only, we assume that two clusters are flipped in one MCS, one
of s spins and the other of ¢ spins. This is a different definition of MCS
than presented in Section 3, however, it has been modified here only to
compare the results obtained by us with the values presented in the
bibliography [18,20,21,24,38-40].

The time required to complete one MCS of our Wolff type algorithm
is proportional to the average number n of flipped spins in a single
cluster. Such a cluster includes the n/L¢ fraction of the whole lattice,
and thus the total time will be, on average, (n)/L¢ of the time of flipping
of all system spins, where (n) is the average size of the cluster flipped in
the equilibrium state. Thus, it will be equivalent to visiting each lattice
site in the Metropolis algorithm and trying to flip the spins s and 0. In
the case of the Wolff type algorithm constructed by us in order to cal-
culate individual thermodynamic variables, at each MCS only one spin
cluster for each sublattice is flipped and on this basis we calculate the
correlation time 7ycs 4. In order to compare the operation of the cluster
and Metropolis algorithms, we multiply the so obtained correlation
time 7ycs 4 by the ratio of the average size of the flipped cluster in one
MCS (n) to the size L* of the system for a given thermodynamic quantity
A [18-20]:

)
W,A = TMCS,A a7

L3

Using this definition, we can compare the correlation times 7 4 and
Tiy,4, for the Metropolis (index M) and our Wolff type (index W) algo-
rithms in the critical region and determine the value of the critical
exponent zy 4 in the same way as in the case of the Metropolis algo-
rithm.

Therefore, without taking into account the average size of a flipped
cluster, the value of the critical exponent zycs 4 for the correlation time
Tyes.a is calculated exactly in the same way as for the Metropolis al-
gorithm. In order to verify the correctness of the results obtained, for
continuous phase transitions, the value of zy 4 may be obtained in-
dependently by applying its relationship with zycs 4 [20]

y
= +=-d
Zw,A = 2MmCSs.A " (18)

where y and v are the critical exponents of the magnetic susceptibility
and the correlation length respectively, and d is the dimensionality of
the model, which in our case is 3. If we know the value of the ratio y/v,
we can use Eq. (18) to calculate the value z directly, without having to
measure the average cluster size of the cluster algorithm, which elim-
inates one source of uncertainty. In order to control the correctness of
the results of our calculations, we convert the Eq. (18) to the form

y
== - +d,
" Zw,A — 2MCS,A 19)

which allows us to calculate the value of the ratio y/v. This value should
remain constant, regardless of the kind of a thermodynamic variable
used to determine the autocorrelation function.

5. The results
5.1. Cumulants

The results used for validation of our cluster algorithm in this paper
deal with transitions along the line between Ising A and Potts P points
(see Fig. 1) between the Baxter phase, where all three components of
the order parameter are ferromagnetically ordered, to the disordered
(paramagnetic) one, where all three components of the order parameter
tend to zero. For our analysis we took the point with K, = 0.1, where
there is the phase transition of the first order with the intermediate
value of the latent heat (investigated by a recently formulated effective
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Fig. 2. The dependences Q,;(K;) at the critical coupling K, = 0.1 obtained
using our Wolff type algorithm for system sizes L listed in the legend box. These
graphs present the data in the surrounding of the critical region where these
curves intersect. The results of our MC computer experiments are denoted by
symbols. The uncertainties are less than magnitudes of symbols for L < 28. For
clarity, for larger L values only exemplary uncertainties have been marked and
the results only for selected L values are presented.

field theory [37] and by the MC method [13,14,26,41] using the Me-
tropolis algorithm).

As described in Section 2 below Eq. (2), we have initially located
temperature-driven phase transition points for fixed value of coupling
K, =0.1 from the common intersection point of the curves Q. (K3)
specified by Eq. (2) independently for (&) order parameter components
with a = 5, 0 and so (see e.g. [13,34]). The example of this analysis for
spins s obtained using our Wolff type algorithm is presented in Fig. 2.
For validation in Table 1 also the results obtained applying the Me-
tropolis algorithm are presented. The agreement of the intersection
region K; ¢ for both algorithms within four decimal digits and within
error bars is clearly seen as shown in the second column of Table 1.
Obviously, one obtains similar results for spins o for Hamiltonian (1)
symmetry reasons. The analyzes for cumulants Q, allow us to achieve
the accuracy of about four decimal digits for K, coupling critical value.

As for the data presented in tables and in figures for the Metropolis
algorithm, it is worth recalling here that results only every 8th to 10th
MCS contribute to the determined thermodynamic quantities to avoid
correlations between sampled microstates of spins. Therefore, these
results were obtained with the number of MCS 8 to 10 times greater
than for the cluster algorithm. Of course, the results obtained using our
cluster algorithm would have greater precision with an equal number of
MCS.

The characteristic minima in dependences Q ; (K;), shown in Fig. 2,
attributed to a first order phase transition [33], are also obtained using
our cluster algorithm. It is worth noting that the existence of these
minima is an important signal obtained at the initial stage of analysis,
but not the proof of the presence of the latent heat (see e.g. [11,33]).

To compute the latent heat and to improve the phase transition
point location, we estimate values and positions of cumulants V,
minima and of cumulants U, ; maxima, where a indicates that the in-
teraction energy of s, o, so degrees of freedom or of the whole
Hamiltonian (1) is taken into account. The examples of these de-
pendences are illustrated in Fig. 3 for spins s. To average the scatter of
the results and to determine more precisely the ordinates of extrema
Vi and or as well as their abscissas K{";“L and K37} in Fig. 3, our MC
data were approximated by a polynomial of the third degree and
marked by solid lines in Fig. 3. Nevertheless, the uncertainties of the
ordinates V4" (left) and U™™ (right) in Fig. 4 and of the abscissas K3,
and K;'} in Fig. 5 of the extrema shown in Fig. 3 fully take into account
the scatter of the MC results as the uncertainties should always be
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Journal of M agnetism

and M agnetic M aterials 500 (2020) 1663635

The estimated values of computed parameters and quantities, which are defined in the text of Section 2, using our Wolff type and the Metropolis algorithm at the
constant coupling K, = 0.1. The value K; o, = 0.183846(25) is the mean value of the results presented in Fig. 5 and should be indentified with the critical value K, .

Algorithm e Ko Vi virt, Vi, e U URS

Wolff type 0.1838(1) 0.183846(25) 0.5467(25) 0.6212(20) 0.568(6) 1.088(23) 1.0318(13) 1.0696(32)

Metropolis 0.1839(2) 0.18387(8) 0.547(5) 0.624(5) 0.568(8) 1.08(5) 1.033(3) 1.069(6)
rounded up. 5.2. Computation of latent heat on the basis of cumulants and of the

The finite-size scaling analyzes of the ordinates and of the abscissas
of cumulants V,; minima and of cumulants U, ; maxima for degrees of
freedom « indicated in the legend boxes are illustrated in Figs. 4 and 5.
The values V;‘}E" (the left hand side graph in Fig. 4) and U}* (the right
hand side graph in Fig. 4) are obtained using our cluster Wolff type
algorithm and extrapolated to the thermodynamic limit at the fixed
value of the coupling K4 = 0.1. The line for a = o falls within the
thickness od the line for « = s for the Hamiltonian (1) symmetry rea-
sons. Our MC data are fitted by the straight solid lines using the linear
regression for L > 24. These data for finite-size systems are linearly
correlated from a certain L value up [25,36]. In Fig. 5 we present ab-
scissas KZ‘“D““L of cumulants V,; minima and K;%; of cumulants U,
maxima obtained using our cluster Wolff type algorithm and extra-
polated to the thermodynamic limit at the fixed value of the coupling
K, = 0.1. Here cumulants, degrees a and extrema are specified in the
legend box. One can see the clear linear character of our MC computer
experiment data which are inter- and extrapolated by the solid lines
using linear regression starting from data with the sufficiently large
L = 24. For comparison and validation, also the extrapolated results
obtained using the Metropolis algorithm are presented in Table 1.

Critical regions of K, values, which result from Fig. 2, are consistent
with the more precise ones resulting from the above finite-size scaling
analyzes, i.e. K, . presented in Table 1 are the mean value taken from all
K" and KJ"® presented in Fig. 5. In Table 1 we have demonstrated that
both Metropolis and our cluster algorithms with high precision give the
same results extrapolated to the thermodynamic limit for the large
enough samples (L > 24).

In this way, the results previously obtained using the Metropolis
algorithm have been verified by our cluster algorithm what enabled us
also to validate the latter. The main limitation of this method is its
scope of applicability, as one should remember that our cluster algo-
rithm of the Wolff type can be used for K, > |K4| as described and
justified in Section 3 and in previous works regarding the 2D AT model
[21,23,24].
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internal energy distribution histogram

We have initially determined the partial latent heat I, connected
with (a) component of the order parameter for particular K, = 0.1
coupling value using formula (5), the Challa-like cumulants V" values,
and the values E, , estimated from the E, (K;) energy plots (see the left-
hand graph in Fig. 6 discussed below) for a = s, 0, so or the whole
Hamiltonian H (1) for finite-size samples 9,13, as explained in Sub-
Section 2.2. Although such an estimation of the step change in the
energy E,, + value is imprecise, but it allows the initial calculation of
the values E, , and E, _ and a qualitative verification of the location of
this energy value jump from E, , to E, _ in the background of the course
of the dependences E, | (K;). Below we present the better estimate of
E,  value in the thermodynamic limit using the energy distribution
histogram method. The results of this analysis using this second esti-
mate of E,, value for latent heat I, = E, ; — E,_ in kT units com-
puted using our cluster Wolff type algorithm and (for comparison) the
Metropolis one for K, = 0.1 and the critical value K, . = 0.183846(25)
are presented in Table 1 and denoted by the method V in the first
column.

The results of analogous analyzes for latent heat [, values using the
Lee—Kosterlitz like cumulants Uy'%’ values and Eq. (7) are shown in
Table 2 in the rows denoted by the method U in the first column. Latent
heat values obtained using both algorithms from the above-explained
analyzes of the behavior of the individual cumulants for all degrees of
freedom shown in Table 2 demonstrate good agreement within the
given uncertainty limits.

The applicability of the method of the energy distribution histogram
presented in Section 2 for the study of systems with a multicomponent
order parameter was confirmed only with the use of the Metropolis
algorithm [26]. We have used this procedure to obtain a histogram
shown in the right hand side graph of Fig. 6 with two peaks in the
critical region using our cluster algorithm for 3D AT model of size
L = 34 in the phase transition point. The critical value of constant
coupling K, . = 0.183846(25) at K4 = 0.1, which is marked on the left
hand side graph in Fig. 6 with vertical dotted line, has been carefully
determined by our analysis of the behavior of the above mentioned
cumulants of Binder [33] and of Challa [36] and Lee-Kosterlitz [25]
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Fig. 3. The dependences V; 1 (K;) (left) and U1 (K;) (right) with characteristic minima and maxima for system sizes L listed in the legend box and at the critical
coupling K, = 0.1 obtained using our cluster Wolff type algorithm. The uncertainties are less than magnitudes of symbols and for clarity are omitted.
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indicated in the legend box at the fixed value of the coupling K, = 0.1. The dependences are fitted by the straight solid lines using the linear regression for L > 24. The

uncertainties are less than magnitudes of symbols and for clarity are omitted.

S B L B L N L B L L L Table 2
0,1838 _ Latent heat values determined on the basis of the values of V and U cumulants
o -1 in the thermodynamic limit and of the energy distribution histogram (denoted
r ] as P(E) in the first column) for 3D AT model at K,=0.1 and
B <& Ko = 0.183846(25).
0,1836 — —
- - Method Degrees of freedom Wolff type algorithm Metropolis algorithm
K = =
2 L i X
C < Vsmin ] P(E) sorc 0.0891(16) 0.0891(10)
0,1834 — 0O Us,max +] v soro 0.0885(6) 0.0887(12)
o X V,so,min - U soro 0.089(8) 0.091(16)
C | + Uso,max P(E) so 0.0424(19) 0.0431(12)
| 14 so 0.0421(8) 0.0430(14)
01832011 11 1111 Ly vy 00 I U so 0.0429(7) 0.0423(14)
0 0,0001 4 0,0002 P(E) whole H 0.2203(21) 0.2202(18)
L v whole H 0.225(5) 0.224(6)
Fig. 5. Abscissas KJ% of cumulants V,; minima and K% of cumulants Uy, v whole H 0.225(4) 0.224(6)
. . L - . T ’ P(E) s+ 0+ so 0.2206(51) 0.2205(24)
maxima obtained using our cluster Wolff type algorithm and extrapolated to the v sto4so 0.2194(20) 0.220(4)
thermodynamic limit, at the ﬁxe.q val.ue of the coupling K4 = 0.1. Cumulants, U St+o4so 02221 as) 0:22 4(33)
degrees a and extrema are specified in the legend box. The dependences are
fitted by the straight solid lines using the linear regression for L > 24.
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Fig. 6. The energy distribution histograms P, (E) shown on the right hand side graph obtained using our cluster algorithm for the 3D AT model for degrees of freedom
specified in the legend box. The left hand side graph presents the E, ; (K;) dependences for our cluster algorithm witha = s, o, so or Hat K, = 0.1 and for L = 34. The
critical value K, . = 0.183846(25) is marked with a vertical dotted line. For clarity only selected points are shown and error bars are omitted, as they are less than

magnitudes of symbols.
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Fig. 7. The course of dependences —InP; (E,, ) for degrees of freedom a = s (or o) at K4 = 0.1 and the critical value K, = 0.183846(25) shown in the left hand side
graph. The values of the system size L are explained in the legend box. In the minima regions the dependencies —InP; (E,, ) have been smoothed by the solid curves
using the third degree regression. The right hand side graph presents the minima positions of these dependencies —InP, (E,, §) received for a system of finite size L for
degrees of freedom explained in the legend box. The individual lines are extrapolated to their thermodynamic limits E, , or E, _ using linear regression. Error bars are

less than the magnitude of symbols which are explained in the legend box.

type. K, . has the same value for each of the three degrees of freedom of
the system. It differs slightly from the value K, = 0.18381(2) obtained
earlier in the paper [26], but they are consistent within the error bars.
Locating accurately the phase transition point is crucial for this method
[25].

Also here the probability peaks P, fall in the upper and lower region
of the characteristic rapid jump of the average values of both the energy
Ey 34 from the whole Hamiltonian, as well as the energy E, ;4 of inter-
action of degrees of freedom o = s (the same course for o spins due to
the Hamiltonian (1) symmetry) and so in the K, function as shown in
the left hand side graph of Fig. 6. This is the next positive test for va-
lidity of the code of our new computer program presented in this paper.

Another important test for the validation and for the correctness of
the results of our analyzes was to check whether the sum of the values
of latent heat from subsequent components of the order parameter is
equal to this heat of the entire system computed from analysis of the
entire Hamiltonian in the range of uncertainties, which are of the order
of magnitude of symbols in Fig. 7.

As explained in SubSection 2.3, in order to calculate the latent heat
based on the internal energy distribution histogram, our program
computes —InP; as a function of energy E,; not only for the whole
Hamiltonian, but also for the energy of the interaction of degrees
freedom s, o and so separately for a system of different sizes L [26].
Fig. 7 shows these dependences —1InP; (E, ;) for degrees of freedom s (or
o) with K, = 0.1 at critical value K, = 0.183846(25) for system size va-
lues 22 < L < 34 explained in the legend box.

On the basis of these graphs, we have determined on the abscissa
axis the positions of both minima occurring in Eq. (8), which are the
most probable energy values E, _; for the ordered state (left minima)

Table 3

and E, , ; for the unordered state (right minima). In order to increase
the precision of minima position determination, in their vicinity a
smooth approximating curve is used, applying regression of the third
degree. The approximating curves are illustrated by the solid lines in
Fig. 7. In this way, we have determined the values of minima positions
Eq+ and E, _ | for the dependence —InP; on the energy Ey ; from the
whole Hamiltonian and on the interaction energy E,; of degrees of
freedom a = s, o and so.

The graph on the right hand side of Fig. 7 shows the results of these
analyzes for energies Efﬁ:‘L and E;”'_"L for the whole Hamiltonian, as
well as for the energy of interaction of the degrees of freedom s, o and
so separately, using the symbols explained in the legend box for the
system of different sizes 22 < L < 34. According to the formula (8), the
values of E""; and Ef™ in the L2 function scale to the respective bulk
values E, , and E,_ [26]. Therefore, the individual lines in the right
hand side graph of Fig. 7 are extrapolated to their thermodynamic
limits using linear regression. The results of these analyzes for data
obtained using our cluster algorithm are summarized in Table 3. For
validation, they are collated with our results for the Metropolis algo-
rithm.

The resulting values E, , and E, _ after substituting into Eq. (6) at
K, = 0.1 give the latent heat I, = 0.0891(16) for spins s (or o) and
l; = 0.0424(19) for degrees of freedom so, which sum up to
Lum = 0.2206(51). While latent heat determined on the basis of the en-
tire internal energy is [y = 0.220(10) and is consistent with I, value
within the error bars as shown in Table 2 in the rows denoted as P (E).

Of course, the values E, . and E, _ are determined more precisely
using the energy histogram method than on the basis of Egs. (5) and (7)
as reported in the first two paragraphs of this Section. However, all

Energy values E, ;. and E,_ in the thermodynamic limit determined on the basis of energy histogram analyzes for individual degrees of freedom a, which are
specified in the lower index, using our cluster algorithm of the Wolff type and (for comparison) the Metropolis one for 3D AT model at K, = 0.1 and
K> = 0.183846(25). The results with the H index are based on the energy of the whole Hamiltonian H (1).

Algorithm Es 4 or Eg 4 E;,_ or E5 _ Es + Eso,— Ep,+ Epy,—
Wolff type 0.2059(8) 0.1168(8) 0.1418(5) 0.0994(14) 0.5539(12) 0.3336(9)
Metropolis 0.2050(4) 0.1159(6) 0.14183(16) 0.09954(20) 0.5527(6) 0.3325(12)
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these results, which were collated in Table 2, are consistent within error
bars. They are in good agreement with the detailed results in Table 3
obtained using the energy distribution histogram both from the cluster
algorithm, as well as Metropolis one. Particularly noteworthy is the
very good consistency of the summed latent heats obtained for the in-
dividual degrees of freedom with that obtained for the entire Ha-
miltonian using each of the two algorithms. This shows the good vali-
dation of our algorithm and the computer program that exploits it.

Thus, the method of computation of latent heat based on the energy
distribution histogram can successfully be used in systems with many
components of an order parameter, which show their individual or-
dering, also with the use of our cluster algorithm.

The method based on the energy distribution histogram requires
much less numerical computation, and the results for extrapolation to
the thermodynamic limit in Fig. 7 exhibit significantly lower statistical
scattering than those based on the Challa and Lee—Kosterlitz type cu-
mulants. However, let us note that in order to use it, it is necessary to
have quite precisely determined position of the investigated phase
transition which can be effectively done using the cumulant method.

As the best strategy, it is suggested to use the cluster algorithm in
the critical region and the Metropolis one beyond.

5.3. Critical slowing down

As we explained in Section 4, the slope of the curve fitted to the
dependence of the correlation time 7 on the system size L presented in
the logarithmic scales gives the value of the dynamic critical exponent
z. The autocorrelation function y,, ., of the magnetization (M;) and our
analysis are illustrated in Fig. 8 for K, =0 and the critical value
K> = 0.221655". This is the point where the AT model is reduced to the
Ising model. The results obtained for the correlation of (M) for this
point give the critical exponent zy, ) = 2.019(25), where the first
index M indicates that this is the result obtained for the Metropolis
algorithm. Thus, we observe here a good compatibility with the results
presented earlier in the bibliography of the 3D Ising model
Zanan = 2.02(1) [20,38].

Our results obtained for the correlation of individual energy values
(E;) for the Metropolis algorithm at K, = 0 give the critical exponent
value zy, (g, = 1.873(25). We have found no bibliographic reference for
the standard 3D Ising model, but for the 3D Ising model with the
probability p = 0.85 of finding a spin on a node these values are
Zm,ey = 1.92(4) and zp, vy = 2.21(16) [40]. Thus, our results have va-
lues comparable to the bibliographic ones.

From the slope of the line in the right hand side graph in Fig. 8 we
have also estimated the dynamic exponent for our cluster algorithm.
Taking into account the error bars, our best fit gives the value
Zw, () = 0.31(2) (here also the first index W means our Wolff like cluster
algorithm), which is consistent with the value given in the bibliography
Zw,(g) = 0.33(1) [20]. To check this result, we have also calculated the
exponent Zycs,(g) = 1.31(2) value for the flip of individual clusters in
the system. Thus taking into account v/y = 1.97(2) [44] and d = 3 from
Eq. (18) we get the value zw, (5 = 0.28(4), which within error bars is
consistent with the value shown above. This value is significantly lower
than z = 2.02 for the Metropolis algorithm [20,38]. Our results for the
correlation of individual magnetization average values lead to
Zw,(M;) = 0.18(4), which can be compared with the value given in the
bibliography zw, ) = 0.19(1) for 3D random Ising model with p = 0.85
[40]. For our algorithm, we have also calculated the exponent
Zmcs, ;) = 1.19(4) for the flip of individual clusters in the system. For its
checking, considering v/y = 1.97(2) and d = 3 from Eq. (18) we get the
value zy, ) = 0.16(6). Both of these values are consistent within the

1 For comparison we have applied the K, critical value used in the cited
bibliography, but recently Ferrenberg et al. [43] published the more accurate
value K; = 0.221654626(5).
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limits of error bars. Of course, the analysis of correlation times for o
spins leads us to the same results as for spins s due to the symmetry of
the Hamiltonian (1).

In addition to the results referenced in the bibliography for the point
with K4 = 0, where the AT model is reduced to the Ising model, we
have determined the critical slowing down for our cluster algorithm
and for the Metropolis one and calculated the z exponent for the typical
phase transition point on line AP (see Fig. 1) with K4 = 0.1 and
K, = 0.183846(25). The results obtained for the correlations of averages
of individual energies and magnetizations are consistent within the
limits of error bars. Extrapolations of the correlation times 7 for the
Metropolis algorithm for the system sizes 16 < L < 36 are shown in the
left hand side graph of Fig. 9. The presented analysis concerns corre-
lation for the degree of freedom s and gave the values zy () = 8.5(5)
and zy,(v,) = 8.5(5). After taking into account the size of clusters in
relation to the size of the system for samples with 24 < L < 72 using Eq.
(18) for the analysis of the data shown in the right hand side graph of
Fig. 9 we have received zw, (g,) = —0.07(4) and zw, ) = —1.58(7), what
suggests that less than an entire lattice update is sufficient to decorr-
elate (E;) or (M). Excluding Eq. (17), we have obtained
ZMCS, (Es) = 2.13(5) and ZMmcs, (Mg) = 0.61(4).

Although for the point with K, = 0.1 and K, = 0.183846(25) we have
a phase transition of the first order, the value of the expression
Zw.a — Zmcs,a + d should not depend on the thermodynamic variable A
used for calculation. Similarly to Eq. (19), for (E;) we get y/v = 0.80(9),
whereas for (M;) we have y/v = 0.81(11). These values are consistent
within the limits of error bars, although here, of course, they can not be
interpreted as the ratio of critical exponents. These are another results
for the validation of our algorithm and the computer program.

6. Conclusions

It is worth recalling that for small samples, the results of MC com-
puter experiments deviate from the linear dependence at finite size
scaling (see e.g. [23,25,33,36]), as shown in Figs. 4, 5, and 9. Thus, the
results should be computed for large enough samples to extrapolate
them to the thermodynamic limit.

Our cluster algorithm of the Wolff type proved to be the good tool
for verification of the results along the line between Ising A and Potts P
points (see Fig. 1) previously obtained using the Metropolis algorithm
for the 3D AT model which is a complex system with many components
of the order parameter showing independent ordering. In our work, we
have shown that the cluster algorithm can be successfully used to
compute statistical quantities including latent heat not only using the
cumulant method, but also on the basis of the energy distribution his-
togram, the latter with significantly lower complexity. However, in
order to use the histogram method, it is necessary to have quite pre-
cisely determined position of the investigated phase transition what we
have done applying the cumulant method.

Fortunately, we did not find a measurable effect of the critical
slowing down, nor the presence of metastable or unstable states on the
values of thermodynamic quantities that until now were determined
using the Metropolis algorithm. Regarding the uncertainties of the data
presented in tables and figures for the Metropolis algorithm, one should
remember that they have been obtained with the MCS number 8-10
times greater. With an equal number of MCS, results obtained using our
cluster algorithm are more precise. Our computer experiments have
been carried out in critical regions along the line AP, including the
vicinity of tricritical point A, which is more difficult to analyze. We
have also verified that our cluster algorithm is suitable for both con-
tinuous and first order phase transitions in the 3D AT model.

The biggest advantage of our cluster algorithm is the significant
reduction of the critical slowing down problem, and in some cases the
dynamic critical exponent reaches values close to zero. Application of
the cluster algorithm of the SW type to the 2D AT model reduces the
critical slowing down to a lesser extent [15,16].
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To conclude about efficiency of our cluster algorithm, we have
checked that the execution times for samples of the same size L are
comparable when we analyze points beyond the critical region where
clusters are too small to compensate for the greater complexity of the
Wolff-type algorithm. In contrast, we observe the higher efficiency of
our cluster algorithm in the vicinity of the phase transition point, where
larger spin clusters dominate and the execution times of programs are
about 30% shorter compared to the case of using the Metropolis algo-
rithm with the same Hamiltonian parameters, sample size L and the
number of MCS. It is worth mentioning here that we also observe a
certain increase in the efficiency of our cluster algorithm as the lattice
size L increases, although this increase is modest in comparison to the
large decline in the critical slowing down (for comparison see e.g. [45]).

For the reasons indicated in the previous paragraph, we also

conclude that it is better to exploit the Metropolis algorithm beyond a
critical region because its lower complexity allows to achieve lower
uncertainties of the determined thermodynamic quantities values with
a slightly shorter program run time, as we can take the larger number of
MCS. In the critical region, however, large clusters dominate and this
effect, with a surplus, compensates for the greater complexity of our
cluster algorithm, in effect giving the results with comparable un-
certainties in a shorter time.

Using the bibliographic methods of algorithm comparison, we have
shown in SubSection 5.3 that our Wolff-type cluster algorithm at point
A, in which the AT model reduces to the Ising model, shows only small
critical slowing down (z is of order of 0.3 and this value agrees with the
bibliographic data for the 3D Ising model within the limits of un-
certainties), as opposed to a large slowing down (z = 2.02) for the
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Metropolis algorithm. For all analyzed points along line AP in the phase
diagram shown in Fig. 1, the critical exponent zy calculated for our
cluster algorithm is significantly smaller than z), determined for the
Metropolis algorithm.

The comment is also required on the negative values of the critical
exponents Zy, g, and zZw (v,) obtained in the penultimate paragraph of
SubSection 5.3 when taking into account the ratio of the average cluster
size to the size of the system using Eq. (17), which we do in order to
compare the performance of both algorithms. The negative value of z
means that less than an entire lattice update is sufficient to decorrelate
(E) or (M;). Similar effect was observed when the Wolff algorithm was
applied to the Ising model [46].

Preliminary results obtained by us in the region with K4 < 0 in-
dicate similar conclusions, but the situation here is more complex due
to the fact that the individual terms in Hamiltonian (1) describe ferro-
and antiferromagnetic interactions. Therefore, the bibliographic results
for this region of the phase diagram are modest.
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Wide crossover

The phase transition line, for which the possibility of the non-universal behavior studied
by Monte Carlo (MC) simulations had been announced, in the standard 3D Ashkin-Teller
(AT) model phase diagram is carefully investigated. The results of our MC experiments
for transitions between paramagnetic, mixed, and Baxter phases for negative coupling
between neighboring spin pairs, the most complex and least recognized region in the
phase diagram, are presented. Binder, Challa, and also for the first time of Lee-Kosterlitz
cumulants, the last two adapted to the AT model, are exploited. The uncommon coexistence
of continuous and first order phase transitions along the same phase boundary on different
components of the order parameter are reported. The paper is closed with the conclusion of
a wide crossover effect that covers the whole line between tricritical points, where earlier
papers indicate the possibility of non-universal behavior with the critical exponent values
varying continuously.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

The Ashkin-Teller (AT) model is one of the most important in statistical physics and every year a dozen works are devoted
to it (see e.g. [1-3] and the papers cited therein), as it is the non-trivial generalization of the widely exploited Ising model
and it shows the complex phase diagram. Moreover, the Monte Carlo (MC) simulation results published so far suggest the
possibility of the occurrence of the non-universal behavior here in both the 3D model [4-6] and the 2D one [7-10].

The 2D AT model violates the universality hypothesis, having exponents with values varying continuously with a change
of values for K4 < 0[7]. The possibility of the analogous behavior in 3D system has been signalized [4,6]. The problem of how
the crossover from universal to nonuniversal behavior is realized in the isotropic limit remains for years almost completely
unsolved, even at a heuristic level [9]. Non-universal critical exponent values also occur in other systems, e.g. in different
varieties of XY model [11-13], and apart from the Ising also the XY behavior has been indicated for transitions in this phase
diagram region [4], however, usually the crossover effect is limited to the close neighborhood of a tricritical point.

*  Corresponding author.

E-mail address: zbigniew.wojtkowiak@amu.edu.pl (Z. Wojtkowiak).

https://doi.org/10.1016/j.physa.2018.08.166
0378-4371/© 2018 Elsevier B.V. All rights reserved.



Z. Wojtkowiak, G. Musiat / Physica A 513 (2019) 104-111 105

F-J T 7

E ASAARRARRARE RAREERRERS RF

032F *. ., P 1

T oasE 1

TGN Baxter F 13

K, 0.28;— 2 E—;

E 024 | i1 3]

F -0.1 -0.08 -0.06

0.24F =

s para A ]

o I R R S B
-0.2 -0.15 -0.1 -0.05 0

Fig. 1. The investigated region of the phase diagram of the standard 3D AT model on a cubic lattice. Our MC experiment results are marked by x symbols
whereas the tricritical points are denoted by + ones. The dotted lines denote phase transitions of the 1st order, the solid lines stand for continuous
transitions, and the dotted-dashed line indicates transitions of both types for different components of the order parameter. The phase labeled “Baxter”
is ferromagnetically ordered with all (s), (o) and (so’) order parameter components non-zero, whereas in the phase “para” they are all zero. For the mixed
phase region “(s)” (so) = 0 and (s) or (o) is ferromagnetically ordered but the other is not.

Our MC experiment results for large system sizes basically confirm the existence of the continuous phase transitions in
this region. As to the nature of these transitions, we suggest the explanation of the previously observed [4-6] deviation from
the universality hypothesis.

Our computer experiments exploit the properties of Binder [ 14] cumulant as well as, Challa [15], and Lee-Kosterlitz [ 16]
like ones, adapted by us to compute the latent heat not only of the whole system, but also to calculate the contribution from
each kind of degrees of freedom separately. This is clarified in Section 2.

Ashkin and Teller have proposed their lattice model for four component mixture [17], but the interest to it significantly
increased after Fan’s work [ 18] expressing it in terms of two Ising models put on the same lattice with spins s; and o; at each
lattice site i. Only two-spin interactions of a constant magnitude J, between the nearest neighbors are taken into account
here. These independent Ising models are coupled by the four-spin interaction of a constant magnitude J4, also only between
couples of nearest-neighboring spins, leading to the effective Hamiltonian H

H

_m = Z{Kz(sisj + 0i0j) + Kusioisjoj}. .,
il
InEq. (1)K; = —J;i/ksT, withi = 2 or 4, [i, j] denotes summation over nearest-neighboring lattice sites, T is the temperature

of the system and kg is the Boltzmann constant. We consider the standard 3D AT model put on the cubic lattice. It should be
called the standard one as there are many extensions of the AT model.

The cause of the complex nature of the K>(K,4) phase diagram of this model is the fact that two components of the order
parameter (s) and (o) can order independently and the quantity (so’) exhibits similar independent behavior where the
symbol (. ..) denotes the thermal average. Thus, (s), (o) and (so’) can be considered also as separate order parameters. The
current state of knowledge about the studied region of the phase diagram is completed in Fig. 1. The results of our MC
experiments and marked by x symbols, whereas the tricritical points are denoted by + ones.

The aim of this paper is to exploit our large-scale MC computer experiments, explained in Section 2, to verify the basic
assumption of continuous character of phase transitions made in the papers [4-6] when reporting the possibility of the
non-universal behavior on the MC simulation basis. For this purpose we check carefully presence of the latent heat in the
3D AT model along the line AHH'.

This is the most complex region of the phase transition diagram in Fig. 1 as the terms in Hamiltonian (1) have comparable
values and different signs. A, H and H’ are the tricritical points. A is the continuous Ising phase transition point situated at
K4 = 0. We report that H is the point at which the latent heat becomes zero in the phase transitions only for the degrees of
freedom s and o within error bars when going towards the greater values of K4. We have discovered that similar situation
is at H’ which is a new tricritical point for the degrees of freedom so.

2. Our computer experiment

We consider sufficient finite-size cubic samples of the standard AT model to be able to compute the thermodynamic
limit of the results and to obtain the results suitable for a macroscopic system. Performing our MC computer experiments,
we compute not only the thermodynamic quantities but also determine their error bars. The considered sample sizes
16 < L < 53 are much larger than taken before.

We perform our computer experiments to predict the equilibrium behavior of the standard AT model according to the
statistical mechanics methodology [5,6,19,20]. The behavior of a system is fully determined by the Hamiltonian, here defined
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by Eq. (1). Thus, we generate equilibrium configurations (often called microstates) of finite-size cubic spin samples L x L x L
for fixed values of the model parameters described above at Hamiltonian (1) using the Metropolis algorithm. The considered
sample sizes 16 < L < 53 are much larger than those taken before. As our final results are calculated in the thermodynamic
limit, we assume convenient periodic boundary conditions. We first apply thermalization of the length of order of 10° Monte
Carlo steps (MCS) to bring the system to the thermodynamic equilibrium. We define one MCS in our computer experiment
when each of the lattice sites has been visited once. In the case that it is energetically beneficial, the spin-flip takes place
automatically. Otherwise, the probability of the spin-flip is equal to e~2(K2+Ka),

We split each MC run into k (6 < k < 10) segments called partial averages to determine uncertainties of the measured
quantities. Such a partial average consists from 0.4 x 10% MCS for smallest L values up to 3.6 x 10° MCS for the largest L’s.
Moreover, only every ith MCS contributed (with 8 < i < 10) in the computation of the partial averages to avoid correlations
between sampled microstates of spins and to sample microstates with the Gibbs probability distribution. In this way we
ensure that our program spends most of time working with states giving the largest contribution to the computed quantities.

Our MC computer experiments take from 20 hours for smallest L's up to a couple of weeks for the largest L values
considered when applying sequential processing. To complete the results of this paper, hundreds of such runs have been
executed.

To pre-locate a temperature-driven phase transition point, we fix the particular value of K4 coupling and analyze the
Binder cumulant Q, ;(K;) dependences (see e.g. [14,21,22])

MZ 2

Qi = ( ‘Z>L ;

(M)
where (M}); denotes the nth power of the order parameter of « degrees of freedom, with @ = s, o or so, averaged over
an ensemble of independent samples of the size L x L x L in agreement with the statistical physics methodology. The
dependences Q, ;(K>) for different L intersect mutually around the critical point K; ., because for L; < L, and atK; < K3,
we have Q, 1,(Kz) > Qu1,(K>), while at K, > K; ¢ occurs Qu 1, (K2) < Qu,1,(K2) [14,23]. This method of initial localization of
the critical K, value is applicable for both, continuous and first order phase transition points.

For better estimation of a phase transition point position and to calculate the latent heat, we compute also the Challa [15]

(2)

(Eg)
Vyr=1— 3
t 3(E2)? (3)
and Lee-Kosterlitz [16]
(E3)
a,l = ; (4)
(Ea)i

like cumulants. In Egs. (3) and (4) (E7); is the nth moment of the interaction energy of «-degrees of freedom (o« = s, 0 or so)
in Hamiltonian (1) separately, which is averaged over an ensemble of independent samples of the size L x L x L. The Challa
and Lee-Kosterlitz cumulants have been adapted [5,24] by taking also the individual terms in Hamiltonian (1) for E to be
able to compute the latent heat for each component of the order parameter separately [5,19,20]. Of course we also take all
terms in the Hamiltonian (1) for E as originally proposed by Challa et al. [15] and by Lee and Kosterlitz [ 16]. We expect that
the latent heat I; computed on the basis of the whole Hamiltonian (1) will be equal to the sum of the latent heats I, (« = s,
o or so’) coming from « degrees of freedom within their error bars.

We qualify a phase transition as continuous when V,,; = 2/3 and U, ; = 1 in their thermodynamic limits within the
respective error bars [5,15,16,19], whereas for a first order phase transition the dependences V, ;(K;) have characteristic
local minima [5,15,25] and U, ;(K;) have characteristic local maxima [16]. For better location these extrema are fitted by
a polynomial of the third degree in a narrow range around. As the error bar values of the extrema of these cumulants, we
assume the maximum deviation of the points determined in our MC experiments from the fitted curves [5]. Thus, we have the
important criterion: when the thermodynamic limit an value with its error bar remains different from 2/3 and U}'[* value
with its error bar remains different from 1, a phase transition is qualified to be of the first order [5,15,16,19,20]. As locations
of minima Kz"fgt” and maxima K;'7* also scale linearly versus L3 [5,15,16,25], we extrapolate them to the thermodynamic
limit. These limit values are the better estimations of the critical K, value than those obtained from the above mentioned
intersection region of the Binder cumulant Q, ;(K;) dependences.

The partial latent heat I, related to the above mentioned interaction energy E, of «-degrees of freedom in the limitL — oo

lrx = Ly + — Ea,—v (5)
where E, + = E,(K; — Ky,c|+), is determined on the basis of the Lee-Kosterlitz formula [16,25,26]
2 1 (E, E._\* A
e [ i e 4 (6)
73 12 \Ey " Eus I3

and using the method proposed in [5]. In Eq. (6) Ay stands for L independent complicated expression [16]. Eq. (6) allows

us to determine v;“g; limit value using the linear regression to analyze our V;‘i;(L%) computer experiment data. Similar
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Fig. 2. The Binder cumulants Q, ;(K;) dependences for « = s and for the system size L values specified in the legend box at the fixed value K4 = —0.15
(the graph on the left) and at K, = —0.17 (the graph on the right). The inset of the graph on the left shows that these curves intersect also in this region
but for large enough L > 40 values, while this problem does not yet occur in the graph on the right for K, = —0.17.

analysis has been recently applied respectively to the first order phase transitions with an exponential low temperature
phase degeneracy [27].

According to the method proposed in [5], we compute the value E_ by equating this v;"g; value to the first term on the
right hand side of Eq. (6) and using the value E, estimated from the E, ;(K;) energy plot for the finite-size samples. Having
E. and E_ values, I, is calculated from Eq. (5). Obviously, the latent heat of the whole system should be the sum of the
partial ones within error bars. To calculate the latent heat I, for weak phase transitions of the first order, we could use the
approximation of Challa et al. [15,19], which is an alternative to Eq. (6). Although Eq. (6) has been derived for strong phase
transitions, but our analyzes show that it gives correct results also for the weak ones.

Analogously we determine the latent heat [, using our values of U, ; cumulant maxima scaled to the thermodynamic
limit for each component of the order parameter independently, as well as for the whole system, using the Lee-Kosterlitz
formula

2
max _ (an_;_ +E .,—) + @
ol 4E, \E, _ 3’

where Ay stands for L independent complicated expression [ 16]. It is worth noting that when the latent heat I, tends to zero,
v(;"g; approaches the value 2/3 and UJ'% approaches the value 1, as described above for continuous phase transitions.

For strong phase transitions of the first order, a characteristic histogram of the internal energy E distribution with two
peaks in the critical area can be observed [ 16,24]. The maxima of these peaks appear at the energy value E_ | for the ordered
state and at E, ; for the unordered one which are separated by the minimum of E,, ; value. Technically, the histogram is
computed by dividing the range of all internal energy E values (in units of kzT) appearing in our computer experiments
into small subintervals and the program counts the energy occurrence in the individual subintervals. Next, dividing the
received individual values by their sum, we get the probability P of the energy E appearance in the individual subintervals
in the system of the finite size L, with dimensionality d = 3 here. The P;(E,, 8) values are calculated independently for
each degree of freedom o = s, 0, so, as well as for the whole Hamiltonian (1), at a critical value K, . of the parameter K;
determined from the above mentioned analyzes using cumulants Q; [21,22], V; [15] and U, [16] at a fixed value of K4. Here
B = 1/kgT. However, for continuous phase transitions only a single peak is observed.

(7)

3. The results and conclusions

As explained in Section 2, the temperature-driven phase transition points at fixed values of the coupling K, have been
pre-located from the intersection points [14,23] of the Binder cumulant curves Q, ;(K;) specified by Eq. (2) [5,22]. In the
left hand side graph of Fig. 2 there appear two regions at K, . = 0.2693(3) and K, . = 0.275(5) where Qq 1(K;) curves
intersect in such a way that for L; < L, and at K, < K. one has Qu,(K2) > Qu1,(Kz), while at K, > K. there
is Qu,1,(K2) < Qqr,(K2), as explained below Eq. (2). Similar situation appears on the right hand side graph of Fig. 2 at
K. = 0.2761(3) and K, . = 0.299(5). The analyses have been performed independently for («) components of the order
parameter with @ = s, o and so (see e.g. [5,21,22]) allowing us to estimate at least three decimal digits of the K5 coupling
critical value for the upper intersection region in Fig. 2 and four digits for the lower one. The lower intersection region should
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for « = s and so (the graph on the right). The dependences are fitted by straight solid and dashed lines, explained in the legend boxes, using the linear
regression. The dotted lines illustrate the critical K, value uncertainty estimation.

be identified with the transition from the paramagnetic to (s) phase in Fig. 1, whereas the upper intersection region indicates
the transition from (s) to the Baxter phase. Only for the large enough system size L one can see the upper intersection region
when approaching the H point from the left hand side in Fig. 1 what is typical behavior in the vicinity of the bifurcation point.
Therefore, we observe the intersections of the curves Q, ;(K;) in the inset of the left hand side graph in Fig. 2 only at L > 40
for the transition between the Baxter and the mixed (s) phases. One needs the greater L values the closer bifurcation and
tricritical point H we are. For —0.08 < K4 < 0 we observe only one intersection point region what means that H in Fig. 1 is
the bifurcation point which should be pre-located in —0.09 < K; < —0.07 interval.

The essential element for this paper is to compute the latent heat of phase transitions along the line AHH’ in Fig. 1. For
this purpose we have analyzed V”“”(L 3) dependences using linear regression as explained in Section 2 below Eq. (6). The
examples of such analyses are shown in Fig. 3 for minima ordinates V’"'" and in Fig. 4 for minima abscissas K. ’"i" at the fixed
values of the coupling K, = —0.1, —0.08, and —0.02 for degrees of freedom s and so as explained in the legend box (the
results for spins o are similar because of the symmetry of the Hamiltonian (1)). For clarity we have plotted our results only
for selected values of the system linear size L. It is natural that abscissas and ordinates of dependences V’"’”(Kz) deflect from
the linearity for L less than some terminal value L, [15]. We observe that the value of L; increases as one approaches the
bifurcation point. That is why V;"[” data are linearly correlated versus L~ only for the system size L > 42 as shown in the
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Fig. 5. The graph on the left hand side presents the values of Challa-like cumulants V;”i” minima extrapolated to the thermodynamic limit for « = s and
so explained in the legend box at the fixed values of the coupling K4 = —0.17. The dependences are fitted by straight solid and dashed lines, explained in
the legend box, using the linear regression. The dotted lines illustrate the ordinate VD:"’O"L error bar estimation. The graph on the right hand side shows the
internal energy E distribution histogram for the phase transition point with K4 = —0.17 and K, . = 0.298 at L = 28. The solid line shows two probability
P, ; peaks for degrees of freedom o = s, while the broken line presents only one peak for degrees of freedom « = so, as described in the legend box of the
left hand side graph.

Table 1

Latent heat [, values for degrees of freedom « with & = s (the results for « = o are similar because of the symmetry of the
Hamiltonian (1)) and « = so at the coupling constant K4 < 0. The bar means no characteristic extrema of cumulants V and
U, which clearly indicates the continuous character of a phase transition. The results highlighted in bold type contain zero
within the error bar.

K4 KZ c ls (Ol‘ ’o ) Iscr

—0.19 —0.3226(4) 0.194(5) 0.0015(9)
—0.18 —0.3102(5) 0.1742(20) 0.0008(10)
—0.17 —0.2980(9) 0.1506(20) 0.0003(11)
-0.1 —0.2550(5) 0.011(5) -

—0.08 —0.2485(7) 0.008(12) -

—0.06 —0.2418(5) 0.006(7) -

—0.04 —0.2357(5) 0.004(6) -

—0.02 —0.2290(5) 0.003(5) -

0 —0.221655(25) - -

inset of the left hand side graph of Fig. 4. We have observed such specific behavior of these curves also for weak first order
phase transitions close to the Ising point A at K, > 0 [19]. Passing through error bars, the dotted lines in Figs. 3-5 are
deflected to the maximum degree up and down from the solid and the dashed ones. Their intersection points with ordinate
axis determine the respective V””” and K; error bars.

To average the scatter of the results and to determine more precisely the ordinates Vmm or U'#* and the abscissas K} m”‘
K3 of these extrema, our MC computer experiment V,, ;(K>) and U, ((K;) data were approx1mated by a polynomial of the
third degree in the extrema regions. Nevertheless, the uncertainties of the ordinates and of the abscissas of these extrema
fully take into account this scatter as explained below Eq. (6) in Section 2 because the uncertainties should always be rounded
up.

The data presented in the left hand side graph of Fig. 3 and collected in Table 1 are important for location of the tricritical
point H, as for K4 = —0.1 we have VS’,"Q = 0.6659(4) what gives the latent heat i = 0.011(5), but for K, = —0.08
v;";g = 0.6663(5) and I; = 0.008(12), as explained in Section 2. The letter contains 0 within the error bar. Thus, according
to the criterion specified in the paragraph next to Eq. (4) we locate the tricritical point H at K4 = —0.08 and from analyses
in the left hand side graph in Fig. 4 we have determined the critical value K, = 0.2485(7) for spins s and o.

Similar analyses for degrees of freedom o = so in the right hand side graph of Fig. 3 indicate that the latent heat drops
to 0 within the error bar at K, = —0.18, as V™" = 0.666661(23) and I, = 0.0008(10) here. On the other hand, for the

S0 ,00
point K4, = —0.19 v;g";o = 0.666647(17) which means that the latent heat value I, = 0.0015(9) does not contain 0 within
the error bar, as explained in Section 2. In conclusion, we want to emphasize that phase transitions for degrees of freedom
so at K4, > —0.18 should be classified as continuous. Abscissas of the Vm”i minima extrapolated to the thermodynamic
limit give the critical value K; = 0.3102(5). Thus, the tricritical point H’ for degrees of freedom so is situated at the point

(—0.18,0.3102) in the phase diagram in Fig. 1.
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As we see in the left hand side graph of Fig. 4, the analyses for U, ; cumulants give almost the same results as those for
V,.. cumulants. The results for U, ; cumulants, which are applied by us for the first time to the AT model, also validate our
computer experiments [5,19,20] based so far only on V,, ; cumulants.

The left hand side graph in Fig. 5 shows the scaling of the finite-size system cumulants V,, ; minima to the thermodynamic
limit for degrees of freedom « = s and so at K4 = —0.17. In the thermodynamic limit their values V;”Q = 0.539(5) and
v;g{';o = 0.666666(17), respectively. Thus, the latent heat Iy = 0.1506(20) and I, = 0.0003(11). On this basis, we find that
we have here the phase transition of the first order for the degrees of freedom « = s and o, and at the same time continuous
for @ = so along the same line H'H in Fig. 1. Such coexistence of first order and continuous phase transitions for various
components of the order parameter along the same boundary is uncommon.

Scaling the positions of extrema of V,, ;(K;) and U, ;(K>) dependences to the thermodynamic limit allows us to precisely
determine the location of a phase transition, i.e. the critical value of K5, as explained below Egs. (3) and (4) in Section 2.
The critical value of K, determined on the basis of intersections of the cumulant Qs ; dependencies shown in the right hand
graph of Fig. 2 is I(Z?S = 0.299(5). However, the values obtained by scaling the positions of minima of cumulants V,, | in
the right hand side graph of Fig. 4 at K4, = —0.17 are more accurate and appropriately equal to Kz"fsi" = 0.2984(9) and
Kj'" = 0.2976(6) and are consistent within the error bars. Hence, the phase transition point at K4 = —0.17 was determined
as the average value of these two results giving K, = 0.2980(9) which is shown in Table 1.

For K4 = —0.17 we have also analyzed the internal energy E distribution histogram shown in the right hand side graph
of Fig. 5. For degrees of freedom o = s we see two distinct probability P, ; peaks corresponding to the energies E_ ; and E |,
while for degrees of freedom o = so there is only one peak. As explained in the last paragraph of Section 2, it confirms the
occurrence of the discontinuous and continuous phase transitions respectively for the order parameter components (s) and
(so) along the line H'H in Fig. 1.

Crucial for this paper is discovering that spins s and o have non-zero value of the latent heat [; at —0.08 > K, > —0.02
in Fig. 1 even though Iy = 0 value is within the error bars. E.g. for K, = —0.06 we have obtained v;jg‘g = 0.66644(33), which
gives Iy = 0.006(7), for K, = —0.04 we have obtained v;jg‘g = 0.66655(18), which gives Iy = 0.004(5), and for K, = —0.02
we have obtained Vs'fl;g = 0.66660(15), which gives [; = 0.003(5). For clarity these data for latent heat are collected in
Table 1. Usually, the gradual disappearance of the latent heat, i.e. the crossover, is limited to a narrow neighborhood of a
tricritical point. The phase transitions along the line AH for degrees of freedom s and o formally are classified as continuous,
but we rather observe an extremely wide crossover than non-universal behavior previously indicated on the MC simulation
basis [4-6]. It is worth noting that the results of this study have been verified using our cluster algorithm of the Wolff type
which we constructed recently [28].

We plan to carry out a similar analysis for the 2D AT model, where the systematic deviation from the universal values of
critical exponents for continuous phase transitions are described in the corresponding region of parameters (see e.g. [7-9]
and the papers cited therein).
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Abstract: In this paper, we demonstrate a new way of performing Monte Carlo (MC) simulations in a mixed phase region
that is difficult to study, where with certain probabilities there are different ordering ways. That results in a large oscillation
of the values of the computed thermodynamic quantities, which makes their interpretation very problematic. Our results
are presented on the example of the 3D Askin-Teller (AT) model, where within a certain range of parameters with equal
probabilities there are two different, but equivalent, ways of ordering two of the three order parameters showing independent
behavior. The use of our new approach in an MC computer experiment allowed us to use Binder cumulant as well as Challa-
and the Lee-Kosterlitz-like cumulants. This made it possible to locate phase transitions precisely enough to be able to use
the energy distribution histogram method. According to the most effective strategy in the critical region we use our recently
proposed cluster MC algorithm and the Metropolis algorithm beyond it, which are suitable for both the first-order and the
continuous phase transitions in the 3D AT model. The new approach was demonstrated by determining smooth curves of
magnetization and internal energy, and as a consequence by determining the location and character of the phase transition
on the line between the mixed phase region and the paramagnetic phase.
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Teller model

I. INTRODUCTION

For several decades, the Ashkin-Teller (AT) model [1]
has been one of the important points of reference in statis-
tical physics, as it is a non-trivial generalization of the in-
tensively used Ising model. After Fan [2] we express the AT
model in terms of two standard Ising models put on the same
lattice with spins s; and o; at each lattice site i. Thus, we
take into account only two spin interactions of a constant
magnitude Jo between the nearest neighbors. These two in-
dependent Ising models are coupled here by the four-spin
interaction of a constant magnitude Jy4, also only between
couples of nearest neighboring spins. This leads to the effec-
tive Hamiltonian H

H

_ICB_T = Z{K2(3i3j + O'Z‘O'j) + K4Si0'i8j0j}, (1)

[6,4]

where K,, = —J,/kpT, with n = 2 or 4, [¢, j] denotes the
summation over the nearest neighboring lattice sites. More-
over, kp is the Boltzmann constant, and 7" is the tempera-
ture of the system. We consider here the symmetric 3D AT
model, i.e., the one with the same interactions between s and
o spins, distributed in the cubic lattice.

Every year a dozen of works are devoted to it (see, e.g.,
the recent papers [3—7] and the ones cited therein), and it
still finds new interesting applications, like recently for the
modeling of the crystalline order in VO, [8], machine learn-
ing [9], the gapless Coulomb state [10], nanodomain patterns
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in ultratetragonal PbTiO3 [11], magnetic properties of nan-
otubes [12], and the elastic response of the DNA molecule
to external force and torque [13]. This model is also very
important from a theoretical point of view as there are some
mappings between the AT model and other physical mod-
els [14].

The AT model is so attractive in terms of cognition
and application as it is characterized by the Ko(K,) rich
and complex phase diagram because not only two order pa-
rameters (s) and (o) induce ordering, but also the prod-
uct (so) exhibits independent ordering, where the symbol
(...) denotes the thermal average. The research done for this
model and its applications can be found in many papers, e.g.,

[15-23].

A fragment of the phase diagram to which the results of
our work relate is shown in Fig. 1. The first systematic study
of the phase diagram of the 3D AT model on a cubic lat-
tice was done by Ditzian et al. [24]. They exploited short se-
ries expansion and Monte Carlo (MC) simulations with very
small samples, but they sketched the approximate phase dia-
gram which is an important point of reference. For this rea-
son, their results are ambiguous, mainly in the mixed phase
region marked as “(o)” in Fig. 1. In the “(o)” region, either
(s) or (o) is ferromagnetically ordered but the other is not
while (so) = 0. Although few papers that relate to the “(o)”
region have been published [20, 25, 26], their results are pre-
liminary and this region still constitutes a real challenge.

In the phase diagram in Fig. 1 there are also the Baxter
and paramagnetic (marked as “para”) phases for which all
order parameters, (s), (o), and (so), are ferromagnetically
ordered and are zero, respectively. For the phase marked as
“(so)ar” (s) = (o) = 0 and only the parameter (so) is
antiferromagnetically ordered. The first-order phase transi-
tions are denoted by the dotted curves, whereas the continu-
ous ones are denoted by the solid curves. The labeled point
positions are marked by + and A, H, H’, K, K’ are the tri-
critical points. Arnold and Zhang [23] using MC simulations
obtained the first more precise results along the line AP. Ising
phase transitions occur along the continuous curve ending at
the tricritical point K [21, 22, 27].

The 2D AT model shows the interesting line of continu-
ously varying phase transitions at {y < K5 first shown in
the paper [28] and MC simulation results suggest the possi-
bility of occurrence of nonuniversal behavior also in the 3D
AT model [18, 20, 22, 24-26] but our recent results indicate
only a wide crossover along the AH line and the rare coex-
istence of continuous and first-order phase transitions along
the HH’ line [18] shown in Fig. 1. It is noteworthy that the
character of continuous phase transitions along the HK’ line
is still an open question.

The aim of our paper is to present a new method of
performing an MC computer experiment to study the order
and phase transitions between the mixed phase region “(c)”
and the “para” phase on the example of the standard 3D AT
model shown in Fig. 1. The “(c)” phase occurs only in the

symmetric AT model in 3D. Due to the difficulty of obtain-
ing unambiguous results and their interpretation, the “(c)”
region is often omitted, as it is the most complex and the
least recognized region of the 3D AT model phase diagram.
To solve this problem, we have developed an appropriate
strategy, precise tools such as three types of cumulants, and
the energy distribution histogram, which enable a detailed
analysis of this region. We have recently used these tools
with success to analyze the first-order of phase transitions to
the right of point A shown in Fig. 1 [15]. Due to the recently
announced presence of metastable and unstable states [4],
we use our cluster algorithm of the Wolff type [29] in the
critical region and the Metropolis one beyond.

To illustrate the use of our method, we precisely deter-
mined the location of the phase transition and we determined
its character for the point on the HK’ line between the mixed
phase region “(0)” and the paramagnetic phase shown in
Fig. 1. These problems are important, topical and have not
yet been solved in the bibliography of the subject.

0.35

0.3 —
Baxter

K, i
0.25 K |
[ A ]
0.2 -

oo vnw o b Moo v o v by v e e iy L.

0

Fig. 1. A fragment of the phase diagram of the 3D AT model on
a cubic lattice to which the results of our paper relate. The dotted
curves denote the first order phase transitions, the solid ones stand
for continuous transitions and the dotted-broken one indicates tran-
sitions of both types for different order parameters. In the phase
labeled “Baxter” the system is ferromagnetically ordered with all
order parameters (s), (o) and (so’) nonzero, whereas in the phase
labeled “para” they all are zero. In the phase “(so)ap” there is
(s) = (o) = 0 and only the (so) is antiferromagnetically ordered.
For the phase “(o)” called the mixed phase region (so) = 0 and
either (s) or (o) is ferromagnetically ordered but the other is not.
The positions of labeled points inside the phase diagram are marked
by + and A, H, H’, K, K’ are the tricritical points

II. THE APPLIED METHOD

To study the subject mixed phase region, we exploit
the MC computer experiment with importance sampling of
states and we consider the finite-size cubic samples of the
lattice symmetric AT model, the behavior of which is fully
determined by the Hamiltonian (1). These samples of size
L? with periodic boundary conditions are sufficiently large
to be able to compute the thermodynamic limit of our re-
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sults. We perform our computer experiments to predict the
equilibrium behavior of the 3D AT model according to the
statistical mechanics methodology.

The detailed description of the MC computer experiment
constructed by us for the 3D AT model based on the anal-
ysis of the dependencies of thermal averages of such ther-
modynamic variables as magnetization or internal energy,
and three different cumulants on the coupling constant, and
on the dependencies of the internal energy distribution his-
togram on energy can be found in our recent paper [15].
In this Section, apart from the computational aspects, we
present only its key elements and we will focus primarily
on explaining how to conduct it in the mixed phase region
“(o)”.

The specificity of such computer experiments of phase
transitions in spin lattice systems with Ising’s degrees of
freedom is the necessity to execute hundreds, often even
thousands of runs of programs, with the execution time rang-
ing from several hours to many weeks for the systems with
the largest size L limited by the processing capabilities
of the high-performance computers used [18, 22]. First, we
bring our system to a state of thermodynamic equilibrium us-
ing the appropriate number of MC steps that we analyzed in
our paper [29]. Moreover, in our MC computer experiments,
in contrast to simple MC simulations, we not only compute
thermodynamic quantities, but also carefully determine their
error bars. For this purpose, one program run consists of the
computation of 6 to 24 partial averages, each independently
calculated from approximately 107 MC steps, but only ev-
ery kth step contributes to the thermodynamic calculations
(6 < k < 10), which is enough to avoid correlations between
sampled configurations of our system using the Metropolis
algorithm [29]. The problem of these correlations is radi-
cally smaller in the case of the cluster algorithm [30], which
is also the case in our version of this algorithm [29].

Obviously, we get a true picture of the phase transition
only in the thermodynamic limit. To obtain reliable extrap-
olations of our results to the thermodynamic limit, we per-
form computations in systems with the largest possible size
L, which take many weeks at sequential processing. In or-
der to get the results in a reasonable time using the MPI li-
brary, we have parallelized the processing in our computer
experiments obtaining almost perfect speedup on symmet-
ric multicomputers [31]. This is because communication be-
tween concurrently executing processes occurs only a few
times: when broadcasting the original data by the master
process, and when sending partial averages from slave pro-
cesses to the master process. In the bibliography, there are
other methods of parallelization of processing in cluster al-
gorithms for models with degrees of freedom of the Ising
type [32, 33], which rely on concurrent computations for
newly added spins in a growing cluster performed on the
GPU. As aresult, the computing speed of the GPU for the 2D
Ising model in the critical region is faster than the comput-
ing speed of the current processor core. However, conduct-

ing parallel calculations for newly added spins will not be
optimal anymore [34], contrary to the parallelization of cal-
culations of individual partial averages [31].

The presence of metastable and unstable states in the
3D AT model was recently signalized using the mean field
method [4]. It is well known that the mean field theory is
a solid tool, especially suitable for the first view of the prob-
lem, and it does not provide quantitative consistence with
the precise results. Nevertheless, it gives a good qualitative
insight into the problem [35]. So we generate equilibrium
configurations of finite-size cubic spin samples for fixed val-
ues of our model parameters described above in the Hamil-
tonian (1) using our recently constructed cluster algorithm
of the Wolff type [29] in the critical region and the Metropo-
lis one beyond. This is the best strategy, also to optimize the
time to obtain results with comparable uncertainties.

To prelocate a temperature-driven phase transition point,
we fix a particular value of K4 coupling and analyze Binder
cumulant Q,, .(K2) = (M2)2 /(M2); dependences (see,
e.g., [18, 21, 27, 36]), where (M), denotes the n*™ power
of the order parameter o component, with o = s, o or their
product so, which are averaged over an ensemble of inde-
pendent samples of the size L. The lack of characteristic
minima in the course of the Q. 1,(K2) dependences indi-
cates that the phase transition can be continuous [20, 36].

To check if there occurs the latent heat during a phase
transition, i.e., to unambiguously determine the character of
a phase transition and to more accurately determine the loca-
tion of this transition point, we compute also the Challa [37]

(Ea)r
Yok =1 3y @
and the Lee-Kosterlitz [38]
(B2)r
Ua,L = (3
(Ea)

like cumulants. Here (E") 1, is the n*® moment of the whole
Hamiltonian (o« = H) or the interaction energy of c-degrees
of freedom (v = s, o, or their product so) separately, which
is averaged over an ensemble of independent samples of the
size L3. Thus, we are able to compute the latent heat [, com-
ing from each order parameter (o) with a = s, o, or so
separately [18, 19, 22].

We analyze the dependences V, r(K2) which show
characteristic local minima V;f‘iL“ [37] and U,,1,(K>) char-
acteristic local maxima U ;‘jix [38] at a fixed value of Ky
coupling in the close critical region. When the thermody-
namic limit V(f"iL" value with its error bar remains different
from 2/3 and the U'* value with its error bar remains dif-
ferent from 1, we conclude that a phase transition is qualified
to be of the first-order, otherwise we assume that the phase
transition is continuous [18, 22, 37, 38]. The latent heat [,
coming from the whole Hamiltonian (« = H) or the interac-
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tion energy F, of a order parameter in the thermodynamic
limit

la = Eoc,+ - Ea.,—> (4)

where E, + = Eo (K2 — Kj|1), are determined on the
basis of the Lee-Kosterlitz formula [38, 39]

2 1 (E, E,_\° A
min g__(_,+__,) 1% (5)

Eo_  FBoy 3

and using the method proposed in [22]. Eq. (5) was also ob-
tained independently by Borgs, Kotecky, and Miracle-Sole
[40] from a more rigorous point of view. K3 . in Eq. (5) is
the critical value of K5 coupling with the fixed value of K4
and the quantity Ay stands for L independent expression of
the complicated form [38]. Analogously, we can determine
the latent heat [, on the basis of the U, ; cumulant max-
ima values scaled to the thermodynamic limit for each of
the three v order parameters with o = s, o, or so indepen-
dently, as well as for the whole system (o« = H), using the
Lee-Kosterlitz formula [38]

max __

(Bay + Ea )’ Ay
a, L — -

4B  Bo. VEN ©
where Ay stands for L independent complicated expression.

We conclude from Egs. (5) and (6) that values and loca-
tions of cumulant V;, ;, minima and of cumulant U, ; max-
ima scale linearly versus L~2. Using Egs. (5) and (6) and
the method proposed in [22] we can calculate the values of
E, + and E, _ and estimate the latent heat from Eq. (4).
Moreover, the thermodynamic limit . é‘jgl values of minima
and K38 values of maxima are far better estimations of the
critical K5 values than the preliminary ones obtained on the
basis of the Binder cumulant Q) 1,(K3) dependences.

Our method presented above [15] gives good results
when the system has unambiguously determined equilibrium
configurations of finite-size cubic spin samples for fixed val-
ues of our model parameters described above in the Hamil-
tonian (1).

However, in the mixed phase region, marked as “(c)”
in Fig. 1, the situation is different: (so) = 0 and there are
two equally probable phases in which either (s) or (o) is
ferromagnetically ordered but the other is not in the ther-
modynamic limit. This causes the values of the computed
thermodynamic quantities to oscillate as during sufficiently
long simulations both phases will appear with approximately
equal probability. Therefore, to obtain clear results we have
worked out a new solution. We propose a conventional di-
vision of our system into two sublattices: the ordered one
which will be marked with a capital letter > and the un-
ordered one marked with a capital letter .S. It is important
that the decision to allocate the real spins o and s to these
conventional sublattices is decided only after each MCS is

performed and the results from the spins with greater magne-
tization are systematically added to the results of the conven-
tional sublattice X while the results from the second spins are
added to the results of conventional sublattice S. The number
of MCS must be large enough to compensate the separation
of our system into these two artificial sublattices > and S
in the paramagnetic region. Computations for the product of
spins so do not need to be changed.

We bear in mind that in the mixed phase region "{c)",
two phases are equally probable in which either (s) or (o)
is ferromagnetically ordered but the other is not. In this sit-
uation, we introduce the conventional division into two sub-
lattices, the first one with greater magnetization of X spins,
and the second one with smaller magnetization of S spins.
Thanks to this division, we get smooth dependences of ther-
modynamic quantities and of cumulant values on the cou-
pling K5 with a fixed value of the coupling K4 for the anal-
ysis.

We have located phase transition point precisely enough
to be able to use another independent method of checking
for the presence of the latent heat during a phase transition
with greater accuracy. We compute the probability P, ; of
the internal energy F, ; appearance in the samples of fi-
nite size L3. As in the case of cumulants, the Py, 1(Eq.1)
values are computed independently for each degree of free-
dom a = s, o, or their product so, and also for the whole
Hamiltonian (1) denoted by o = H, at a critical value Ko .
A characteristic histogram of the this energy E, distribu-
tion with two peaks in the close critical region for first-order
phase transitions can be observed [38, 41, 42]. The maxima
of these peaks appear at the energy value I, _ 1, for the or-
dered state and at F, 1 1, for the unordered one for the sam-
ples of finite-size L. It is important that for continuous phase
transitions only a single peak of the probability P, 1,(Eq, 1)
dependence appears in the thermodynamic limit. This is an
additional clue for determining the character of a phase tran-
sition.

III. RESULTS AND CONCLUSIONS

We demonstrate our new way of performing MC com-
puter experiments in the mixed phase region “(c’)” shown
in Fig. 1, where with equal probabilities there appear two
different, but equivalent, ways of ordering two of the three
order parameters: (so) = 0 and either (s) or (o) is ferro-
magnetically ordered but the other is not. To illustrate our
method, we examine the phase transition for the point with
K, = —0.3 lying on the HK’ line, which is the boundary of
the “(o)” region and the paramagnetic phase “para” shown
in Fig. 2.

As we show below, we observe here that the values of
characteristic local minima of the dependences V, j(K3)
and the values of characteristic local maxima of the depen-
dences U, (K3) for @« = %, S, so, and H in the thermo-
dynamic limit scale accordingly to the value 2/3 for minima
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and to 1 for maxima. This means that the transitions are con-
tinuous. Fig. 2 shows the dependence of the thermal aver-
age values of the square of magnetization (M2), for cubic
samples of the finite size L for all three order parameters
with @« = ¥, S, and so indicated in the legend. The ver-
tical dotted line indicates the position of the phase transi-
tion point K5 . = 32905(30) estimated below. This figure
also explains the reason for the occurrence of the minima of
the cumulant V,, 1,(K>) dependences and of the maxima of
the cumulant U, 1, (K3) dependences also for v = .S and so
for which we have a paramagnetic phase on both sides of the
HK’ line. The cumulant extremes for a = S and so appear
because in the critical region we observe non-zero magneti-
zation, which, however, disappears as the size L increases,
also shown in the legend, which is in line with expectations.

— T T T T T T T T T T

A-AL=38,0=0
GoOL=52,0=0
vwL=38,a=s
oo L=52,0=5s
++L=38,0=sc
*x [ =52,0=s0

0.2

<Oy

0.15
M2

a 'L

0.1

T T T [T T T T T T

povn b b b Lo b

Fig. 2. The dependence of the thermal average values of the square
of magnetization (M2) 1, on the coupling K> for the fixed value of
the four-spin interaction K4 = —0.3. The inset shows the (Mi) L
results for the order parameters () with o = S and so, where
the scale of the magnetization values is logarithmic. The values of
the size L and items for o are explained in the legend. The verti-
cal dotted line indicates the position of the phase transition point
K. = 32905(30). The error bars are of the order of magni-
tude of symbols. Lines connecting the points have been drawn to
guide the eye

From this introduction we can also see that at the begin-
ning of the research it is necessary to determine the place
of the phase transition marked with the vertical dotted line
in Fig. 2. We obtain a preliminary estimation of the phase
transition point from the intersections of the Binder cumu-
lant [18, 21, 27, 36] curves Qq,1.(K2) at the fixed value of
the coupling Ky = —0.3 presented in Fig. 3. This analy-
sis has been performed for (X) order parameter, allowing us
to estimate three to four decimal digits of the K> coupling
critical value Ky . = 0.3274(18). Here Qx, 1 (K>) curves
intersect in such a way that for L; < L at Ky < Ky
one has Qx 1, > @, 1,, while at Ko > K . there appears
Q@x.,1, < @x,L,. The error bar should be estimated carefully
here, as it is only an approximate indication of the critical re-
gion.

I L L L L L L L
1:_ j'l""""'I""""'I"""'
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0.32 0.33 0.34

2

Fig. 3. The Binder cumulant Qs 1, (K2) dependences for the sys-
tem size L values specified in the legend at the fixed value K4 =
= —0.3. The inset shows the region in which these curves intersect.
For clarity, the results for selected L values are presented. Lines
connecting the points have been drawn to guide the eye

To check if there appears the latent heat during the phase
transition and to improve the location of this transition point,
we estimate the values and positions of cumulants V,, ;, min-
ima shown in Fig. 4 and of cumulants U, ; maxima illus-
trated in Fig. 5 for degrees of freedom Y (o« = X)) or for
the whole system (o« = H). To average the scatter of the
results and to determine more precisely the ordinates of ex-
trema V" and U3* as well as their abscissas K5, and

2.a.1» our MC data were approximated by a polynomial of
the third degree and marked by solid lines in Figs 4 and 5.
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Fig. 4. The dependences Vs, (K2) with characteristic local min-
ima for system sizes L listed in the legend at the fixed value
K4 = —0.3. For clarity, the results for selected L values are pre-
sented. The horizontal dashed line indicates the limit 2/3 value.
Lines connecting the points have been drawn to guide the eye

To estimate the value of the latent heat, we have ex-
ploited the Challa-like V, ; and the Lee-Kosterlitz-like
Uq,r cumulant properties explained in the previous section.
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1.015

Fig. 5. The dependences Us, 1, (K2) with characteristic local max-
ima for system sizes L listed in the legend at the fixed value
K4 = —0.3. For clarity, the results for selected L values are pre-
sented. The horizontal dashed line indicates the limit 1 value. Lines
connecting the points have been drawn to guide the eye

We have first calculated the values of the cumulant Vi, 1,
minima and of the cumulant U, ; maxima in the thermo-
dynamic limit using linear regression for V2";*(L~%) and
for UP$*(L?) dependences with o = ¥ and H, which
follow from Eqgs. (5) and (6), respectively. The analysis is
illustrated in Fig. 6 for the Challa-like V,, ; cumulant and
in Fig. 7 for the Lee-Kosterlitz-like U, ; cumulant at the
fixed value of the coupling K4 = —0.3 for « = X and
H indicated in the legend. The results of this extrapolation
are V&in = 0.6673(8) and VM1 = 0.663(5) as well as
Umax = (.9999(4) and U™ = 1.0017(24). One can see
the clear linear character of our MC computer experiment
data. There is the limit value 2/3 within the cumulant V,;?;g
values with their error bars and the limit value 1 within the
cumulant U755 values with their error bars in the thermody-
namic limit for « = ¥ and H. This means that the value of
the latent heat here is zero.

Since for the conventional degrees of freedom Y and
S we have gathered contributions from both equally prob-

able phases: this with (o) nonzero and (s) = 0 as well
as with (o) = 0 and (s) nonzero, thus we have shown
that the phase transition at the point with K; = —0.3 and

K5 = 0.32905(30) is continuous.

Fig. 8 shows that the abscissas of the cumulant Vs, 1, (K>2)
dependences minima and the abscissas of the cumulant
Us,1.(K3) dependences maxima within the limits of error
bars in the thermodynamic limit scale to the same criti-
cal value Ky . = 0.32905(30). As the value of K ., we
have assumed the mean value of the Challa-like cumulant
K> 5 00,v = 0.3290(3), and of the Lee-Kosterlitz-like cu-
mulant Ko 5 ooy = 0.3291(3). As shown in Fig. 8, these
results are consistent with the preliminary estimation of
K5 .00,0 = 0.3274(18) obtained above using the Binder
cumulant. Since we have obtained this K5 . value for the
conventional degrees of freedom X and .S, we conclude that
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Fig. 6. The values of Challa-like cumulants minima Va'f‘iL“ for

a = X and H extrapolated to the thermodynamic limit at the fixed

value of the coupling K4 = —0.3. The items « and symbols are ex-

plained in the legend. The dependences are fitted by straight solid

lines using linear regression. The horizontal dashed line indicates
the limit 2/3 value
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Fig. 7. The values of Lee-Kosterlitz-like cumulants maxima Ug 7*

for « = ¥ and H extrapolated to the thermodynamic limit at the

fixed value of the coupling K4 = —0.3. The items « and symbols

are explained in the legend. The dependences are fitted by straight

solid lines using linear regression. The horizontal dashed line indi-
cates the limit 1 value

this is the phase transition point for both equally probable
phases: the one with (o) nonzero and (s) = 0 as well as the
second with (o) = 0 and (s) nonzero. We observe similar
behavior along the entire HK’.

We have also computed the probability P, ;, of the in-
ternal energy F, ;, appearance in the samples of finite size
L3. As for cumulants, the P, 1(Eq, 1) values are computed
independently for degrees of freedom o = 3, and also for
the whole Hamiltonian (1) denoted by o = H, at the cal-
culated precisely enough critical value K3 . = 0.32905(30).
The histogram of the this energy E,, distribution contains
only one peak in the close critical region for « = ¥ and H.
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This is the independent confirmation that the phase transition
is continuous.

0.34 [ e
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Fig. 8. Abscissas K. 5“§‘ r,v of cumulants Vs minima and

K5%*p, v of cumulants Us, 1, maxima extrapolated to the thermo-

dynamic limit at the fixed value of the coupling K4 = —0.3.

The symbols are explained in the legend. The dependences are fit-
ted by straight solid lines using linear regression

In summary, we have demonstrated the way of perform-
ing our recently published MC experiments [15] in a mixed
phase region that is difficult to study, as with certain proba-
bilities there appear different ordering ways, which results in
a large oscillation of the values of the computed thermody-
namic quantities, which makes their interpretation very dif-
ficult. We have presented our method on the example of the
point with Ky = —0.3 on the boundary between the mixed
phase region “(c)” and the paramagnetic one in the phase
diagram of 3D AT model shown in Fig. 1. However, this
method can be successfully applied to other spin lattice mod-
els whose phase diagram contains a mixed phase region.
In the “(o)” region with equal probabilities there appear two
different equivalent ways of ordering two of the three order
parameters: (so) = 0 and either (s) or (o) is ferromagneti-
cally ordered but the other is not.

Our concept to obtain clear results is based on that, there
is a conventional division of our system into two sublattices.
The ordered one which is marked with a capital ¥ and the
unordered one marked with a capital S. The decision to allo-
cate the real spins o and s to these conventional sublattices
is decided only after each MCS is performed and the results
from the spins with greater magnetization are systematically
added to the results of conventional sublattice 3 while the re-
sults from the second kind of spins are added to the results of
conventional sublattice S. We have controlled that the num-
ber of MCS is large enough to compensate the separation of
our system into these two artificial sublattices ¥ and .S in the
paramagnetic region.

Since for the conventional degrees of freedom Y and
S we have gathered contributions from both equally prob-
able phases: this with (o) nonzero and (s) = 0 as well

as with (¢) = 0 and (s) nonzero, thus we have shown
that the phase transition at the point with K; = —0.3 and
K5 = 0.32905(30) is continuous.

In contrast to the results published so far in the bibliogra-
phy, the implementation of our new approach in our MC ex-
periment allowed us to use Binder cumulant, the Challa-like
and the Lee-Kosterlitz-like cumulants, as well as the internal
energy distribution histogram to obtain clear results a mixed
phase region. According to the most effective strategy, in the
critical region we have used our recently proposed cluster
MC algorithm [29] and the Metropolis algorithm beyond the
critical region, which are suitable for both, the first-order and
continuous phase transitions in the 3D AT model.
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Abstract

The new approach of performing Monte Carlo (MC) simulations, which eliminates large
oscillations of the values of the thermodynamic quantities computed for a mixed phase region,
is demonstrated. The results are presented on the example of the mixed phase region in the 3D
Askin-Teller (AT) model, where within a certain range of parameters with equal probabilities
there appear two different, but equivalent, ways of ordering two of the three order parameters
showing independent behavior. This new approach allowed us to exploit magnetization and
internal energy curves, Binder cumulant, Challa- and the Lee-Kosterlitz-like cumulants as
well as the internal energy distribution histogram. According to the most effective strategy,
in the critical region, we use our recently proposed cluster MC algorithm and the Metropolis
algorithm beyond it wherever it is applicable. The existence of two tricritical points and
the bifurcation point in this area of the phase diagram is confirmed, and their locations are
determined. It is explained that although the system as a whole does not show the presence of
latent heat at the boundary of the mixed phase region and the antiferromagnetic phase, it does
occur for various order parameters. Specifically, the increase in the energy of the degrees of
freedom of one kind is accompanied by an equal decrease in the energy of the degrees of
freedom of the other kind.

Keywords Spin lattice systems - Phase transitions - The mixed phase region - 3D
Ashkin-Teller model - The Monte Carlo computer experiment
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1 Introduction

For many decades, the Ashkin—Teller (AT) model [1] is one of the important points of
reference in statistical physics, as it is a nontrivial generalization of the intensively used Ising
model. After Fan [2] we express the AT model in terms of two standard Ising models put
on the same lattice with spins s; and o; residing at each lattice site i, i.e., s; and o; are the
variables that can take values +1 or —1. This means that we take into account only two spin
interactions of constant magnitude J, between the nearest neighbors. These two independent
Ising models are coupled by the four-spin interaction of a constant magnitude J4, also only
between couples of nearest neighboring spins. Thus, the effective Hamiltonian H is of the
form

H
Tl Z{KZ(SiSj +0i0j) + Kssio0is0}, (D
[i,/]
where K,, = —J,/kpT, with n = 2 or 4, [i, j] denotes the summation over the nearest

neighboring lattice sites. Moreover, kp is the Boltzmann constant, and 7 is the temperature
of the system. We consider the symmetric 3D AT model, i.e., the one with the same interactions
between s and o spins, distributed in the cubic lattice.

A dozen of works are devoted to it every year (see, e.g., the recent papers [3—7] and the
ones cited therein), and it still finds new interesting applications for specific physical models,
like recently for modeling of the crystalline order in VO, [8], machine learning [9], the
gapless Coulomb state [10], nanodomain patterns in ultratetragonal PbTiO3 [11], magnetic
properties of nanotubes [12]. The AT model is very important also from the theoretical point
of view as there are some mappings between the AT model and other physical models [13].

The AT model is so attractive in terms of cognition and application as it is characterized
by the K>(K4) rich and complex phase diagram because not only two order parameters,
(s) and (o), induce ordering, but also their product (so) exhibits independent ordering.
Here, the symbol (...) denotes the thermal average. The research done for this model and
its applications can be found in many papers, e.g., [14-22]. The standard AT model has
recently also been the subject of many interesting extensions, e.g., the spin-1/2 AT model
with RKKY interaction [23], the mixed spin-1/2 and spin-1 AT model [24], the spin-1 AT
model ferromagnetic thin films in the presence of a crystal field [25], the AT model within
the effect of crystal field and quantum transverse field [26], the anisotropic AT model in a
transverse field [27], and thin magnetic AT films at the special point [28].

The phase diagram area to which the results of our work relate is shown in Fig. 1, which
occurs with the antiferromagnetic four-spin interaction, i.e., for negative K4 parameter values.
The first systematic study of the phase diagram of the 3D AT model on a cubic lattice was
carried out by Ditzian et al. [29]. In their paper, a phase diagram in the MFA approximation
was presented, in which the mixed phase region in question appeared for the first time in the
bibliography concerning this model and was marked as “(o’)”. They exploited short series
expansion and Monte Carlo (MC) simulations with very small samples, but they sketched
the approximate phase diagram which is an important point of reference. Consequently, their
results are ambiguous, mainly in the mixed phase region labeled “(o)” in Fig. 1. In this
region, either (s) or (o) is ferromagnetically ordered but the other is not while (so) = 0.
Although few papers have been published [19, 21, 30, 31] that report the MC results which
relate to the “(o)” region, their results are preliminary and this region still remains a real
challenge.
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Fig. 1 The investigated phase diagram area of the symmetric 3D AT model on a cubic lattice. The dotted
curves denote the first-order phase transitions, the solid ones stand for continuous transitions, and the dotted-
broken one indicates transitions of both types for different order parameters. In the phase labeled “Baxter”
the system is ferromagnetically ordered with all order parameters (s), (o) and (so’) nonzero, whereas in the
phase labeled “para” they all are zero. In the phase “(so) 4 there is (s) = (o) = 0 and only the product
(so) is antiferromagnetically ordered. In the phase “(o)” called the mixed phase region (so’) = 0 and either
(s) or (o) is ferromagnetically ordered, but the other is not. The positions of labeled points inside the phase
diagram are marked by + and A, H, H’, K, K’ are the tricritical points

In the phase diagram in Fig. 1 there are also the Baxter and paramagnetic (labeled as “para”)
phases for which all order parameters, (s), (o), and (so’), are ferromagnetically ordered and
are zero, respectively. For the phase labeled as “(so) 4" (s) = (o) = 0 and only the product
(so) is antiferromagnetically ordered. First-order phase transitions are denoted by the dotted
curves, whereas the continuous ones are represented by the solid curves. The labeled point
positions are marked by 4+ and A, H, H’, K, and K’ are the tricritical points. Arnold and Zhang
[22] using MC simulations obtained the first more precise results along the line AP which
occurs for the ferromagnetic four-spin interaction, i.e., for positive K4 parameter values, and
is only partially seen in Fig. 1 in the lower right corner. More accurate results for this area
of the phase diagram are the subject of our recent paper [14]. Ising phase transitions occur
along the continuous curve ending at the tricritical point K [20, 21, 32].

The 2D AT model shows the line of continuously varying phase transitions at K4 < K»
first shown in the paper [33] which is still of current interest [34]. The MC simulation results
suggest the possibility of occurrence of nonuniversal behavior also in the 3D AT model [17,
19, 21, 29-31] but our recent results indicate only a wide crossover along the AH line and
the rare coexistence of continuous and first-order phase transitions along the HH’ line [17]
shown in Fig. 1. It is noteworthy that the character of continuous phase transitions along the
HK” line is still an open question [31].

The first aim of this paper is to present our new approach of performing a MC computer
experiment to study the order and phase transitions between the mixed phase region “(o)”
and the “para” phase on the example of the standard 3D AT model shown in Fig. 1. The
“(0)” phase occurs only in the symmetric AT model in 3D. Due to the difficulty in obtaining
unambiguous results and their interpretation, the “(o)” region is often omitted, as it is the
most complex and the least recognized region of the 3D AT model phase diagram. To solve
this problem, we have developed an appropriate strategy, precise tools such as three types
of cumulants, and the energy distribution histogram, which enable a detailed analysis of
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this region. We have recently used these tools with success to analyze the first-order phase
transitions to the right of point A shown in Fig. 1 [14]. The idea behind our method was
recently explained in [35] on the example of a phase transition at K4 = —0.3. Due to the
recently announced presence of metastable and unstable states [4], we use our Wolff type
cluster algorithm [36] in the critical region wherever it is applicable (i.e., for |K4| < K>) and
the Metropolis one beyond.

Using our method, we have examined the phase transitions along the HK’K}, line between
the mixed phase region “(o)” and the paramagnetic phase labeled “para” in Fig. 1. Moreover,
we have investigated the phase transitions along the KKj, line between the antiferromagnetic
phase “(so)4r” and the “para” one, as well as along the K;E line between the “(so)4r”
phase and the “(o)” region. This is the fragment of the phase diagram that is difficult to
analyze and where there were only a few preliminary bibliography results [21, 29]. These
problems are important and topical, and have not yet been solved in the bibliography of the
subject.

2 The Applied Method

To study the mixed phase region of the subject, we exploit the MC computer experiment with
importance sampling of states and consider the finite-size cubic samples of the symmetric
spin lattice AT model, the behavior of which is fully determined by the Hamiltonian (1).
These samples of size L> with periodic boundary conditions are large enough to be able to
compute the thermodynamic limit of our results. We perform our computer experiments to
predict the equilibrium behavior of the 3D AT model according to the statistical mechanics
methodology.

The detailed description of the MC computer experiment constructed by us for the 3D AT
model based on the analysis of the dependencies of thermal averages of such thermodynamic
variables as magnetization or internal energy, and three different cumulants on the coupling
constant, and on the dependencies of the internal energy distribution histogram on energy can
be found in our recent papers [14, 37]. In this Section, apart from the computational aspects,
we present only its key elements and we focus primarily on explaining how to realize it in
the mixed phase region “(c)”.

First, we bring our system to the state of thermodynamic equilibrium using the appropriate
number of MC steps that we have analyzed in our paper [36]. Moreover, in our MC computer
experiments, in contrast to simple MC simulations, we not only compute thermodynamic
quantities but also carefully determine their error bars. For this purpose, one program run
consists of the computation of 6 to 24 partial averages, each independently calculated from
approximately 107 MC steps. However, only every kth step contributes to the thermodynamic
calculations (6 < k < 10), which is enough to avoid correlations between sampled configu-
rations of our system using the Metropolis algorithm [36]. The problem of these correlations
is radically smaller in the case of the cluster algorithm [38], which is also the case in our
version of this algorithm [36].

Of course, we get a true picture of the phase transition only in the thermodynamic limit.
To obtain reliable extrapolations of our results to the thermodynamic limit, we perform
computations in our system also with the largest possible size L, which take many weeks at
sequential processing. In order to get the results in a reasonable time using the MPI library,
we have parallelized the processing in our computer experiments, obtaining almost perfect
speedup on symmetric multicomputers [39].
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The presence of metastable and unstable states in the 3D AT model was recently signalized
using the mean field method [4]. It is well known that the mean field theory is a solid tool,
especially suitable for the first view of the problem, and it does not provide quantitative
consistence with the precise results. Nevertheless, it gives good qualitative insight into the
problem (see, e.g., [40]). So, we generate equilibrium configurations of finite-size cubic spin
samples for fixed values of our model parameters described above in the Hamiltonian (1)
using our recently constructed cluster algorithm of the Wolff type [36] in the critical region
wherever it is applicable (i.e., for |K4| < K», see also [41, 42]) and the Metropolis one
beyond. This is the best strategy, also to optimize the time to obtain results with comparable
error bars.

To prelocate a temperature-driven phase transition point, we fix a particular value of K4
coupling and analyze Binder cumulant Q, 1 (K2) = (Mozl)% / (Mg )L dependences (see, e.g.,
[17, 20, 32, 43]), where (M), denotes the n-th power of the order parameter o« component,
with @« = s, o or their product so, which are averaged over an ensemble of independent
samples of the size L3. The lack of characteristic minima in the course of the Qu.1L(K2)
dependences indicates that the phase transition can be continuous [19, 21, 43].

To check if there occurs the latent heat during a phase transition, that is, to unambiguously
determine the character of a phase transition and to more accurately determine the location
of this transition point, we also compute the Challa [44]

(Eq)L
V. — 2
OZ,L 3<E£>% ( )
and the Lee-Kosterlitz [45]
E2
Uy = Ca)L (3)
(Ea)y

like cumulants. Here (E);, is the n-th moment of the entire Hamiltonian (¢« = H) or the
interaction energy of «-degrees of freedom (o = s, o, or their product so ) separately, which
is averaged over an ensemble of independent samples of the size L>. Thus, we can compute
the latent heat /[, coming also from each kind of degrees of freedom o with @ = s, o, or their
product so separately [17, 18, 21].

We analyze the dependences V1 (K2) which show characteristic local minima V;‘iL“ [44]
and Uy, 1 (K>) with characteristic local maxima U,_'* [45] at a fixed value of K4 coupling
in the close critical region. When the thermodynarmc limit me value with its error bar is
different from 2/3 and the U m‘}j‘ value with its error bar is dlfferent from 1, we conclude
that a phase transition is qualified to be of the first order; otherwise we assume that the
phase transition is continuous [14, 17, 21, 44, 45]. The latent heat /, coming from the whole
Hamiltonian (« = H) or from the interaction energy E, of o degrees of freedom with @ = s,
o, or their product so, in the thermodynamic limit

la - Ea,—l— - Ea,—, (4)

where Ey + = Ey (K2 — K2 |+), are determined on the basis of the Lee-Kosterlitz formula
[45, 46]

Ea,— Ea,—|—

(&)

- 3

in 2 1 (Eqi Eq_\> Ay
a,L—>oo_§_ﬁ

and using the method proposed in [21]. Equation (5) was also independently obtained by
Borgs et al. [47] from a more rigorous point of view. K; . in Eq. (4) is the critical value of
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K> coupling with the fixed value of K4. The quantity Ay in Eq. (5) stands for L independent
expression of the complicated form [45]. Analogously, one can determine the latent heat /,
on the basis of the U, ; cumulant maxima values scaled to the thermodynamic limit using
the Lee-Kosterlitz formula [45]

2
max _ (EO"‘F + E“v_) Ay (6)
o, L—00 4EO,7+E0{,_ L3 )

where o = s, 0, 50, or H, and Ay stands for L independent complicated expression.

We conclude from Egs. (5) and (6) that values and locations of cumulant V,, ; minima and
of cumulant U, ;, maxima scale linearly versus L3, Using Egs. (5) and (6) and the method
proposed in [21] one can calculate the values of E, 4 and E, _ and estimate the latent heat
from Eq. (4). Moreover, the thermodynamic limit K 5“;“ values of minima and K3';* values of
maxima are far better estimates of the critical K, values than the preliminary ones obtained
on the basis of the Binder cumulant Q. 1, (K>) dependences mentioned above.

This method [14] gives good results when the system has unambiguously determined
equilibrium configurations of finite-size cubic spin samples for fixed values of our model
parameters described above in the Hamiltonian (1).

However, in the mixed phase region, marked as “(o)” in Fig. 1, the situation is more
complicated: (so) = 0 and there are two equally probable phases in which either (s) or (o)
is ferromagnetically ordered, but the other is not in the thermodynamic limit. This causes the
values of the computed thermodynamic quantities to oscillate [21, 30] as during sufficiently
long simulations both phases will appear with approximately equal probability. Therefore,
to obtain clear results, we have developed a new approach, the idea of which was presented
in our recent paper [35] on the example of the phase transition at K4 = —0.3. We propose a
conventional division of our system into two sublattices: the ordered one which will be marked
with a capital letter X and the unordered one marked with a capital letter S. Importantly, the
decision to allocate the real spins o and s to these conventional sublattices is decided only
after each MCS is performed and the results from the spins with greater magnetization are
systematically added to the results of the conventional sublattice ¥ while the results from the
second spins are added to the results of the conventional sublattice S. The number of MCS
must be large enough to compensate for the separation of our system into these two artificial
sublattices ¥ and S in the paramagnetic region. Computations for the product of spins so do
not need to be changed.

Thus, bearing in mind that in the mixed phase region “(c)”, two phases are equally
probable in which either (s) or (o) is ferromagnetically ordered but the other is not, thanks
to the conventional division into two sublattices, the first one with greater magnetization of
> spins, and the second one with smaller magnetization of § spins, for the analysis we get
smooth dependences of thermodynamic quantities and of cumulant values on the coupling
K> with a fixed value of the coupling K.

We have located phase transition points precisely enough to be able to use another inde-
pendent method to check for the presence of the latent heat during a phase transition with
greater accuracy. We compute the probability P, ; of the internal energy E, ; appearance
in the samples of finite size L3. As in the case of cumulants, the Py 1 (Ey 1) values are
computed independently for each degree of freedom o = §, ¥, or their product so, and also
for the whole Hamiltonian (1) denoted by « = H, at a critical value K> .. A characteristic
histogram of the distribution of this energy E, with two peaks in the close critical region
for first-order phase transitions can be observed [14, 45, 48, 49]. The maxima of these peaks
appear at the energy value E, _ ; for the ordered state and at E, 4 ; for the unordered one
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for the samples of finite-size L. In contrast, for continuous phase transitions, only a single
peak of the probability dependence P, 1 (Ey, 1) appears in the thermodynamic limit. This is
an important clue for determining the character of a phase transition.

3 Results

We demonstrate our new way of performing MC computer experiments at the mixed phase
region “(o)” boundaries HK’K,; with paramagnetic and K, E with antiferromagnetic phases
shown in Fig. 1. In the “(0)” region with equal probabilities there appear two different, but
equivalent, ways of ordering two of the three order parameters: (so) = 0 and either (s) or (o)
is ferromagnetically ordered but the other is not. Moreover, we have investigated the phase
transitions along the adjacent KK, line between the antiferromagnetic phase “(so)4r” and
the paramagnetic one.

For the point with K4 = —0.358 on two boundaries between the mixed phase region “(o')”
and the paramagnetic phase “para” as well as between the phase “para” and the antiferromag-
netic phase “(so’) 4r” shown in Fig. 1 we observe that the values of the cumulant V,, ;1 (K2)
minima and the cumulant U, ; (K>) maxima for o« = S, X, so, or H in the thermodynamic
limit scale to 2/3 and 1, respectively, in terms of their error bars. This means that the phase
transitions for all three order parameters (X), (S), and (so) are continuous.

To understand the situation, in Fig. 2 one can see the magnetization per site (MOZ()L value
changes for all three order parameters, (X), (S) and (so). The latter two show no order in
the paramagnetic phase, nor in the mixed phase region, as well as (X) and (S) show no order
in the “(so) Ar” phase, in the thermodynamic limit. However, nonzero magnetization values
result in the appearance of cumulant V minima and cumulant U maxima for all three order
parameters. Therefore, in the lower graph of Fig. 2 for the order parameter (S) we observe
a decrease in the magnetization value per node with an increase in the system size L, as
opposed to the increase in magnetization for the order parameter (X) labeled with o« = X
in the “(0)” region and for the order parameter (so) labeled with « = so 47 computed from
the one of two sublattices in the antiferromagnetic phase “(so)4r”. A similar decrease in
the magnetization value per node for the order parameter (so) with an increase in L can be
observed for the curves labeled with « = so in Fig. 2 computed for the entire lattice which
indicates that there is the antiferromagnetic order in the phase “(so) 4 r”’. Moreover, for large
samples with L > 72 the dependences Vg ; (K>) minima and the dependences Us 1 (K2)
maxima disappear, as expected [14, 21, 35, 44, 45].

The abscissa K™"  of the minima positions of the dependences V,, 1 (K> ) and the abscissa

2,0,00
K32*_ of the maxima positions of the dependences U, 1 (K2) fora = X, or so as well as the

regi;xe’g?ive extremes computed using the energy of the whole Hamiltonian with « = H are
consistent in the thermodynamic limit in terms of their error bars for each phase transition.
The abscissa of these extremes for phase transition on the upper line HK’ scale to K7 » =
0.35983(12) and on the lower line DK scale to K> . = 0.35716(16) which are the average
values calculated from the respective critical values of Ké‘l}x“ oo and K3'0% at a fixed value
K4 = —0.358. The method of determining the error bars of the quantities extrapolated to
the thermodynamic limit is explained below in Figs. 4 and 5. These are the more precise
values than the preliminary estimates of K» . = 0.3605(8) and 0.3566(7) obtained from
the analysis of the cumulant dependences Q. 1 (K2) (for the details, see [21, 32, 43]). We
observe a similar behavior along the entire phase transition HK’ line (see also [35]) and along
the line DK.
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Fig. 2 The dependence of the thermal average of the magnetization square per site (Mg) 1. on the coupling
constant K» at the fixed value of the coupling K4 = —0.358 for the values L and « explained in the legend.
Here, o = so represents the magnetization of the product so computed for the entire lattice, while « = so4
denotes this magnetization computed for one of the two sublattices. To show the different scales of changes
in the values along the individual curves, the lower graph has a logarithmic scale on the ordinate axis. Vertical
dotted lines indicate the critical values of K3 » = 0.35983(12) and 0.35716(15), while “(so) g4 ”, “para” and
“(0)” indicate the ranges of K7 values in which the antiferromagnetic and paramagnetic phases and the mixed
phase region occur, respectively, as explained in Fig. 1. For the readability of the graphs, the dependencies are
shown only for selected L values. The error bars are of the order of magnitude of symbols

We have divided our further analyzes into three subsections. In the first we examine
the behavior of our system in the vicinity of the tricritical points K and K’, in the second
subsection we focus on the bifurcation point K; region, and in the third we analyze the
behavior of the system along the K;E line, which are shown in Fig. 1.

3.1 The Vicinity of Tricritical Points K and K’

With the value of the coupling constant K4 = —0.366 (see Fig. 3) for L = 28, we observe
two clear minima of the dependence of the cumulant Vg 1 on the coupling constant K». The
index o = H represents the results obtained using the energy of the entire Hamiltonian and
each minimum is the result of a different phase transition. The abscissa of the positions of
these minima in the thermodynamic limit given in the third and fifth columns of Table 1 scale
to different critical values of K> taking into account their error bars. The minimum on the left
hand side for ¢ = H in Fig. 3 corresponds to the transition between the antiferromagnetic and
paramagnetic phases denoted respectively as “(so’) 4™ and “para” in Fig. 1. The abscissa of
these minima in the thermodynamic limit scale to the critical value of K3’ };’éo = 0.36592(14)
given in the fifth column of Table 1. The same phase transition corresponds to the upper left
minimum in Fig. 3 for o = so and the abscissa of these minima in the thermodynamic limit
scale to the critical value K7™ = 0.36582(12) provided in the fourth column of Table 1.

2,50,00
These two values agree within the limits of their error bars.
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Fig. 3 Dependence of the cumulant values of V,, 1 on the coupling constant K for the fixed values of the
coupling constant K4 = —0.366 and for the size of the system L = 28. The subscript « = H indicates
the results obtained using the energy of the entire Hamiltonian H, the results with the subscript « = ¥ were
obtained using the energy of the first term of this Hamiltonian determining the behavior of the order parameters
(X) and (S), while the subscript « = so indicates the results obtained using the energy of the second term
of this Hamiltonian determining the behavior of the order parameter (so’). The point with K4 = —0.366 and
L = 28 was chosen so that the cumulant values presented were comparable for « = ¥, so, and H. The error
bars are of the order of magnitude of symbols

Table 1 Values of the positions of cumulants minima vgﬁg,g determined in the thermodynamic limit on the
upper line of phase transitions HK’K E (results with the superscript u, where the order parameter () exhibits

critical behavior, as indicated by the subscript « = ¥) and on the bottom line DKK,E (results with the
superscript /, where the order parameter (so') exhibits critical behavior, as indicated by the subscript « = so’)

Ks K3 e Ko 3y K3 o
—0.358 0.35988(12) 0.35978(9) 0.35716(12) 0.35716(15)
—0.360 0.36112(12) 0.36108(8) 0.35956(11) 0.35946(9)
—0.362 0.36260(12) 0.36268(14) 0.36154(15) 0.36146(14)
—0.366 0.36645(12) 0.36639(14) 0.36582(12) 0.36592(14)
—0.370 0.37031(14) 0.37043(18) 0.36992(12) 0.36982(15)
—0.371 0.37104(12) 0.37120(18) 0.37097(6) 0.37092(12)
—0.372 0.37198(8) 0.37220(24) 0.37196(5) 0.37189(12)
—0.376 0.375986(26) 0.375998(60) 0.376006(9) 0.376006(29)

The index o = H represents the results obtained using the energy of the entire Hamiltonian. The fixed values
of the coupling constant K are in the first column

On the other hand, the abscissa of the minima on the right-hand side in Fig. 3 scaled to

the thermodynamic limit give respectively the critical values K

min,u
2,H,0

= 0.36639(14) and

Kgf ’E"O”o = (0.36645(12) given in the third and second columns of Table 1. These K, values
correspond to the phase transition between the mixed phase region marked as “(o)” and the
paramagnetic phase marked as “para” in Fig. 1. These two values also agree within the
limits of their error bars.

We have determined the presence and amount of the latent heat during both phase transi-
tions by rescaling according to Eq. (5) to the thermodynamic limit of the values of cumulant
Ve, minima with « = so, £ and H for different system sizes L. The results of these ana-
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Fig.4 The values of the minima of cumulants V,, y for K4 = —0.366 witha = so, X, and H explained in the
legend for different sizes of the system sizes L scaled to the thermodynamic limit according to the relation (5).
Moreover, the symbols x mark the scaled values of the position K7 . for individual phase transitions along
with their error bars. The dependences are fitted by straight lines using linear regression. The inset shows the
region of the extrapolated values. The dashed line marks the 2/3 limit value. The role of the dotted lines is
explained in the text
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Fig. 5 Abscissas KE“E‘ ; of minima of cumulants V,, ; with « = so, ¥ and H explained in the legend
extrapolated to the thermodynamic limit at the fixed value of the coupling K4 = —0.37 (the lower graph)
and at K4 = —0.376 (the upper graph). The symbols are explained in the legend. In addition, the symbols x
mark the scaled values of the position of K . for individual phase transitions along with their error bars. The
legend also indicates the areas of the phase diagram (antiferromagnetic phase “(so) 4 or the mixed phase
region “(0’)”’) on which these results were obtained. The dependences are fitted by straight solid lines using
linear regression. The role of the dotted lines is explained in the text

lyzes with the coupling constant K4 = —0.366 are presented in Fig. 4. Passing through error
bars, the dotted lines in Figs. 4 and 5 are deflected to the maximum degree up and down from
the solid lines. Their intersection points with ordinate axis determine Vo’["ég error bars. For
clarity, dotted lines are shown only for « = so. All rescaled values together with their error
bars are different from 2/3, so these are the first-order phase transitions, and their summary
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Table 2 Values of cumulants minima V&ngg determined in the thermodynamic limit on the upper line of phase
transitions HK’ K}, E (results with the superscript u, where the order parameter (X) exhibits critical behavior,
as indicated by the subscript @ = ¥) and on the bottom line DKK,E (results with the superscript /, where the

order parameter (so’) exhibits critical behavior, as indicated by the subscript @ = so)

K v ! visd Vi
~0.358 0.66646(39) 0.66665(4) 0.66665(3) 0.66656(32)
—0.360 0.66635(39) 0.66664(5) 0.66664(4) 0.66645(31)
~0.362 0.66624(22) 0.666634(18) 0.66625(19) 0.666634(16)
~0.366 0.66618(9) 0.666601(21) 0.666602(30) 0.666613(24)
—0.370 0.66612(26) 0.666629(16) 0.66635(12) 0.666631(16)
~0.371 0.66616(16) 0.66665(2) 0.66617(24) 0.66665(3)
~0.372 0.66316(38) 0.66663(5) 0.66588(24) 0.66663(4)
—0.376 0.6522(18) 0.66664(3) 0.6643(5) 0.66665(4)

The index o = H represents the results obtained using the energy of the entire Hamiltonian. The fixed values
of the coupling constant K are in the first column. The bold values of the cumulant minima V'{2 within the
error bars are consistent with the limit value 2/3

is presented in Table 2. Similar conclusions can be drawn from the results of analyzes for
K4 = —0.362, one row higher.

The situation is different for phase transitions with K4 = —0.358 and K4 = —0.36, for
which the results are presented in the first two rows of Table 2. Here, all the values of the
cumulant V,, ; minima rescaled to the thermodynamic limit, taking into account their error
bars, are not different from the limit value 2 /3, which have been marked in bold. Therefore,
these are continuous phase transitions.

The results of these analyzes allowed us to determine the position of the tricritical point K
at (—0.360(1), 0.35951(11)) on the phase diagram in Fig. 1, i.e., with greater precision than
in the paper [21]. Moreover, thanks to the proposed method of separating the system into
two sublattices, depending on the magnetization value, we have determined the position of
the tricritical point K’ at (—0.360(1), 0.36110(12)) on the phase diagram for the first time in
the bibliography. In earlier papers, the possibility of the existence of the tricritical point K’
was signaled, but its location was not determined due to large oscillations of the values of the
thermodynamic quantities computed for a mixed phase region using MC experiments [21].

Analysis of the behavior of analogous cumulant U maxima with the use of the scaling
relation Eq. (6) has led to the same conclusions.

3.2 The Bifurcation Point K, Region

Figure 5 presents abscissas énjxn ; of minima of cumulants Vy, ; with @ = so, ¥ and H
explained in the legend which are extrapolated to the thermodynamic limit at the fixed value
of the coupling K4 = —0.37 (the lower graph) and at K4 = —0.376 (the upper graph). The
legend also indicates the areas of the phase diagram (antiferromagnetic phase “(so)4f” or
the mixed phase region “(0)”’) on which these results were obtained. The dependences are
fitted by straight solid lines using linear regression, according to the scaling relation (5). We
have marked the scaled position values with the symbols x, which constitute the critical
value of the coupling constant K7 . for individual phase transitions together with their error
bars.
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For K4 = —0.37 (the lower graph in Fig. 5) we observe two critical values K;";Zéo =
0.36992(12) and Kgf ’h',lloo = 0.36982(15) consistent within the error bars on the lower line

KK} and two matching values K3'y% = 0.37031(14) and K", = 0.37043(18) on the
upper line K’Kj,. However, the values for these two pairs are significantly different, taking
into account their error bars. Thus, our results confirm that here the phase transitions for the
order parameters (so) and (X) still occur along different lines in the phase diagram in Fig. 1.

One can observe a different situation in the upper graph in Fig. 5 for K4 = —0.376.
Here, the four critical values K5\ = 0.376006(9), K3';i" = 0.376006(29), K5'st =

0.375986(26), and K 5’5, = 0.375998(60) resulting from the extrapolations are consistent
within their error bars. Thus, the phase transitions for the order parameters (so) and (X)
occur along the same line K,E in the phase diagram in Fig. 1.

The selected values of our analyzes for this part of the phase diagram are presented in rows
4to 9 of Table 1. The first value of the coupling constant K4, for which the abscissa of the four
studied minima scale to compatible values within their error bars, is K4 = —0.371. On this
basis, we have assumed the position of the bifurcation point K, as (—0.371(1), 0.37103(12)).
For the ordinate, we have assumed here the mean value of all four values of the K7 coupling
constant given in the seventh row of Table 1. Our result is in line with the preliminary results
from the previous papers [21, 29] determining the position of the K E line satisfying the
asymptotic relationship K = —K4.

Analysis of the behavior of analogous U cumulant maxima with the use of the scaling
relation Eq. (6) leads to the same conclusions.

3.3 The K,E Line

Along the line K E, shown in the phase diagram in Fig. 1, i.e., for the coupling constant
value K4 < —0.371, the parameter describing four-spin interactions, rescaled cumulant
Vg”g’o and V;gfgo minima in the thermodynamic limit, taking into account their error bars,
are’signiﬁcantly different from the limit value 2/3. This means that the phase transitions for
the order parameters (so) and (X) along the K,E line are of first order. ‘
len,a

Important information is provided here by the values of the cumulant minima V" °° and

Vg i;;m , which in the thermodynamic limit within the error bars are in line with 2/3. These

values are shown in bold on the last three lines of Table 2. Thus, the system as a whole shows
no latent heat in the transition from the antiferromagnetic phase “(so) 4 r”” to the mixed phase
region “(o)”. This is due to the fact that when going from the “(so) 4 r” phase to the “(o)”
region, the product so undergoes the phase transition from order to disorder, increasing the
associated internal energy, while for the same transition, the internal energy related to the
degrees of freedom X is reduced by the same amount, because it is a transition from disorder
to order. Thus, the internal energy of the system as a whole does not change within its error
bar.

These energy changes are plotted on the left-hand side of Fig. 6 at K4 = —0.376 and for
L = 40. As we have explained in the last paragraph of Sect. 2, at the critical point, one can
compute the latent heat value with good precision using the energy distribution histogram
method. The energy distribution histograms for the system size L = 40 for the critical point
K> . = 0.375999(31) (the average value of the critical values K> . provided in the last row
of Table 1) and for the fixed value K4 = —0.376 are shown in the graphs on the right hand
side of Fig. 6.
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Fig. 6 The energy dependences of the E, ;, distribution histogram P, 1 (Ey 1) shown on the graphs on the
right-hand side for the 3D AT model for degrees of freedom specified in the legend at K4 = —0.376 and for
L = 40. The left-hand side graphs present internal energy dependences E, 1 (K») witha = H, S, so, X also
at K4 = —0.376 and for L = 40. The critical coupling value K . = 0.375999(31) is marked with a vertical
dashed line. Labels “(so) 4 ¢ and “(o’)” inform about the type of order in the system in a given interval of K»
coupling values. For clarity only selected points are shown, and error bars are omitted, as they are less than
magnitudes of symbols

Using this method, one can more accurately determine the latent heat /, as the change of
internal energy ly, = Eq4 +.1 — Eo, — 1 for individual degrees of freedom o = X, so, as well
as for the entire system o« = H. From our analyzes, we have [;, = 0.090(10), [y = 0.086(5)
and both of these values agree within their error bars. Due to the opposite direction of change
of the internal energy of the product so and of degrees of freedom ¥ during this phase
transition, a decrease in the value of the former is accompanied by an increase in the value
of the latter, and the total energy change of the system as a whole is 0.004(15), which within
the error bar is consistent with 0. Therefore, we have observed no latent heat not only for
the S degrees of freedom but also for the system as a whole /y, as one can see in Fig. 6,
where for « = S and H the single probability peaks P, are observed. The presence of single
probability peaks of the energy occurrence indicates the absence of latent heat during a phase
transition as mentioned in the last paragraph of Sect. 2.

The results obtained by the method of the internal energy distribution histogram are
consistent within their error bars with the results determined with the use of the cumulant V
and U properties.

4 Conclusions

We conclude that our MC computer experiment and the method explained in our recent paper
[14] have been successfully extended to investigate the mixed phase region. The results of
our computer experiments clearly confirm that in the mixed phase region “(o’)” of the 3D AT
model there are two equally probable phases in which either (s) or (o) is ferromagnetically
ordered but the other is not in the thermodynamic limit. As a consequence, the values of
the computed thermodynamic quantities oscillate when we apply our method presented in
[14] in its original form, since during sufficiently long simulations both phases appear with
approximately equal probability [21, 30]. These oscillations of the values of the computed
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thermodynamic quantities make their interpretation very difficult. Therefore, to obtain clear
results, we have demonstrated and carefully checked our new approach, the idea of which
was presented in our recent paper [35] on the example of the phase transition at K4 = —0.3.
We have used a conventional division of our system into two sublattices: the ordered one and
the unordered one and the decision to allocate the real spins o and s to these conventional
sublattices ¥ and § is decided only after each MCS is performed and the results from the
spins with greater magnetization are systematically added to the results of the conventional
sublattice ¥ while the results from the second spins are added to the results of conventional
sublattice S.

In contrast to the results published so far in the bibliography, the implementation of our
new approach in the MC experiment allowed us to use Binder cumulant, the Challa-like and
the Lee-Kosterlitz-like cumulants, as well as the internal energy distribution histogram to
obtain clear results for a mixed phase region. Along the line HK’K,E (see Fig. 1), according
to the most effective strategy, in the critical region we have used our recently proposed
cluster MC algorithm [36] and the Metropolis algorithm beyond the critical region, which
are suitable for both the first-order and continuous phase transitions in the 3D AT model.
The KK, line is outside the applicability range of our cluster algorithm of the Wolff-type
|K4] < K> [36, 41, 42].

We have demonstrated our method on the mixed phase region “(o’)” boundary where
there are only a few preliminary bibliography results [21, 29], i.e., along the line HK’K,E.
Moreover, to complete our study of this area of the 3D AT model phase diagram, we have
examined the behavior of the system along the adjacent line KK, It is worth mentioning here
that the AT model is an important reference point in statistical physics. However, this method
can be successfully applied to other spin lattice models whose phase diagram contains a
mixed phase region.

Since for the conventional degrees of freedom X and S we have gathered contributions
from both equally probable phases: this with (o) nonzero and (s) = 0 as well as with (o) =0
and (s) nonzero, thus we have shown that the phase transitions for K4 < —0.36 are con-
tinuous. These continuous phase transitions end at the tricritical points K with the (K4, K»7)
coordinates (—0.360(1), 0.35951(11)) and K’ with (—0.360(1), 0.36110(12)). These values
are in line with those obtained earlier [21] and are more accurate. We have unequivocally
shown that for K4 < 0.36 the first-order phase transitions take place.

The preliminary results of Ditzian et al. [29] indicate the existence of the single K point
from which the boundary between the antiferromagnetic phase (so') 4 r and the mixed phase
region (o) begins. In turn, the results of Musiat et al. [21] already have indicated the existence
of two different tricritical points K and K’ with the lines of phase transitions KE and K’E
asymptotically approaching each other on both sides of the relation K, = K4. However, the
results of this paper clearly indicate the existence of the bifurcation point K, and its location
is (—0.371(1),0.37103(12)). For K4 < —0.371, the “(so) 4" phase and the “(c)” region
are separated by the line K,E.

The results presented show that to explain the complex behavior of the 3D AT model,
it is not enough to compute the latent heat of the entire system, but to fully understand
the behavior of the system, it is necessary to consider individual contributions to the latent
heat from different degrees of freedom, which was originally proposed in the paper [21].
We have discovered and explained that although the system as a whole does not show the
presence of the latent heat at the boundary F;E between the mixed phase region “(o)” and
the antiferromagnetic phase “(so)4r”, this heat does occur for various order parameters.
Specifically, the increase in the energy of the degrees of freedom ¥ is accompanied by an
equal decrease in energy for the product so .
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